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HYDROXYANTIIRANILIC ACID AS A PRECURSOR OF 
NICOTINIC ACID IN NEUROSPORA* 

Bv Herschke K. Mitchell and Jo>SErn F. Nyc 

Thr WiUvTam G. Kkrckhoff Laboratuhiksok thk Biouuucae vSciKNcKS, California 
iNSTirtrrK of I'kchnouxjv, Pasadena, California 

Coiniuunicaied by G. \V, Beadle, November 17, 10‘!7 

Recent investigations in this laboratory* have provided evklence that the 
biosynthesis of nicotinic acid in Neurspora proceeds from tryptophane 
through the intennediate kynurenine J. 

O 

0 - C- -Cl b~CH--~COOH 
-NH. Slh 
Kynurenine 1 

Further studies suggested that the pyridine ring of nicotinic acid might 
arise by ring closure of the a keto acid conespoading to kynurenine to give 
the naturally occurring compound kynurenic acid 11“ or, if preceded by 
oxidation, xanthurenic acid 


OH 


OH 




COOH 


lyl.J-cnoH 



OH 

Kynurenic acid 11 

Xanthurenic acid III 


In addition to these two compounds a series of nicotinic acid derivatives 
was synthesized and tested for growth promoting or growth inliibiting 
properties on Neurospora mutant G5001 . ^ These compounds included : 3- 
carboxy 4-hydroxy pyridine, 3 carboxy-4-amino pyridine, 2-hydroxy‘3- 
corboxy pyridine, 3-carboxy-G-^hydroxy pyridine, 2,3-dicarboxy pyridine, 
3;4-dicarWy pyridine, 2,6-dimethyl-3,4-dicarboxy pyridine, 2,3,4-tri- 
carboxy-6-methyl pyridine, 3-carboxy4-chloro pyridine and 2,6-dinietliyl- 
3-carboxy4-diloro pyridine. In high concentrations, the compound 3- 
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car boxy -4-amiiio pyridine promoted a small amount of growth, but the re- 
maitiing compounds possessed no stimulatory or inhibitory action under the 
conditions utilized. 

From the above facts it was concluded that the pyridine ring of riicotitnc 
acid does not arise from kynurenine through kynurenic acid II or xanth- 
urenic acid 1 1 1 followed by oxidation of the benzene ring. It also appeared 
evident that the oxidation in position 8 of xanthurenic acid III precedes 
formation of the ]iyridinc ring, a possible intermediate being il-hydroxy- 
kynurenine IV. 


/ V-C— CH2— CH -COOH 

I J-NM. mu 

OH 

Hydroxy kynurenine IV 

A consideration of this hypothetical compound suggested the possibility of 
biological oxidation to give 3-hydroxy anthranilic acid (2 -amin 0-3-hydroxy- 
benzoic acid) V instead of xanthurenic acid. 


OH 

Hydroxyanthranilic acid V 

A trimethyl derivative of this compound V is indeed found in nature as 
the alkaloid damascanine (2-raethyl-amino-3-methoxy-tnethyl benzoate). 
The alkaloid has been isolated from the seeds of two species of Nigella 
(commoti name of flowers. Love in a Mist). 

It is the purpose of the experimental part of the present paper to present 
evidence that hydroxyanthranilic acid is an intermediate in the biological 
synthesis of nicotinic acid from tryptophane in Neurospora. 

Hydroxyanthranilic acid has been synthesized in this laboratory by two 
independent methods. These methods and the proof of structure of the 
active compound will be presented elsewhere. ' 

Experimental, Media and conditions for growth of mutant 65001 have 
been previously described.^ ® Growth curves for this mutant in the pres- 
ence of nicotinamide and hydroxyanthranilic acid (filter sterilized) are pre- 
sented in figure 1. For these experiments the pH of the medium was 
adjusted to 4.1 since hydroxyanthranilic acid» like nicotinic acid, is less 
active at a higher pH where dissociation is greater. In four days at a pH 
of 5.6 the compoimd is 50 to 70% as effective as nicotinamide in promoting 
growth. It is thus more effective than nicotinic aci4 at pH 5,6.’ 

The growth-promoting activity of hydroxyanthranilic acid on several 
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MICRO MOLES - COMPOUND 

FIGURE 1 

Growth curves of mutant 05001 ( 6*/2 days) in the presence of nicotinamide (curve 
N) and hydroxyanthranilic acid (curve HA). 

genetically different mutants of Neurospora was compared to that of 
anthranilic acid, indole, tryptophane, kynurenine and nicotinamide, and 
qualitative data is presented in table 1. 

TABLE 1 

Activity of Mydroxyanthranilic Acid Compared to Anthranilic acid, Indole, 
Tryptophanb, Kvnurrnink and Nicotinamide on Neurospora Mutants 


HYDROXV- 


MUTTAKT 

4ITRATN 

ANTttKA- 
NU.XC ACID 

IKDOLB 

TXYPTO- 

PRANB 

KYMUIkBNmB 

AHTHttAKlLIC 

ACID 

NICOTIMA* 

MIDB 

44003 


+ 

+ 

-h 

4 - 

-h 

mm 


-f 

-h 

+ 

+ 

4 " 

39401 



4- 

■f 

•f 

4 * 

4540 


— 

-- 

-- 

— 

4 - 

3416 

■ 

-- 

— 



+ 


It was previously shown* that an excess of a compound with nicotinamide 
activity is produced by mutant 65001 when it is grown in the presence of an 
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excess of kynureiiine. Similar experiments with hydroxyanthratiilic acid 
are summarized in table 2. Nicotinic amide activity was determined by 
use of strain 3416 which does not utilize hydroxyanthranilic acid. Deter- 
minations were made on culture fluids of six-day-old cultures of 65001 and 
44008 grown in the presence of various quantities of hydroxyanthranilic 
acid. 

TABnE 2 

Production or Nicotinamide Activity from Hydroxy anthranitic Acid by Mutants 

05001 AND 44008 




tirff Ti'itf in ■ — 1_ 

NTCOrlNAMtUB ACTIVirV, 

lnO. PBR 

ACtD. fiO. PBll 30 Ml.. 

66001 

W n&AxRRl 1 ^ 

44008 

66001 

44008 

0 

2 


0 

0 

20 

84 

97 

0 

0 

50 

97 

95 

0> 

0 

100 

108 

94 

10 

12 

200 

103 

85 

12 

12 


Discussion.— It is evident from the experimental data presented, that for 
certain Neurospora mutants, hydroxyanthranilic acid possesses growth- 
promoting activity that is quite comparable to the activity of nicotinamide. 
In addition it has been demonstrated that in the presence of an excess of 
hydroxyanthranilic acid two of the Neurospora mutants produce an excess 
of a substance with the biological activity of nicotinic acid or nicotinamide. 
This was determined by use of a mutant that utilizes either of the latter two 
compounds but does not utilize hydroxyantliratiilic acid. 

Thus it appears probable that this substance is a natural intermediate in 
tlie biological synthesis of nicotinic acid by the mold Neurospora. It is of 
interest to note the complex series of reactions that are required by the 
mold to convert anthranilic acid to hydroxyanthranilic acid. These reac- 
tions are illustrated schematically in figure 2. 

No comparison has been* made, in this laboratory, between the properties 
of hydroxyanthranilic acid and those of the nicotinic acid precursor from 
Neurospora described by Bonner and Beadle.^ From the published data it 
can be seen that the molecular formula is similar. The isolated precursor, 
liowever, is re|K>rted to be a pyridine derivative. As such it would be ex- 
pected to be further along in the series of reactions leading to nicotinic acid 
synthesis. In this connection it may be suggested that hydroxyanthranilic 
add can be converted to nicotinic acid by oxidation and loss of carbon three 
of the compound, followed by ring closure or rearrangement in the six car- 
bon amino acid residue. If this occurs in animals and in Neurospora the 3- 
carboxy-6-pyridone isolated by Knox and Grossman'* may well be a by- 
product of the reaction. Similarly, the occurrence of damascanine in 
Nigella may be accounted for as resulting from a side reaction in the bio- 
synthesis of nicotinic acid i n the organism. 
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FIGURE 2 

A schematic re{ire&cntation of a series of reactions leading to the biosyiithesis of 
nicotinic acid in Neurospora. 


Summary.—] . Evidence is presented to show that hydroxyanthranilic 
acid (2-amino-3-hydroxy benzoic acid) is an intermediate in the biosynthe- 
sis of nicotinic acid in Neurospora. 

2. Several nicotinic acid derivatives and other related compounds are 
shown to lack significant biological activity. 

* These investigations were supported by funds from the Rockefeller Foundation and 
the Williams- Waterman Fund for the Combat of Dietary Diseases. 

* Beadle, C. W., Mitchell. H. K., and Nyc, J. F.. Pror, Nat. Acad. 33. 156 (1947). 

* Ellinger. A., Ber., 37, 1801 (1004), 

® Lepkovsky. S., Roboz, K., and Haagen-Smit, A. J., /. Biol. Chrm.^ 149, 196 (1943). 

* Pommerehne, 1^, Archiv. Pharm., 238, 631 (1000). 

‘ Keller, O., Ibid., 246, 1 (1908). 

« Beadle. G. W., and Tatum, E. L., Aw, /. BoL, 32, 078 (1946). 

^ Bonner, D. M., and Beadle. O. W., Archiv, Biochem., 11, 319 (1940). 

* Knox. W. E..and Grossman, W. I., J. Biol. Chew., 166, 391 (1946). 


THE IDENTIFICATION OF A NATURAL PRECURSOR OF 
NICOTINIC ACID* 

By David Bonner 

Department ok Botany and Microbioloov, Yale University 
Communicated by E. W. Sinnott, December 11, 1947 

In a previous paper^ the production and isolation of a natural precursor 
of nicotinic acid was described. The present pajicr deals with the identi- 
fication of this precursor. 

Several mutant strains of Neurospora crassa have been characterized a$ 
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requiring nicotinic acid» nicotinamide, or related compounds for growth.^» ® 
Genetic investigation of these strains indicates at least three genetic types ^ 
which in accord with the usual interpretation* suggests at least three 
separate steps in the biosynthesis of nicotinic acid. Since in theory differ- 
ent biosynthetic steps are blocked in the various mutant strains requiring 
nicotinic acid for growth, culture filtrates were tested for the accumulation 
of intermediates. Strain #4540 when grown in limiting amounts of nico- 
tinamide was found to accumulate a substance possessing nicotinic acid 
activity for a strain of a second genetic type (#39401).* Fractionation of 
cultme filtrates yielded a small amount of a crystalline compound as active 
as nicotinic acid for growth of strain #39401 . * 

Elementary analysis of the isolated material establishes the probable 
empirical formula CtHtOiN. Due to the difficulty encountered in prepar- 
ing sufficient amounts of pure substance, however, analysis of material of 
unquestionable purity has not been carried out, 



%c 

% H 

% N 

Calculated for C7H7O1N 

54.8 

4.6 

9.2 

Found 

64.6 

4.8 

10.1 


Determination of the molecular weight suggests either a C-6 or C-7 
struoture. Since the physical properties of the isolated material resembled 
those of the pyridone carboxylic acids, several pyridones were prepared. 
The 6-oxy-nicotinic acid, 4-oxy-nicotinic acid, 2-oxy -nicotinic acid, 4 amino- 
nicotinic acid, and 2,3-dicarboxy pyridine were prepared, tested and found 
inactive. In addition samples of N-methyl-6-oxy-nicotimc acid, and N- 
methyl-d-oxy-nicotinamide^ were also tested and found inactive. Follow- 
ing a different approach in their investigation of the biosynthesis of 
nicotinic acid Mitchell and Nyc^ prepared 3-hydroxy-anthranilic acid (2- 
amino, 3-hydroxy benzoic acid) and found it active as a precursor of nicotinic 
acid for strain #39401 . Comparison of the physical and biological properties 
of the precursor isolated from Neurospora culture filtrates with a sample of 
3-hydroxy-anthranilic acid, generously supplied by Drs, H. K. Mitchell and 
J. F. Nyc, California Institute of Technology, indicates identity of these 
two compounds. Table 1 lists the melting point and sublimation behavior 
of the two compounds, and figure 1 shows a comparison of the absorption 
spectra of the two compounds at a concentration of 10 7/cc. IMHCl from 
320 mM to 230 m^. 

TABLE i 

A ColtPARXSO^r OF THE PHYSICAL PROPRIITIBS OF THE PRECURSOR ISOLATED FROEt 

Neurospora Filtrates, and of S-HyDRoxv-Ai^HRANXLic Acid 

«Kn.Art(0 STlfTItltnC 

Melting point 255 '’C. -4- vig, xafi evolution 265 '‘C.-d-vig. gas evolution 

Mixed melting point 255*’C,-d-vig. gas evolution 

Sublimation in vacuo 170-18Q®C. 170-180^. 

Absorption maxima 297 and 236 uM 207*«d286mE 
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K/t 

FIGURR 1 

Comparison of the absorption spectra of the isolated Ncuroapora precursor and of 
3^hydroxy‘anthranilic acid. Concentration lOy/ml. IMHCl. 0-0. 3-hydroxy- 
ant hranilic acid. X“X, isolated Neurospora precursor. 

The physiological activity of both preparations is identical as shown in 
table 2, and both compounds are as active as nicotinic acid for each mutant 
strain tested. The strains listed in table 2 include those strains which can 
use indole, tryptophane, kymirenine or the Ncurospora precursor, and in 
addition, a mutant strain recently isolated from material treated with a 
nitrogen mustard, which cannot utiliase indole, tryptophane or kynurenine 
in place of nicotinic acid, but which can utiliie the isolated preciusof . The 
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activity of 3-hydroxy-anthratiilic acid is the same as that of the isolated 
precursor for the growth of this mutant strain. 

TABLK 2 

(Growth op Various Mutant Strains op Nrurospora on Nicotinic Acid and 

Related Compounds 


ttTRAtN KO. 

ANTHHA> 
NZLIC ACTD 

TRYPTO- 

PHANS 

KYNURBNINR 

IBOLATSO 

PRUCUftSOR 

SUYORUXY- 

ANTHRANILIC 

ACtO 

NICOTINIC 

ACtO 

39401 


-f 

+ 

4- 

+ 

4- 

66001 




4* 

+ 

4- 

Y31881 


-- 


4- 

4- 

4- 

4540 


- 



- 

4- 

3416 






4- 

76001 

-f" 

-f- 

+ 



— 

10575 

— 

+ 






The physical properties and biological activity of the precursor prepared 
from Neurospora filtrates appear, therefore, to be identical with those of 
3-hydroxy-anthranilic acid. On the basis of these comparisons, the iso- 
lated Neurospora precursor is assigned the structure, 3-hydroxy-anthranilic 
acid (2-amino 3-hydroxy -benzoic acid). 

Discussion , — With the identification of the Neurospora precursor as 3- 
hydroxy-anthranilic add, the scheme of biosynthesis of nicotinic acid 
previously proposed would appear as : 

30401 

65001 Y-31881 4540 3416 

A ^ B ► 3-hydraxy-aDthranilic acid ► C > tiicotmic acid 

From work of Beadle, e/a/.j^kyriurenine, tryptophaneand the tryptophane 
precursor indole are known to replace nicotinic acid for strains 39401 and 
65001. No strain has been found to date which can utilize anthranilic acid 
in place of nicotinic add . This might suggest the sequence : 

76001 10576 39401 

65001 

► anthranilic acid ► ► indole ► tryptophane ► 

y-31881 4640 3416 

kynurenine ► 3-hydroxy-anthranilic acid ► ► nicotinic acid 

Such a scheme has been suggested by Beadle, et and by Mitchell and 
Nyc.^ There are, however, certain discrepaudes which are difficult to re- 
condle with such an interpretation. Mutant strains are known which 
accumulate anthranilic acid* yet which give no growth response to nico- 
tinic acid, and there are also mutant strains known which can use trypto- 
phane, indole, anthranilic add or kynurenine which cannot utilize hydroxy- 
anthranilic add or nicotinic add for growth* (see table 2) • Using appro- 
priate genetic stocks it has also been impo^ble to detect the conversion of 



VoL. 34, 1948 


MATHEMATICS: W. v. d, KULK 


9 


tryptophane or kynurenine to 3-hydroxy-anthraniUc acid. The inactivity 
of kynurenine in replacing tryptophane or nicotinic acid as a precursor of 
N '-methyl nicotinamide in the rat has been reported by Rosen, et al,^ 
Both kynurenine and 3-hydroxy-anthranilic acid have been found inactive 
in replacing tr 3 ^tophane and nicotinic acid in preliminary growth experi- 
ments with rats.^ It should be pointed out, therefore, that while these 
compounds are related to nicotinic acid synthesis, the specific rdle of each 
compound cannot as yet be definitely assigjied. 

Summary . — On the basis of the similarity in the physical and biological 
properties of a natural precursor of nicotinic acid isolated from Neurospora 
filtrates, and of 3-hydroxy -an thranilic acid, it is concluded that these two 
compour^ds are identical. 

' Bonner, D., and Beadle, G. W., Arckiv. Hiockem., 11 , 319 (1946). 

* Beadle, G. W., Mitchell, H, K., and Nyc, J. F., Proc. Nat. Acad. Sci., 33, 155 (1947). 

* Bonner, D., Cold Spring Harbor Symp. Quant Biot, 11, 14 (1946). 

^ Mitchell, H. K., and Nyc, J. F., these Proceedings, 34, 1-5 (1948). 

* Tatum, E. L., Bonner, D., and Beadle, G. W., Archiv. Biockem,, 3, 477 (1944), 

« Rosen, F.. Huff, J. W.. and Perlzweig, W. A.,J. Nutrition, 33, 561 (1947). 

^ Krchl, W. A., and Bonner, !>., unpublished. 

* These investigations were supported in pare by a grant from the Williams- Wjiterman 
Fund for the Combat of Dietary Diseases. 

t Generously supplied by Dr. W. Eugene Knox, College of Physicians and Surgeons, 
Columbia University. 


07V LINE CONGRUENCES 
By W. VAN DER Kxtlk 
Department ok Mathematics, Duke Univbrsitv 
Communicated by Marston Morse, September 2, 1947 

1. This paper summarizes without proofs some results on the following 
problem in projective three-dimensional space. 

Let a two-parameter family of curves y be given such that through every 
point of some region R of three-space there passes one and only one curve 
7 . Moreover consider a />-parameter family of surfaces X, such that in 
R every curve 7 and every surface X have precisely one point in common. 
Then the family of curves 7 determines in J? a one-to-one correspondence 
between any two of the surfaces X. Now, assuming that for each pair of 
surfaces X this correspondence is asymptotiCf i.e., maps the asymptotic 
lines of the one surface onto those of jthe other, we ask for the maximal 
value p and furthermore we want to determine those congruences of 
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curves y which admit ^-parameter families of surfaces 2 with maximal 
value of p. We suppose that none of the surfaces 2 contains only one one- 
parameter family of asymptotic lines, i.e., is developable without being 
a plane (planes will be looked upon as developable siufaces). 

2 . Evidently the three-parameter family of planes in three-space is a 
^-parameter family of surfaces 2 for any congruence of curves y. Conse- 
quently the maximal value of p is at least three. However, it is easy to 
see that p can have at least the value four. For that purpose let us con- 
sider the congruence of straight lines 7 through a fixed point 0 . There 
exists a four-parameter family G of projectivities (containing a three- 
parameter subfamily of singular projectivities), each of whose members 
maps any of the lines 7 into itself (provided for the singular members of 
G we disregard the p<5int 0 of 7). Hence, if So is ati arbitrary non-develop- 
able surface not containing 0, then the four-parameter family of surfaces 
X, obtained by subjecting So to all projectivities of G, possesses the desired 
property with respect to the congruence of lines 7 through 0 . Apparently 
the four-parameter family of surfaces X is not uniquely determined by the 
congruence of lines 7 but depends on one arbitrary function of two variables. 
The congruence of lines 7 depends on three arbitrary constants. Ap- 
parently all nonplonar surfaces 2 of the same four-parameter family are 
projectively equivalent. 

3 . As a first step in the solution of the problem it can be proved that 
the maximal value of p cannot exceed four. Moreover, it turns out that, 
if a congruence of curves 7 admits a four-parameter family of surfaces 2, 
the curves 7 have to be straight lines. In this case the developable sur- 
faces of the congruence intersect every surface 2 in a conjugate net. 

In view of this result it is convenient to consider the following types of 
congruences of straight lines 7 : 

I. The congruence is not parabolic and at least one of its focal surfaces 
is not a curve. 

II. The congruence is parabolic aiid its focal surface is not a curve. 

III. The congruence is not parabolic and both focal surfaces are curves. 

IV. The congruence is parabolic and its focal surface is a curve. 

V. The congruence consists of all straight lines through a fixed point. 

Case V was already taken care of in §2. 

4 . Before stating the results for a congruence of type I we recall that 
a conjugate net on a spjrface is said to be an jf?-net, if and only if the two 
congruences constituted by the tangents of the curves of each of both one- 
parameter families of this net are PF-cougruences, i.e., congruence of 
which the asymptotic lines of the one focal surface correspond to those of 
the other. It is well known that an i?-nct is isothermally conjugate. 

It can be proved that a congruence of type I admits a four-parameter 
family of surfaces 2 if and only if its developable surfaces intersect one of 
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the focal surfaces (and therefore also the. other) in an 72-net. Such a 
congruence depends on six arbitrary functions of one variable. 

In this case the family of surfaces 2 is uniquely determined by the 
congruence. Their asymptotic lines not only correspond to each other 
but also to those of the focal surfaces. The developable surfaces of tlie 
congruence not only intersect each of tlie focal surfaces but also each of 
the surfaces 2 in an i?-net. 

5. A congruence of type II admits a four-parameter family of surfaces 
2 if and only if its focal surface has a projective linC'Clement which can 
be written in the form 


du* + ydv* 

2 dudv 

such tliat the congruence consists of the tangents to the asymptotic lines 
of the focal surface represented by the equation v = constant, y being 
some function of u and v. Such a congruence depends on five arbitrary 
functions of one variable. 

The family of surfaces 2 is uniquely determined by the congruence. 
The asymptotic lines of the surfaces not only correspond to each other 
but also to those of the focal surface. Each surface 2 has a projective 
line-element of the form 


du* + yzdv^ 

> 

2 dt4dv 

where u and v are the same coordinates as those mentioned before. The 
function 75; depends on the choice of 2. 

6. If the congruence is of type III, then it admits a four-parameter 
family of surfaces 2 if and only if its focal curves are two skew straight 
lines. Apparently this congruence depends on eight arbitrary constants. 

The fai^y of surfaces 2 is not uniquely determined by the congruence 
but depends on. two arbitrary functions of one variable, or, more precisely, 
every non-developable surface, on which the two pencils of planes dirough 
the two focal lines interse<it a conjugate net, belongs to one and only one 
four-parameter family of surfaces 2. 

The conjugate net which is the intersection of the two above-mentioned 
pencils of planes with any surface 2 is axi E-net. Each of the two families 
which together constitute the net consists of projectively equivalent plane 
curves. 

7. A congruence of type IV admits a four-parameter family of surfaces 
2 if and only if it consists erf a one-parameter family of pencils of straight 
lines 7 'such that the vertices of these pencils do not coincide and such 
that the plane of every penal osculates the locus of vertices at the vertex 
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of this pencil. Apparently this congruence depends on two arbitrary func- 
tions of one variable. 

The four-parameter family of surfaces S is not uniquely determined by 
the congruence but depends on two arbitrary functions of one variable » 
or more precisely, every non-developable ruled surface, whose generators 
are contained in the planes of the above-mentioned pencils but do not 
belong to tliese pencils, belongs to one and only one four-parameter family 
of surfaces 22. 

Every surface 21 is a ruled surface whose generators are contained in the 
planes of the pencils but do not belong to these pencils. 

If we compare this case with the others (particularly with types III and 
V), then it shows a remarkable irregularity with respect to the data re- 
quired for the determination of the congruence; whereas congruences of 
types III and V depend on constants only, a congruence of type IV depends 
on two arbitrary functions of one variable. 

8. The results of §4 can be completed in the following way. If, for 
some non -parabolic IF-congruence of which at least one focal surface 
is not a curve, there exists a non-developable surface 5, which does not 
coincide with either focal surface and whose asymptotic lines correspond 
to th^se of the focal siufaces, then the developable surfaces of that con- 
gruence intersect each of the focal surfaces in an i2-net. Hence, according 
to §4, the existence of one surface 5 implies the existence of a four-param- 
eter family of surfaces 5. These surfaces 5, together with the three- 
parameter family of planes, constitute the four-parameter family of surfaces 
X mentioned in §4. 

A similar result can be added to §5. If, for some parabolic W^-con- 
gruence whose focal surface is not a curve, tliere exists a non-developable 
surface S which does not coincide with the focal surface and whose asymp- 
totic lines correspond to those of the focal surface, then the line-element of 
the focal surface of tliat congruence has the form mentioned in §5. Conse- 
quently, the existence of one surface 5 implies the existence of a four-par- 
ameter family of surfaces 5. Together with the three-parameter family 
of planes these surfaces 5 constitute the four-parameter family of surfaces 
2 mentioned in §5. 
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A SIMPLE SECOND ORDER DIFFERENTIAL EQUATION WITH 
SINGULAR MOTIONS 


By N. Lbvinscjn 


MABHACHirSKTTft INSTITUTE OF TECHNOLOGY 
Communicated by Hassicr Whitney, November 21, 1947 
It has been announced by Cartwright and Littlewood^ that the equation 

+ k{x^ — 1) — + X - bk\ cos (X/ + a) 
dr at 

for large k and certain values of b has singular motions. (These are dis- 
continuous recurrent in the sense of Birkhoff .) A sketch of their method is 
given but the detailed account has not yet appeared. 

Here we shall give an example of an equation witli singular motions for 
which the proof is decidedly simpler. The equation is 

2(1 + ^ ^ 

where P(y) is a polynomial and ^ is a constant. 

The device we use is to consider first the equation 

* ^ = ft sin /, (1) 


where « > 0 is a small constant and 6, 0 < 6 < 1, is a constant, and 
where <t>(x) « 1, \x\ > 1, and <^(;c) = —1, |a;| <1. We introduce 

p = [1 - (1 - 4t*)‘^‘]/(2*) =, + *»+... 

For |»| > 1 and for jji:| < 1 the equation (1) is linear with constant co- 
efficients and can of course, be^ solved explicitly. We consider any con- 
tinuous family of solutions starting with / == tt + r and satisfying 


■1, ^ « /)(1 + b cos t) — & sin r + 




where 4 is a small constant and E is any constant satisfying |£| ^ 

As t increases these solutions all rise above x =« 2.9 and tlien gradually de- 
crease. They pass downward across x ^ I over a range in t which we can 
regard as a map of the original interval. This map includes the two inter- 
vals / « 2nir -f r and t » 2(« + 1) -f r where jr “• fy/b\ ^ 2kp and n is 
a large integer. Moreover ± satisfies a relationship similar to the original 
with E now satisfying jp| ^ Each interval |t — p/b\ ^ kp con- 

tained in' each of the two intervals on jc « 1 then maps out two others on 
X «> -*l. etc. 
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That is, if we denote the distance between the original r interval and its 
two images on x ^ 1, which are close to (2n — 1)t and (2n + l)ir, by the 
erroneous designation “senii-periods’' choosing at each step eitlier (2n — 
l)7r or (2» + l)7r, then there is a motion starting in the original r interval 
that has these prescribed ** semi-periods/ ’ This is the device used by Cart- 
wright and Littlewood but because (1) can be solved explicitly the result 
here is easy to demonstrate. 

The objection to our procedure so far is that <1} is discontinuous rather 
than analytic. Consider the system 

e ^ = xs - «>(3Ci), ^ = -fXi + 6 sin ( (2) 

where Then eliminating X 2 we see that Xi is x of (1). 

It is easy to show that for the family of solutions or(l) under consider- 
ation, \x\ < 5. Let P(x) be a polynomial such that for \x\ g 6, \Pix) — 
^{x) I ^ 1 ? where t) is small. This is possible since ^(x) is continuous. Con- 
sider the system 

e « ys - P{yi), = -tyi +• b sin t. (3) 

If y * then 

« ^ + P'(y) ^ i sin (4) 

The first equation of (3) can be written as 

« ^ “ yjs - ^(yi) + s 

where j^j ^ t?. Since ^ satisfies a Lipschitz condition with constant 1 we 
have if y<(ir -f r) r<(ir + r),i ^ 1, 2, that 

iyiW - + ly,(0 - *,(0l g 

By taking ij small enough we can make |yi Xi\ and as small as 

we want. Thus \y — x| and \{dy/dt) — {dx/dt)\ can be mode arbi- 
trarily small for TT + T S f S 2)ir. This implies that the original 

T interval undergoes the same kind of mapping for (4) as for (1). Thus the r 
interval on y — 1 has an image on y » 1 which includes two r intervals. 
The result just demonstrated can then be applied to each of these two, etc. 

Thus we have motions for y with a preassigned infinite sequence of * *semi- 
periods'" (2n — l)7r or (2n + l)Tr. There are in fact motions originating in 
the T interval with preassigued past and future ^*»emi-periods." 

The existence of motions determined by arbitrary sequences of numbers 
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has been demonstrated in classical mechanics for systems with two degrees 
of freedom by G, D. Birkhoff.* 

If we consider the transformation T of the (y, j/) plane into itself effected 
by the motions of (4) after an elapse of t equal to 27r, then there is a fixed 
point, Po» under T representing an unstable periodic motion of period 2v 
(corresponding tox ^ h cos t in the x case). There is an invariant “curve'* 
C which is really a closed connected set of zero area separating Po from the 
remote part of the (y, jf) plane. All points, except Po, tend to C under T. 
(The existence of C follows easily from the fact tliat area away from Po in 
tlie (y, y) plane eventually decreases as / increases.) C must be compli- 
cated because the rotation numbers of its accessible exterior and interior 
points clearly cannot determine the multiplicity of rotation numbers of 
those singular motions which have rotation numbers. 

^ Cartwright, M. L., and Littlewood, J. E., On Non-Linear Differential Equations of 
the Second Order: 1. The Equation y — ife(l — y4* y b\k cos (X; a), k Large. 

London Math. Soc., 20. 180 189 (1945). 

* Birkhoff, G. O., Sur Le Probleme Restreint Des Trois Corps, IT Memoire, Ann. H. 
Scuola NormaU Superiore di Pisa, Ser 11 , S, 9-50 (1936) . 


THE NUMBER OF ZEROS OF A POLYNOMIAL IN A CIRCLE 
By Morris Harden 

Departmknt of Matiikmatics, Univursity of Wisconsin in Milwaukke 
Comniunicatcd by J. L. Walsh, November 26, 1947 

In this note two new theorems will be stated concerning the number p 
of zeros of a real or complex polynomial in a circle C, which for convenience' 
sake will be assumed to be the circle |xl - 1. The first theorem, as will be 
indicated below, leads to a proof of the well-known Schur-Cohn criterion for 
p, a proof without the customary use of Hermitian fonns. 

Theorem I. Letf{z) - andf*{z) «= d^s**”*, where de- 

notes the conjugate imaginary of a*. Let the sequence of polynomials //») « 
be d^ned by recursion formula- 

fj+li*) • “ On-/^V/(a). j =»= 0, 1, . . .. w - 1 

withfo(z) <» /(«). If Sj “ /XO) 7 ^ Oforj ■= 1,2, thenf{z) has no zeros 
on C and p zeros in C,p being the number of negative products P, = JiJ , ... bj, 
7 ’"1,2 n. 

The proof of Theorem I is based upon the 

Lemma. lfff{t) hasp/zerosin Candnoneon C, has 



16 


MATHEMATICS: M. MAgJDBN 


Proc. N. a. S. 


Pi+y. - ('/2){« - j - [(» - j) - 2p,]sg6^i] (1) 

zeros in C and none on C. 

In this lemma, sg x denotes the sign of the real number x. 

The lemma may be proved by using Rouch^’s Theorem or by combining 
two lemmas due to Cohn.^ 

Iteration of formula (1) produces the equation 

'p$ (V 2 )[(w - j + 1) - {n - p)sgPj + (2) 

From this it follows that, since the degree of/n(s) is zero, 

d » />n - (%)[! - {n- 2p)sgPn + sg(Pn/Pi)l (3) 

The proof of Theorem I is completed 1^ solving equation (3) for p. 

Under the hypotheses of Theorem I, no />(s), j < «, may be identically 
zero. An extension to cover the contrary case is expressed in 

Theorem II. If for some k < n fk+i(z) ss 0 but 9 ^ 0, then f(z) has 
n -- k zeros on C and p zeros inside C, p being the number of negative P^,j < k. 
The hypothesis /«+i(s) ^ 0 implies that f{z) and f*(z) have an (n — ^)- 
degree common factor h(z) which has all its zeros on C. Theorem II is 
proved essentially by applying Theorem I to the i>olynomial ^( 2 ) — f{z)/ 
h(z). 

Theorem I will now be applied to proving the Schur-Cohn criterion^ 
which may be stated as follows. 

Theorem III. Let A* denote the determinant of order 2k 


rto 

0 

0 

0 

an 

On \ 

’ • * anr /t-f 1 

ai 

(If) 

0 

0 

0 

an 

. . , an—icA 1 


ak- 


Oii 

0 

0 

... <ln 

d« 

0 

0 

0 

do 

dj 

. , . dk^i 

On.- 1 dn 

0 

0 

*0 

do 

• - . d*-a 

On ., fc f 

Jt f s* • • 

d» 

0 

0 

... do 


If A* ^ Ofor k ^ thenf{z) has no zeros on C and p zeros inside C, 

p being the number of variations of sign in the sequence 2, Ai, Aj, . . . , An. 

If denotes the corresponding determinant for the coefficients 
the reduction formula 

may be established and, when applied to A*, leads to the equation 
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This means that i and thus completes the proof of 

Theorem TIL 

Further details concernuig the proofs and implications of the theorems 
will be published elsewhere. 

1 Cohn, A., Math. Zeilschr,, 14, 1 10 148 (1922). 


INFINITE DIMENSIONAL DIFFERENTIAL METRICS WITH 
CONSTANT CURVATURE 

By Aristoti.b D. Michal 

Obpaktment of Mathematics, Cai^ifornia Institutb of Technoi.ogy 
CoiTiinunicated by T. Y, Thomas, >Septembcr 29, 1947 

L Introduction. — Sonic general theorems on infinite dimensional 
differential metrics with constant curvature were given by the author^ 
some time ago. In tins paper we shall give some more recent special 
results including a few on infinite dimensional and/or dimensionless 
Herniitian differential metrics.^ The author more general results for 
a theory of infinite dimensional hypersurfaces of revolution will not be 
given here. These studies include a theory of the generalized second 
fundamental form of hypersurf aces, and tlie abstract Gauss and Mainardi- 
Codazzi ecjuations. These are the equations that relate a hypersurf acc 
to its enveloping infinitely dimensional (o) +1) space. 

2. Hyperspheres of Composite Abstract Euclidean Spaces. — Let E be an 
abstract (real) Euclidean space® with Banach norm || y || and inde- 
pendently postulated positive definite real inner product \y, z]. The 
“Hilbert space uelation'’ || y || - {y, y]^^^ does not necessarily hold. By 
a composite abstract Euclidean space Ec we shall mean the abstract 
Euclidean space of all points (yo, y) with yo real and y in £ such that the 
norm is defined by 

II (yo. y) II “ (y»* + li y II*)'''* (i) 

(or by any other equivalent Banach norm) while tlie inner product is taken 
as 

y(A) + [y, 2 ]. (2) 

The differentiai metric of Ec will be 

ds^ ^ (dyoV + [dy, dy] * ( 3 ) 

while the equation of the hypersphere in Ec with radius R and center at 
(0, 0) will be taken as 
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yo^ +b»y] (4) 

It can be shown that as the parameter x ranges over E the equations 



define a parametric representation of the hypersphere (4) in iv if A? 1/A*, 
tt 1 + (Ar/4)p* and p* «= [,ic, x]. In fact (5) is a generalization of stereo- 
graphic projection of classical geometry. 

The differential metric of the hypersphere (4) of Ec can with the aid of 
(5) be shown to be 


[dx, dx] 

+ (Kmx. xip' 


( 6 ) 


Hence from the author’s general theory, we see that the hyperspbere (4) 
in Eo is B. Michal-Ricmann space^ of constant curvature K » 1/A*. 

Another differential metric of the hyperspherc (4) of Ec can be obtained 
by a generalized orthogonal projection of the hyper sphere (4) of Eo on the 
‘‘equatorial plane" yo = 0. For points not on the "equatorial plane," 
i.e., for points y in A such that 1 — iiC[y, y] 0, the result is 


d5’ * [dy, g{y, rfy)], (7) 


where 

g(y, f) = f H — ■ . ( 8 ) 

gyy,f:) 1 1- 1 _ w 

Both (6) and (7) are positive definite differential fonns.*^’ 

3, Spaces of PosUive^ Negative and Zero CwrrafMre.^®— Now let us start 
ab initio with the ix)sitive definite differential metric ^ 

ds* [dy, g(y, dy)], , (9) 

where 

« - s + (>») 

and k can be positive, negative or zero. If > 0, it is understood in 
(10) that y of E does not satisfy 1 — kbf y] ** 0. It can be ^own by a 
direct calculation and some well-known or easily proved theorems on 
Fr&het differentials that the abstract^ Christoffel symbol of the second kind 
exists and is given by 

r(y, it, h) ^ g(y, (11) 

•From tliis it caii be shown by a long but straightforward calculation that 
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the metric function ^(v, f) of the differential metric (0) saiisfies the following 
abstract differential equation of the second order in the Freeh et differentials 
of g(y, dy) 

F(y, diy, d^y, f/:0V) ^ gCv, d^y) ~ 

l^iv- giy^ (hy)) (12) 

for all V in E such that 1 — k[y, y] 5^ 0 and for ail div in E, Ln ( 1 2) the func- 
tion R{y, diy, d^>y, dnv) is the abstract "Riemann -Christoff eT' form based 
on the dy) of the differential metric (9). It follows from (12) that 
the differential metric (P) is of constant curvature k irrespective of whether k 
is positive, negative or zero, 

4. Geodesics^ in Abstract Spaces of Constant Curvature k % 0, The 

vSecond order abstract “ordinary” differential equation, 

JJlJ ^ Q length), (13) 

ds- 

is the differential equation of the geodesics based on the differential metric 
(9) of constant curvature k. This is clear from (11). Let the initial condi- 
tions for (13) be 

y(()) A and = B, (14) 

\ ds 

where A is any element of the abstract space E and B is atiy element of E 
such that g{A, if)] == 1. By a simple variant of an existence and 
uniqueness theorem oi Hyers and Michal/‘ the following unique finite 
equations of the geodesics that satisfy the initial conditions (14) are 
obtained. 

k > 0 : 

y(s) =* cos (\/ks)A + sin {\/h)B, (15) 

k< 0: 

y(s) - cosh (\/^~ks)A + sinh (V — ks)B, (16) 

- 0 ; 


y{s) ^ sB + A. (17) 

A number of results now follow readily as in the classical finite dimen- 
sional cases. For example — to mention a few^-geodesics are closed curves 
with length for the case ^ > 0. Hence 2irR is the length of geo- 
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desics on a hypersphere (4) in itc* The '‘straight line” distance d in the 
enveloping Ec of two points of the hypersphere (4) in Ec at a geodesic 
distance 5 apart is given by • 

5. Infinite Diniendofial Ilermitian Differential Metrics. ~ln 10;i5 and 
figain in the. author- had observed that some portions of the theory 
of finite"^ dimensional Hennitian differential metrics^ -and those of constant 
curvature^^ in particular — could be generalized to an infinite dimensional 
theory or to a dimensionless theory. Recently Hua,^^ SiegeP* and others 
have studied finite dimensional hyj>erbolic Hermitian differential metrics 
in matrices. Bochner’- has conjectured recently that the metrics of Hua 
and Siegel could differentially and isometrically iml>edded in a fixed 
elliptic Hermitian differential metric with a countable infinity of dimen- 
sions while a construction of Bergmann^'^ can he interpreted as a differential 
and isometric imbedding into a generalized Fubini metric with a countable 
infinity of dimensions. Bochnefs^'^ infinite dimensiona! differential metrics 
are special cases of those known to the author.- We intend to say a good deal 
about this and other related subjects in another paper, 

Wc wish to point out here that if 1:1 is a complex abstract Euclidean space'* 
with [x, yl, the independently postulated Hermitian metric, then the 
following differ entiiil metric is Hermitian and has constant real curvature k: 

ds- ^ [dz, g{z, dz)], (18) 

where 

g(j 5 _ J) r M = ] 4- * [s, 2 ], (19) 

If [.V, y] is positive definite and ^ > 0, then the ds- in (IS) is positive defi- 
nite. Bochner s generalized Fubini metric is an instance of such an abstract 
metric. The study of various types of subspaces of matrices of (18) would 
be interesting especially if E does not have a finite basis. 

^ Michal. A. IX, BuU. Aw. Math. Sac., 45, 52(f-50:i (1931)), especially pp. 650-569. 

* Michal, A. i)., these Proceedings, 21, 620-529 (1936); Hull. Am. Math. Soc. 
45, 529 5(13 (1939), 

^ Michal. A. D., Highherg, L, and Taylor, A. E., Annali di Pisa, 5, U7-148 (1937). 

* Michal. A. Ih, BuU. Am. Math. 5of.,45, 529-563 (1939), especially Theorem 27.1. 

® See, for example, A. V. Michal, Ibid,, 45, 629-563 (1939), especially pp. 552-655. 

See also A. D. Michal, these Proceedings, 21, 626-529 (1935). 

** Michal, A. D., and Hyers, D. H., AnnaH di Pisa, 7, 157-176 (1938), especiaUy 
Theorem 1.1. 

’ For references to the work of Poincari, Pfeard, Fubini, Study, Cartah and others. 
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sec, for enattiple, Geortfes Giraud, l^eums s«r /c.v Fondion^ Auiomorphn (1020), and 
IClie Cartan, La GSometrie Projective Compiexe (1031). 

** Sco, for example, I). J. Slruik’s bibliographical report, Titeory of J. hi ear Connexions 
(1034), where references are given to the work of Schouten, \'an DaiUzig, V'eblen, Cartan 
and K abler. See also the very interesting recent work of S. Chern, Annals of Math,, 
47 , 85-121 (1040). 

■* Schouten, J. A., and Van Oaiitr.ig, l>., Akad, Wetensrh. A nistrrdnm t 34, 1203 
1304 (1031). 

Sec, for example, L. K. llua. Am. J. Math., 66, 170 488, 531 ;Vi3 (1044), and 
Annals of Math., 47 , 107 101 (1040). 

*’ St-e, for example, C. L. Siegel, Am. J. Math., 65, 1 tSO (1043) and a few subsequent 
papers in the Annals of Math. See also C. L. Siegel, Annals of Math,, 43 , 013 010 
(1042). 

Boehner, Salomon, Hnll. Atn. Math. So<., 53 , 170 105 (1047), especially p. 103. 

Berginatm, S., J. Keine Ani>,ew. Math., 166, 1 42 (1033). 

Michal, A. IX, Infinite Dimensional Hyper surf ares of Revolution (to be putdished). 
We thus have numerous cxample.s of iiifiiiite dimensioual Riemaimian spaces with 
variable curvatun* and with a non-trivial group of motions, 

A metric for the corresponding abstract elliptic ease is given by d.v“ \dz, i;(~, do) 1, 
where 


(1 + 

"='» — (.r<ti=,Ti,. 

'j'here is a similar dilTerential metric for an abstract hyperl>olic metric dilTerentially 
imlieddcd in an (mj 4 - 1 ) -dimension “special relativity" metric. 

h'or the definitions and formulas of the classical fnite dimensional Riemannian 
spaces sec L. P. Eisenhart, Riemannian Geometry {I91I6): T. Y. Thomas, Differential 
Invariants of Generalhed Spaces {1034); Hermann Weyl, Commentary on Riemann's 
Vher die Hypothesen, wekhe der Geometric zu Grunde Liemen (1023); A. D. Michal, 
Matrix and Tensor Calculus ivitk Applications to Mechanics, FJasticity and Aeronautics 
(1047). 
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SOME REMARKS ON THE WRIGHTS OF UNKNOWNS AS 
DETERMINED BY THE METHOD OF DIFFERENTIAL 
CORRECTIONS 

IjY S. L. PlUTRDWSKI 
li AR VARD CoLUfOE Observatory 
C onimunicuted by Harlow Shuploy, DecetnlxT 10, 1047 

In many problems of practical astronomy we aj>ply the method of least 
scjuarc to non linear equations. The computation is usually clone by the 
method of differential corrections. If the equations of condition are 

ff(x, “ Li, i/i . . .w. (1) 

where x, y ... are the unknown parameters to be determined and are 
the observed quantities, the procedure is the following. We start with 
certain approximate values for Xt y — let us denote them by JCo, Vo- For 
simplicity we limit our discussion to the case of two unknown parameters. 
We determine the corrections Ax and Ay by the least squares method from 
the equations 

1 1, + I = L. - (2) 

with X and y in d/i/dx, 21/4/dy equal to xn, y«. We add Sx and Ay to 
Xo and yu and, in theory at least, we rejjeat this procedure until the resulting 
corrections become equal zero. We shall assume in what follows that 
this can be achieved. In other words, we make the assumption that the 
whole procedure is convergent. It is easily seen that the values of x and 
y which we obtain in this way satisfy the equations 


( 3 ) 
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Equations (3) are, in fact, nothing but the necessary conditions making 
the sum of the squares of the residuals a minimum. 

When solving (2) by the method of least squares we get the mean errors 
of the corrections Ax and Ay. Tliese errors are characteristic for Ajc 
and Ay only in so far as we regard Ax and Ay as defitied by the normal 
equations pertaining to equations (2). In almost all cases known to me 
it is assumed (at least tacitly) that these errors represent also the mean 
errors of the solution obtained for x and y. It can be easily shown that, 
in general, this assumption is not valid. ^ 

The inverse weights of Ax and Ay are equal to 



respectively. We determine d Ax/dLj and d Ay/HLj by differentiating with 
respect to Lj the normal equations pertaining to equations (2). We get 
(the s<|uarc brackets are used to denote the summation over i from 1 to n) 

* % \ 

LdxdxJ dL^ {j^ ^yJ f 

) (4) 

?/.i ^ j. r?/ ^ 1 

L^i)yJ i>Lj L^y dyJ dL^ by | 

By a well-known theorem^ we find the inverse weights as the diagonal 
elements of the inverse of the matrix pf the coefficients of equations (4). 

In order to find the quantities bx/dL^ and by/bL^ that are prerequisite 
for the determination of the weights of x and y we differentiate equations 
(3) with respect to Lj and we get 


10''- 


1;+{| 






11^., 




L&if <)y, 

JfdL, 

e>' 

-»1'E£ 



1.)] + 





t>y 




LdydyJ/ 

’dLj“ 


dx 




(6) 


# 

Now, by comparing (4) and (5) we see that the coefficients of the unknowns 
are not identical in both systems. They are identical when ((d*//^*)(/ — 
^)]> ~ “ j^)l equal zero. But these condi- 

tions are not fulhlled in general. Even when the residuals /< — L. are 
small and do not show any systematic behavior the considered terms 



Voi.. 34, 1948 


ASTRONOMY: S. L. PIOTROWSKI 


25 


niay be, in cases, quite appreciable. If we have used equations (4) for 
the determination of the mean errors of Ax and Ay, we should check 
whether the sums i)], [(b!f/£>xdy)(/ — L)], ... ore really 

negligible before we ascribe these errors to the unknowns themselves, t 
That this precaution is essential, we can see from the following numerical 
example. 

Let us suppose that for 5 equidistant values of 0, 1, 2, 3, 4, we have 
observed the values of L, which is supposed to be given by the expression 

/X + (/ — l)^y — (/ — 1)(^ — 3)xy - L. (0) 

Let the observed values be: —8.0, +4.0, +9.5, +13.5, +11.0, After 
some trials, we find by the method oi differential correction that the 
solution is: X 3, y = 1. The residuals are: 0.0, +1.0, —0.5, +0.5, 
— 1.0. The matrix of the coefficients of the system (4) is 

/29, 48\ 

\48, 06/* 

Its inverse is 

/ 0 . 2 , - 0.1 \ 

V-0.1, 0.0604/ 

Hence, denoting by p^x the weight of Ax, by p^y the weight of Ay (with x - 
3, y = 1, both Ax and Ay arc equal 0) we obtain 

pix “ 0-2; Ply * 0.0(504. (7) 

If we would ascribe these weights to x and y themselves (as is generally 
done), we would run into a contradiction. We can write (6) in the form 

A + Bt+ -- L, (8) 

with 

A y(l — 3x), 5 « X — 2y + 4xy, C - y(l — x), (9) 

Eliminating x and y between the three equations (9), we get 

A - C- AB + 3CB + 2AC - A^ + 3C^ = 0. (10) 

Now we can treat A, B, C, as auxiliary (unknown) parameters of the 
problem and determine them by the least squares method from equations 
(8) linear in ^4, il, C, (/ = 0, 1, , , . ; L « —8.0, +4.0, . . .) with thecondi* 
tion (10) to be satisfied exactly. It may be done by a standard method^ 
and we get (returning from j 4, B, C, to x and y), x «= 3, y - 1, the same 
values obtained by the method of differential corrections. The weights of 
X and y, pj, p^ are, however 

p-^ - 0.091f5; p;^ » 0.0277, (11) 
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more than two times greater than those given by (7). The discrepancy is 
of course spurious. If we determine dx/dLj, dy/dLj from equations (5) 
and font! the sums of their squares we obtain exactly the values given by 
( 11 ). 

Summary , — If one uses the method of differential corrections in a least 
squares solution, the mean errors of the differential corrections to the 
unknowns are equal to the mean errors of the unknowns themselves only 
in the special case when the sums of the products of the rc^siduals by tht* 
second order partial derivatives of the functions figuring in the equations 
of the problem are negligible. This is so regardless of how small the 
differential corrections happen to be. If the sums are not negligible, the 
equations of the form (5) should be used when determining the weights of 
the unknowns. 

* An extensive discussion of this and related problems is to l>e found iji a paper by 
E. B. Wilson and R. R. Puffer, "'Least Squares and Laws of Population Growth/’ 
Prof. Amer, A fad. Arts Sfi.» 68, No. 9 (1933). Cf., in particular, equations (25) and 
(2fb and the considerations in the Appendix. 

t Evidently the functions of the type / (.r, y, /) which fulfdl the system of equations 

c)*//dr* « itix, y) (0//d.v) -f h{x, y) (d//dy). 
d^f/dxCy « a/ (x, y) (d//dx) + h' (x» y) (c>//0y), 
oy/dy* rt" (.r, y) (d//dx) -h ix, y) i6f/dy), 

where a, h; a\ h'; h*' are arbitrary functions of x and y, independent of t, will 

have the property of yielding in the standard least squares solution for differential 
corrections the correct values of the mean errors (/ is used instead of subscript i). 

^ Whittaker, K. T., and Robinson, G., Phe Calculus of Ohsvrvntions, London. 1932, 
p. 241. 

=* /huL, p. 252. 
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GALACTIC AND EXTRAGALACTIC STUDIES, XVIII. THE 
PULSE INDEX FOR EIGHTY-NINE VARIABLE STARS IN THE 
MAGELLANIC CLOUDS 

By Harlow Shaplev 

HARVARr) Coi.LEfiE OBSRKVATORV 

Cotnniunicute*:! DeocrnlM^r 0, 1047 


The Large atid Small Clouds of Magellan, because of their isolation frf>ni 
the confusion of Alilky Way phenomena, and their distances of only 25 
kiloparsccs’ are ideally situated for the study of the various characteristics 
of Cepheid variable stars. A fair sampling of the variable star population, 
suitable for detailed studies, can be taken from the more than 2500 variable 
stars in the two Clouds. It is thus possible in selecting a representative 
sample to choose stars with almost any required period -length and avoid 
those that may be photometrically complicated by companion stars or by 
dark or bright nebulosity. 

The correlations with each other of periods, amplitudes, absolute lumi- 
nosities and light-curve forms are more satisfactorily examined in the 
Clouds than in any other region of the sky. The advantages include the 
negligiVnlity of the distance differentials for the various Cepheid s, the 
apparent brightness of the variables compared with those in other external 
systems, and the possibility of using for each Cloud a single set of magnitude 
standards. The light curves can therefore be obtained on a homogeneous 
basis, both as to the zero point and the magnitude scale. 

In an earlier paper of this series^ a report was made on 40 variables of 
the Large Magellanic Cloud. It was shown that the amplitude, with 
numerous exceptions, varied with period-length ; that the form of the light 
curve was not closely dependent on period (Hertzsprung Effect) except 
in the vicinity of periods of ten days; and that the period-luminosity 
relation appeared as usual, as did also the genuine scatter of values, about 
the mean period-luminosity curve. 

A study of a comparable selection of Cepheid variables in the Small 
Cloud has been undertaken to reinforce, with somewhat richer observa- 
tional material, the earlier data on the general characteristics of Cepheid 
light curves, and to take advantage of the still better conditions in the 
compact Small Cloud for homogeneous photometry. 

The observations, the light curves, and a full discussion will be published 
elsewhere. In this communication a report is made on the asymmetry 
of the light curves from both Clouds. These curves are of course indicators 
of the nature of the underlying periodic pulsations. 

The prevaletit asymmetry in Cepheid light curves can be, and for the 
Cepheids of the galactic system have been, variously described quanti- 
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tatively, most commonly in terms of time proportions; for example, by 
the ratio 

. (/ max. — t min.)/period. 

S. Gaposchkin* and others have used the ratios of areas or their differences 
under specific sections of the light carves as criteria of the degree of asym- 
metry. C. P. Gaposchkin recently has applied harmonic analysis to a 
number of Cepheid light curves.'* 

The time of maximum of a Cepheid of short period can be determined 
with fair accuracy, but the variations at minimiun are so slow that even 
for good light curves the instant of minimum, or the first beginning of the 
upswing in light, cannot be accurately recorded. The middle of the rise 
to maximum, however, can be the most accurately observed part of the 
light curve. A single simple parameter that defines accurately this crucial 
phase of the pulsation can be obtained from the steepness of the rise; and 
this pulse-index, if suitably derived, is essentially independent of amplitude 
of variation and thus is not vitiated by unrecognized optical doubling or 
by absorption or background effects. 

For the derivation of the pulse-index from the light curve, we avoid 
the slow magnitude variation at minimum, and irregularities like double 
or hesitant maxima, by defining the relation as follows : 

P 

P-‘- “ r“3-r-' 

»M' tn' 

where the period, P, and the tim^, t, are expressed in the same imit (in 
days; or better, in period lengths, in which case the numerator is unity), 
and where M' is the photographic magnitude two tenths of the amplitude 
fainter than maximum, and m' is the photographic magnitude two tenths 
of the amplitude brighter than the. minimum. (Relative steepness in- 
creases with p.i.) By involving only the steepest six tenths of the rise 
from minimum to maximum in the determination of the index, we avoid 
completely the uncertainties of curve drawing and the minor fluctuations 
at maxima and minima. 

Various other indices could be used, such as the magnitude change per 
hotu* at median magnitude on the rising branch; or the magnitude change 
per specified fraction of the period ; or the ratio of the pulse index as defined 
above to a comparable index for the descending branch; or smaller fractions 
of the amplitude might underlie the measures oi the pulse index; or 
intensities might be substituted for magnitudes. No clear advantage, 
however, would come from these alternatives. In particular, tlte inegu- 
larities that are frequent on the descending branch of a typical Cepheid 
light curve argue agah^t thn use of tiie descending branch for a quanti- 
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tative index. Moreover, it 
can be shown, as in figure 1, 
that the '*recovery-index'' de- 
rived from the descending 
branch — r.i. « — 

has a small spread and in 
consequence is not a sensitive 
parameter for describing a 
light curve . Consequently 
the ratio of p.i. to r.i, has no 
advantages over the pulse 
index. In figure 1, lower 
array, the outstanding r.i. at 
9.5 refers to a variable with 
double maximum, a steep de- 
cline, and a period of 9.4 days. 
In the upper array, which 
shows the wide spread of p.i., 
the double maxima light 
curves are indicated by ar- 
rows. The difference in the 
distribution of p.i. values for 
the two Clouds is probably 
not significant. It is most 
noticeable around p.i. == 6. 

In table 1 the pulse index 
and other data are given for 
both Clouds, the variables ar- 
ranged in order of increasing 
period. The Small Cloud 
stars are marked with aster- 
i^. 

In figure 2 the pulse index 
is plotted against the loga- 
rithm of the period, with dots 
for the Small Cloud, open 
circljBs for the Large and 
crosses showing the m^s of 
ten points. The computed 
correlation coefficient is 

f (p.i., log P) « 0.44, 
and for absolute magnitude, 



figure I 

Asymmetry in light curves of 89 Cepheid Variables. Open circle. Large Magellanic Cloud; dots. Small Magellanic Cloud. 
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TABLK I 


HARVARD 


MEDIAN 



HARVARD 


MEDIAN 



VARIAULIi 

LOG OF 

AFFARHNr 

AMPLI- 

PULSE 

VARIABLE 

LOG OF 

APPARENT 

AMPLI- 

PULSE 

NO. 

PSRIUD 

MAONITUDU 

TUDE 

Index 

NO. 

PERIOD 

magnitude 

TUDE 

INDEX 

1506* 

0.097 

16.42t 

0.81 

15.4 " 

2752 

0.857 

16.41 

1.26 

8.7 

1513* 

0.134 

16.65t 

0.60 

6.1 

927 

0.877 

15.47 

1 . 20 

7,7 

10364* 

0.177 

16.57: 

0.96: 

25.0: 

2081* 

0.881 

15. lot 

0.74 

0,9 

2127* 

U.203 

16. lot 

0.61 

8.0 

816* 

0.900 

I5.61t 

0.80 

7,4 

1446* 

0.272 

I6.62t 

1.25 

18.2 

2722 

0.905 

15.10 

1.26 

8,3 

2128* 

0.3.56 

lO.Olf 

1.06 

18.2 

1338* 

0.929 

15.21t 

1.24 

11.8 

2076* 

0.398 

16.12 

1.24 

20.0 

1790* 

0.948 

16.28 

0.8H 

9.5 

2W 

0,399 

15.94 

1.17 

15.4 

2103* 

0.953 

15.49t 

0.54 

9.5 

2344 

0.402 

16.29 

0.66 

8.7 

971 

0.968 

15,11 

1,10 

10.0 

2796 

0.461 

16.26 

0.93 

10.0 

836* 

0.973 

15.22t 

1.05 

14.3 

1460* 

0-464 

I5.98t 

1.24 

18.2 

1334* 

0.975 

15. lot 

1.20 

10.0 

2053* 

0,508 

16. 16t 

0.8;i 

20.0 

952 

0.981 

15.48 

1.07 

9. 1 

2308 

0. 508 

16.36 

0.89 

12.6 

1768* 

0.992 

15.33 

0.43' 

0.2 

2361 

0.512 

16.51 

0.95 

13.3 

20(50* 

1.008 

14.83 

0.96 

7.4 

11206* 

0.531 

16.07t 

0.68 

15.4 

818* 

1 . 014 

15.15t 

1.26 

11. S 

2472 

0.557 

16.10 

0.78 

9.5 

1426* 

1.019 

15.45 

0.99 

4,9 

2085* 

0. 570 

16.29 

0.94 

13.3 

2432 

1 . 038 

14.66 

0.62 

9. 1 

sm* 

o,58;i 

15.821 

1.21 

20.0 

2003* 

1.048 

15.16t 

0.90 

4.4 

2795 

0 .593 

16,03 

1.10 

16.7 

999 

1.051 

14.86 

0,59 

11.8 

2788 

0.639 

15.67 

1.05 

10.5 

2017* 

1.057 

14.99t 

1.12 

4.0 

1619* 

0.641 

15,9«t 

0.83 

14.3 

2787 

1.058 

14.99 

1.03 

4.3 

1425* 

0.658 

15.90t 

1.21 

11.8 

1610* 

1.066 

15.24t 

1.21 

3.8 

8.51 * 

0.671 

15.H:it 

1.19 

18.2 

905 

1.074 

14.96 

1.40 

4.4 

2^134 

0.671 

16.21 

0.91 

7.7 

857* 

1.079 

14.77t 

1.22 

0,2 

2826 

0 673 

15.8;i 

0.89 

16.4 

856* 

1.085 

15.28t 

1.12 

16.7 

961 

0.688 

16.10 

1.01 

12.6 

1365* 

1.094 

15. IHt 

1.11 

6.1 

2861 

0.694 

16-00 

0.99 

8.7 

2062* 

1,099 

14.55t 

1.12 

4.3 

2031* 

0.720 

15.60 

1.29 

12.5 

1351* 

1.117 

. 15.07 

0.94 

5,9 

1818* 

0.737^ 

16.16 

0.67 

7.7 

827* 

1.129 

14.80t 

1.07 

4.2 

815* 

0.763 

15,89t 

0.75 

9.5 

2463 

1.145 

14.60 

1.61 

4.4 

2727 

0.775 

15,55 

1.21 

10.5 

1(K36 

1.153 

15.00 

1.50 

5.1 

2619 

0.777 

15,41 

1.38 

10.0 . 

1336* 

1.158 

14.98t 

1.23 

4.6 

2124* 

0.783 

15.72t 

0.82 

10. 0 

933 

1.192 

16.40 

1.49 

14.3 

5954 

0.788 

15.79 

0.56 

8.0 

1328* 

1.200 

14.46 

1.27 

4.6 

1492* 

0.799 

15.42t 

1,19 

11.8 

1333* 

1.212 

15. lot 

1.37 

6.5 

2773 

0,803 

15.56 

1.05 

8.7 

1342* 

1,264 

14.34t 

0.67 

5.7 

2536 

0.804 

15.17 

1,31 

7.4 

1005 

1.272 

14.69 

1.46 

15.4 

2685 

0.816 

15.40 

1.08 

7.7 

- 817* 

1.276 

14.01t 

1.16 

6.2 

2790 

0.820 

16.01 

0,90 

11.8 

1003 

1.387 

13.83 

1.22 

14.3 

1400* 

0.823 

15.64t 

0.82 

6.5 

934 

1.450 

14.75 

1,50 

11.1 

2358 

0,825 

16.67 

0,70 

10. 0 

823* 

1.604 

14.44t 

1.20 

20.0 

1865* 

0.836 

16.89t 

0.76 

11.8 

856* 

1.518 

14.64t 

1,40 

10.5 

2337 

0.837 

15.44 

1.17 

11.8 

953 

1.680 

13.18 

1.37 

10. 0 

935 

0.849 

15.2;i 

1.19 

10.0 

2447 

2.074 

13.16 

l.(U 

6.3 

2491 

0.853 

15.36 

1,12 

ll.l 







* VariaWe in Small Magellanic Cloud, 
t Magnitudes by A. S. Carlson ; others by V. McK, Nail. 
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r (p.i., M) = 0.41. 

The near equality oi these computed coefficients is to be expected since the 
period-luminosity relation for these 89 stars gives the well-known highly 
significant correlation, 

r (M, log P) = 0.91. 

The scatter of 
points in figure 2 
shows for this 
homogeneous 
material the 
strength and 
weakness of the 
so-called Hertz- 
sprung effect. 

From the plot, 
we would say 
thatfromperiods 
of five days to 
periods of fifteen 
days the steep- 
ness tends to de- 
crease measur- 
ably. There are, 
however, several 
non - conforming 
stars with periods 
between eight, 
and twelve days. 

This is also the 
interval where 
double maxima 
appear, but the 
double - maxima 
stars (indicated 
by arrows) show 
no trend in steep- 
ness with period. 

A plot of pulse 
index against 
photographic 

amplitude shows no interdependence of these quantities; the correlation 
coefficient, 
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r (p.i., amp.) =a 0.02, 
is in agreement with that conclusion. 

* Current estimates are 23 and 26 kpc, respectively. 

* Shapley, McKibben and Mohr, these Procbeoinos, 26, 336 (1940), 
«Gaposchkia, S., Ibid., 24, 1 (1938). 

♦Gaposchkin, C. P., AsL Jour,, 52, 218- 226 (1947). 


THE p-AMINOBENZOIC ACID REQUIREMENT OF THE 
FONAMIDE-REQUIRING^ MUTANT STRAIN OF NEUROSPORA* 

By Marko Zalokar 

Kerckhoff Laboratories of Biology, California Institute of Technology. 

Pasadena, Calif. 

« 

Communicated by G. W. Beadle, December 13, 1947 

Emerson and Cushing^ isolated a strain of Neurospora which instead of 
being inhibited in growth by sulfonamides requires the drug for growth at 
high temperatures. It seemed as if the roles of />-aminobenzoic acid 
{PABA) and sulfanilamide (5./1) were reversed,* the mold being poisoned 
by PABA and this action being antagonized by SA. The evidence sug- 
gested that SA took the place of PABA as a metabolite. 

In experiments to test the growth-promoting activity of folic acid 
compounds for certain Neurospora mutants, we found that the sulfonamide- 
requiring {sfo) strain can grow in the complete absence of SA, The 
following different strains* were used: wild type, />-aminobenzoicless 
ipab) of Tatum and Beadle,^ sulfonamide-requiring {sjo) and the double 
mutant ^-aminobenzoicless, sulfonamide-requiring {pab^ sfo). The results 
are summarized in table 1. 

Pteroyl-triglutamic acid has no growth-promoting action at all. Pteroyl- 
glutamic acid and ^^-aminobenzoylglutamic acid show growth activity for 
the pab mutant. Their activity is about 1 to 2% of the PABA activity. 
Fteroic add seems to be more active, having about 5 to 10% of the 
activity of PABA, At higher concentrations these three substances 
antagonize SA inhibition in a competitive manner. Pteridine was also 
found to be without activity. 

The response of the double mutant is unusual. It requires normally 
both PABA and SA for growth. We found that it grows in the absence 
of SA when pteroylglutamic acid or />-aminoben 2 oylglutamic add is sup- 
plied, only slightly when pteroic add is supplied. In the presence of 
10*"* M SA the growth is poor with the first two substances, but good with 
the third one. In the presence of 10**“^ M PABA there is no growth with 
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TABLE I 


Growth of Different Strains op Neurospora on Folic Acii> and Related Com- 
pounds; + + 4“ Good Growth, -f-f Fair Growth, 4- Poor Growth, — No Growth 





COMPOimpS At>DIRI> (10“« 

iji/) 













J»KTKRt>VL- 

PTBBOVL- 


HBNitOYL- 

p-ABflNO- 




TKlOLirrAMIC OLUTAMIC 

PTKROIC 

OLUTAMIC 

BSNXOtC 

t«TMAIN 

MBUIUM 

SQKK 

Acm 

ACir> 

ACID 

A cm 

ACID 

Wild 1 

\ Minimal 

4“4*4- 

4' + 4- 

4-4-4- 

4-4-4- 

4-4-4- 

4-4-4- 

type 1 

^ 10 MSA 

— 

— 

— 

— 

— 

4-4- 

pah 

Minimal 

- 

- 

4-4- 

4-'f 4- 

4“ 4- 4“ 

4-4-4- 

\ 

j Minirnul 


— 

4-4- 

4“ 

4-4- 


pah , ,sfo ^ 

10 -'* vl f 

- 

- 

4- 

4-4-4- 

4-4- 

4-4-4- 

1 

^ 10-7 ^fpABA 


— 

- 

- 

“ 

- 

s/o -j 

! Minimal 




— 


— 

10-'* MSA 

4“ 4- 4“ 

4-4*4“ 

4-4-4- 

+ 4-4- 

4-4-4- 

4-4- 


any of the substances tested. The simple sulfonamide-requiring mutant 
does not grow on any of the folic acid compounds. 

The action of all three folic acid compounds can be explained by their 
free arylatnine content. Crystalline folic acid (pteroylglutamic acid) 
contains about 0.5 to 1% PABA, />-aminobenzoylglutamic add about 
0.1% and pteroic acid about 6%.^’* The PABA activity of these com- 
pounds is in some instances somewhat higher than can be accounted for 
by the free arylamine content; it seems likdy that a certain amount of 
cleavage to PABA occurs during autoclaving or during growth of the mold. 
From their inability to substitute for PABA^ it may be concluded either 
that folic add and its derivatives are not products of PABA metabolism 
in Neurospora^ or else that they have failed to penetrate into the cell in 
these experiments. 

As for the double mutant» we assumed that it grows only at very low 
PABA concentrations> such as those provided as impurities in folic acid. 
This hypothesis was confirmed by growing the double mutant at low 
PABA concentrations. It can grow well in a very narrow range of PABA 
concentrations (Fig. 1). If we compare the growth rate of the double 
mutant with that of pab, we see that from the lowest PABA concentration 
up both curves ascend at exactly the same slope to about 2 X 10”* to 
5 X 10“* M, where they reach the optimum growth velocity. The curve 
for the double mutant drops rapidly above 5 X 10“^ if to show a typically 
5i4-requiring growth at PABA concentrations liigher than 2 X 10”^ if. 
The growth between 5 X 10”* and 2 X 10”^ M is tyqjically adaptive; 
the velodty improves with time, reaching the normal rate at the end. At 
higher concentrations of PABA the curve is very irregular, owing to differ- 
ences in the degree of adaptation to the ab^nce of SA, and to ‘ ^reversions'" 
caused by mutation.'' 
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FIGURE 1 


Growth of the ^-aminobenzoicless mutant (-*-*-) and the double mutant p- • 
aminobenzoicless, sulfonamide-requiring (-o-o-) on different concentrations of p- 
aminobenzok acid (experiments Z — 90, Z — 101). Abscissa; concentration of 
PABA in moles; ordinata; time necessary for mycelium to reach 150 mm. in 
growth tubes. 

Looking back to the action of the folic acid compounds, the observed 
results can be completely explained by the amounts of free PABA they 
contain, These amounts, as deduced from growth of the double mutant, 
are in agreement with the values obtained by assay with the p-amino- 
benzoicless mutant. 

There is only one simple explanation of these facts: in the presence of 
the gene conditioning the SA requirement, PABA is poisonous in con- 
centrations which are harmless to the wild type. As iiie inhibition 'by 
PABA (at concentrations less than 10~* Af) is completely relieved by SA 
in a competitive manner, we can draw a scheme comparable to the sdieme 
of PABA action by Kohn and Harris.* They assumed that PABA is 
involved in the synthesis of substances xi, *j, . . which are xtecessaxy 
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for growth. SA cojnpetes with PABA aad inhibits these syntheses. In 
our case the sfo gene would direct a reaction whereby PABA produces 
some inhibitory substance, y. This reaction must require a somewhat 
higher PABA concentration than i^ needed for normal growth and there- 
fore is not apparent below a concentration of 10^^ M PABA. Further, 
the reaction must be very sensitive to SA inhibition and be stopped before 
SA inhibits growth by afiPecting vital reactions (leading to ;ci, xz^ etc.). 
Search is under way for the particular reaction involved. 

The sulfonamide-requiring mutant, in the absence of the pab gene, 
obviously produces more PABA than corresponds to a concentration of 
10'"'^ M, so that it poisons itself and requires SA for growth as a detoxicant. 
Hence we have to drop the idea that 5^4 is utilized as a metabolite. 

Summary. — 1. Neurospora cannot use pteroylglutamic acid, pteroic 
acid or ^-aminobehzoylglutamic acid to replace p-arninobenzoic acid. 

2. These folic acid compounds contain a certain amount of free PABA, 
which explains a positive growth response of the /)-aminobenzoicless mu- 
tant and the double mutant ^-aminobenzoidess, sulfonamide-requiring. 

3. The double mutant can grow well on low concentrations of PABA 
(10""® to 10""^ M), but is poisoned by greater concentrations and requires ^ 
SA as a detoxicant. 

4. The sulfonamide-requiring strain must produce more than the 
tolerated amount of PABA and thus inhibits itsdf. 

Acknowledgment . — The author wishes to express his indebtedness to Dr. 
Sterling Emerson for suggesting the problem and for offenng advice and 
help throughout the course of the work. 

♦ Representing work supported in part by a grant from the American Cancer Society 
upon the recommendation of the Committee on Growth of the National Research 
Council. 
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DIRECTED FERTILIZATION IN MAIZE 
By Hbrschel Roman 

California Institute of Technology* and the University of Washington! 

Communicated by I-, J. Stadler, December 15. 1947 

Ordinarily the two gametes in the maize pollen grain are genetically 
identical. However, a plant carrying an A-B interchange produces a 
pollen grain in which the gametes are not alike.’ Thi>s paper deals with 
the rdle of the dissimilar gametes in fertilization. 

An A-B interchange is one between the supernumerary B-type chromo- 
some^ and a member of the basic complement (A-type chromosome). 
The behavior of the interchange chromosomes during the development of 
the pollen grain may be illustrated by the case of TB-4a. In this inter- 
change; the distal seven-eighths or so of the short arm of chromosome 4 
was transferred to a segment of a B-tyjje bearing the centromere of the 
latter. The resulting chromosome is designated the chromosome. 
The other interchange chromosome (4®) contains the rest of chromosome 4 
and most or all of the distal heterochromatic segment of the B-ty|)e. 

The 4® chromosome is orthodox in its behavior and is found regularly 
in each gamete of the pollen grain. The B"* chromosome also follows the 
normal pattern until the division of the generative nucleus is reached. 
In this division the cliromosome frequently undergoes non-disjunction 
so that one of the gametes receives two chromosomes and the other 
receives none. A second type of pollen grain is the result of normal dis- 
• junction; both gametes of the pollen grain are identical, each containing 
one chromosome. 

Three classes of seed are expected when a normal seed parent is crossed 
with a pollen parent homozygous for TB-4a. Two of these are obtained 
from fertilization involving the first type of ppUen grain. If the gamete 
that is deficient for the chromosome fertilizes the egg and its partner 
unites with the polar nuclei, a seed with a deficient embryo and a hyper- 
ploid endosperm will result (Class I). If the gametes exchange tieir 
respective r61es in fertilization, the seed will have an embryo hyperploid 
for the chromosome and a deficient endosperm (Class II), A third 
kind of seed is produced when the second pollen type is involved; in this 
case, the embryo is heterozygous for the interchange and the endosperm 
also carries a single chromosome (Class III). 
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The three classes of seed may be readily identified through the use of the 
sugary endosperm gene, su. The chromosome carries the dominant 
allele Su. If the seed parent is homozygous for su^ the three kinds of seed 
would have, respectively: 

Class I: A non-sugary, hyper|>loid endosperm, and a deficient embryo, 
hemizygous for .y«; 

Class II; A sugary, deficient endosperm and an embryo of composition 
su Su Su; and 

Class III : A non-sugary j euploid endospenn with a euploid embryo of 
composition su Su. 

If fertilization involving the first type of pollen grain occurs in either 
direction with equal frequency (i,e., random fertilization), seed classes I 

TAB1,E 1 

Results op Crosses Between Normal Seed Parents Homozygous for su and 
Pollen Parents Homozygous for TB-4a and 5m 


CROftfll 

SOflAKY 

TOTAL 

HKEPH 

•/C SPr.AKy 


OC-1 

X 25-2 

162 

271 

59,8 

3.0 

2 

X 25-2 

175 

267 

65.5 

2.9 

3 

X 25-2 

141 

217 

65.0 

3.2 

4 

X 25-2 

158 

229 

69.0 

3.1 

5 

X 25-2 

100 

218 

48.6 

3.4 

107-3 

X 25-2 

104 

274 

50.9 

3.0*^ 

107-4 

X 25-2 

130 

202 

51.9 

3.1 

2208-3 

X 25-2 

130 

210 

(U.9 

3.4 

2269-2 

X 25-2 

220 

410 

. 55.1 

2.5 

2209.7 

X 25-2 

314 

504 

62.3 

2 2 

108-28 X 50-13 . 

70 

i:i2 

57.6 

4.3 

273-2 

X 50-13 

124 

210 

57.4 

3.4 

263-10 X 60-14 

109 

303 

56.8 

2.9 

277-4 

X 50-14 

74 

118 

02.7 . 

4.5 

Totals 

2155 

3631 

59,4 

0.8 


and II should be equal in number assuming they are equally viable* The 
number of seeds with a sugary endospenn (Class II) would not be expected, 
on this basis, to exceed the number of non-sugary seeds* Actually, the 
sugary seeds should be in the minority since the non-sugary seeds are 
expected to include not only those of Class I but also those of Class III, 
the latter derived from fertilization involving the second type of pollen 
grain. The results of crosses published previously ^ gave an average value# 
of approximately 50% for the proportion of sugary seeds and this was 
interpreted, assuming random fertilization, as an indication of a very low 
rate of normal disjunction. There were two crosses, however, in this first 
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group that gave what appeared to be a significantly higher proportion of 
sugary seeds. vSubsequent crosses involving three different but closely 
related pollen parents, cytologically identified as homozygous for TB-4a, 
have given a segregation of sugary sfeeds clearly in excess of 50% (table 1). 
It should be noted that these data are not selected but represent the total 
harvest of crosses involving these parents. 

The extent to which the sugary seeds outnumber their reciprocal counter- 
parts (Class I) cannot be determined directly from the data in table 1, 
since the non-sugary seeds that have a hyperploid endosperm are indis- 
tinguishable from those with a euploid endosperm (Class III). The two 
types of non-sugary seeds may, however, be separated on the basis of the 
difference between their embryos. This may be accomplished, in the 
plants grown from these seeds, by a direct cytological examination of the 
microsporocytes, by an examination of the mature pollen for the percentage 
of aborted grains, or on the basis of sugary ratios in crosses with a su su 
parent. The identification methods employed will be described in detail 
elsewhere. 

TABLE 2 

Embryo CoMPtjsiTioNf of Non-sdgary and Sugary Seeds of Crosses Given in 
Table 1. See Text for Further Explanation 



NON 

SUOARY SKKDS- 

-h 

' 

— 

-- '8VOARY 

SKRDS 

• *4'- 4* 

Cl(ud$t 

(class I) 

(clash lU) 

-f -4- 


+ 

(CLASS U) 

GC-4 X 25*2 

25 

28 

1 

1 

1 

131 

GC-6 X 25-2 

40 

32 

2 

0 

0 

87 

2269-2 X 25-2 

44 

16 

2 

0 

1 

83 

2269-7 X 2r>2 

43 

48 

0 

0 

0 

81 


— 





— 

Totals 

152 

124 

5 

1 

2 

382 


Table 2 shows the distribution of embryo typetf found in non-sugary 
seeds. Also included for comparison are the types contained in sugary 
seeds. The symbols — , + and ++ refer, respectively, to: (1) an embryo 
deficient for the chromosome, (2) a heterozygous embryo, carrying one 
B* chromosome and (3) a hyperploid embryo, with two chromosomes. 
Among the non-sugary seeds, only about half contain the deficient embryo 
indicative of Class I. 

The data in table 2 also reaflSrm the conclusion reached from previous 
evidence that a plant homozygous for TB-4a produces two types of func- 
tional pollen grains. With only eight exceptions among 681 seeds tested, 
the seeds fall into the three classes described above. The exceptions 
would be expected normally, as a consequence of heterofertUization,* in 
which the gametes of two different pollen grains unite with the egg and 
polar nuclei qf the same embryo sac. 

If we assume from the data in table 2 that half of the non-sugary seeds 
belong to Class III and apply this correction to the data in table 1, the 
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preponderance of Class II seeds over Class 1 becomes even more evident^ 
The cross 2269-7 X 25-2 gave 314 sugary seeds and 190 non-sqgar>" seeds; 
when the correction is applied, the ratio of Class II to Class I is 314 to 95, 
or roughly 3:1. In the cross GC-5 X 25-2, which gave a relatively low 
percentage of sugary seeds, the ratio is 106 to 56, or approximately 2:1. 
If we take 60% as an average value for the frequency of sugary seeds in 
all of the crosses of table 1, the proportion of Class I: Class II .Class III 
liecomes, using the same correction, 1:3:1. Thus, four-fifths of the prog- 
eny were obtained from fertilizations involving pollen grains in which 
non-disjunction had occurred and in three-fourths of these, the deficient 
gamete united with the polar nuclei and the hyj)erploid gamete with the 
t'gg- 

It was expected, assuming random fertilization, that the Class I and 
Class 1 1 seeds would occur in equal numbers. The low frequency of Class 
I seed brings up the question of the relative viability of this type. Are 
these seeds being lost in development? If this were so, it should result in 
a detectable amount of sterility on the ear since the loss would comprise 
two-thirds of this class or two-sevenths of the total population. Actually, 
several of the ears in table 1, including those which gave the most dis* 
proportionate ratios, had full sets of seed. It seems likely, therefore, that 
the low proportion of Class I seeds is evidence that fertilization is not 
random; that the union of the egg with the hyj)erploid gamete and the 
concomitant fusion of the jKdar nuclei with the deficient gamete is pre- 
ferred to the reverse order of fertilization, in which the deficient gamete 
unites with the egg and the hyperploid gamete with the polar nuclei. 

Similar results have been obtained with TB-9b, an interchange involving 
chromosome 9 of the basic set. The break in chromosome 9 occurred 
about halfway along the short arm, between Caiid Wx; the B-type chromo- 
some was broken within the distal heterochromatic segment. In the cross 
to be described, the chromosome carried C (for anthocyanin-colored 
endosperm) and 9® chromosome carried Wx (for starchy endos])erm). 
The TB-9b pollen parents used in the cross were homozygous for the 
9® chromosome and hemizygous for the B® chromosome (with respect to 
chromosome 0, their constitution was 9® 0® W ) . vSuch a plant is equivalent, 
as regards male transmission, to the homozygote (with two B® chromo- 
somes), since only the microspores possessing both a and a 9® chromo- 
some develop into* functional pollen grains. The mierospores that are 
deficient for the B® chromosome produce abf>rted pollen grains with a 
distinctly reduced starch content. 

The seed parents used in the cross were cy^ologically normal and homo- 
zygous fot c and wx. In the TB-9b pollen parent, the B* chromosome 
undergoes non-disjunction in the division of the generative nucleus. A 
[xfilen grain is thus produced in which one gamete has two chromosomes 
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and the other has none (and therefore lacks C). The union of the hyper- 
ploid gamete with the polar nuclei and the deficient gamete with the egg 
would give a kernel with a hyper^doid, colored endosperm and a deficient 
embryo (analogous to the Class I seed obtained from the crosses involving 
TB-4a). The reciprocal order of fertilization would produce a seed with a 
deficient, colorless endosperm and a hyperploid embryo (Class II). The 
results of six crosses, involving two TB-9b parents are given in table 3. 
Here, as with TB-4a, the seeds with a deficient endosperm are clearly in 
the majority. With rare exception, the seeds of both classes were starchy, 
an indication of the regularity of disjunction of the 9® chromosome in 
the division of the generative nucleus. 


TABLB 3 

See Text for Description of Cross 


CROSS 

WITR 

COI,ORtlCt»S 

KND08PBRM 

TOTAL 

RBRD8 

% COI.ORI.BSB 


119-4 X 90-8 

96 

148 

64.9 

3.9 

119-11 X 96-8 

235 

356 

66.0 

2.5 

2264-7 X 90-8 

198 

334 

59.3 

2.7 

119-5 X 96-15 

214 

305 

70.2 

2.6 

119-10 X 96-15 

150 

249 

60.2 

3.1 

2264-11 X 96-15 

220 

3,53 

62.3 

2.6 


vScutellnm color was used as an indicator of the presence of the B^ 
chromosome in the embryos of the colored and colorless seeds. C, in 
addition to certain other known genes, is required for anthocyanin color 
in the scutelluni/ Two of the crosses gave an appropriate complementary 
genotype and the seeds obtained from these were classified for scutellum 
color in relation to endosperm color. It was anticipated that the Class I 
seeds should have a colorless embryo and the Class II seeds should have a 
colored embryo. The results given in table 4 show that over 97% of the 


table' 4 


Relation of vScutellow Color to Endosperm Color in Two Crosses of Table 3 


CHOSS 


CO!-ORK1> 

COl,<>HRO CpLORLB»» 

acuTKU.UM 


. COLORLKS8 imDOSPItRMt — ^ 

COLOHJCD eoi.ORLBaR 

scirrELLtrM 8 CUtkm.um 


119-4 X 96-8 0 52 

119-11X96-8 9i 108 


95 1 

232 2 


Totals ' 9 160 


327 3 


* Three others lacked an embryo and one other was also nuclassifiable for scutellum 
color. 

t C>ne othejr lacked an embryo. 

^ One had a colorless endosperm sector. 


seeds fall into these two categories and that the Class II seed outnumbers 
its reciprocal counterpart by approximately 2:1. 
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Twelve other seeds, not of Class I nor II, were also obtained. Three 
had a colorless endosperm as well as a colorless embryo ; they were there- 
fore deficient in h(^ih endosperm and embryo for the chromosome. 
They may be accounted for as cases of heterofertilization in which deficient 
gametes from two different pollen grains were involved. The nine seeds 
with a colored endosperm and a colored embryo may also be the result of 
heterofertilization, this time involving two hyperploid gametes. Or 
they may represent fertilization involving a pollen grain in which both 
gametes contain one chromosome, as a consequence of nortnal dis- 
junction of this chromosome (thus equivalent to the Class 111 seeds of 
table 2). The frequency of normal disjunction appears to be much lower 
for the B** chromosome than for the B* chromosome. Whether this is a 
characteristic difference between the two chromosomes or is an expression 
of a difference in genotype in the two parental types is a question for further 
investigation. 

The evidence from the crosses with TB-4a and TB-9b may be summarized 
as follows. Plants carrying either of these interchanges produce, in the 
main, one type of pollen grain. This contains one gamete deficient for 
the aberrant chromosome (B^ or IP, as the case may be) and another 
gamete carrying the chromosome in duplicate. Fertilization involving 
the two gametes may j:>roceed in either of two ways; (1) the deficient 
gamete may unite with the polar nuclei to form the pritnary eiulospenn 
nucleus and the hypeqdoid gamete fertilizes the egg or (2) the hyperploid 
gamete may unite willi the polar nuclei and the deficient parttier with the 
egg. The first fertilization pattern is much more prevalent than the 
second. In the case of TB-4a, it was estimated that the first occurred 
three times as frequently as the second; with TITfib, it was twice asfre- 
(|ucnt. The preference of one pattern over the other will be referred to 
by the term “directed fertilization,'’ 

Two possilffe explanations that will account for directed fertilization are 
being tested. The first of these assumes a si)ecific orientation of the 
ilcficieut and the liyper|)loid gametes within the polleu grain or at some 
time prior to fertilization . According to thi^ hytiothesvs one of the gametes 
would have a positional mlvantage over the other that would result iu 
the preferential union of the hypeqffoid gamete with the egg and the de- 
ficient gamete with the polar nuclei. The other explanation assumes a 
physiological diflerence between the hyperj)loid and deficient gametes that 
results in directed fertilization. 

The assumption that the gametes are oriented within the pollen grain 
presupposes that one of the oriented gametes receives both of the non- 
disjoining 'chromosomes more often than the other. Evidence for a di- 
rected distribution such as this has •been demonstrated cytologically in 
other organisms in which mitotic non-disjunction occuns. In Sciara co- 
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prophUa, the sex chromosome moves to a specific pole in the division of the 
secondary spennatocyte.® In rye, the supernumerary chromosome, which 
imdergoes non-disjunction in the first division of the microspore, is found 
more often in the generative nucleus than in the vegetative nucleus.^ The 
products of non-disjunction of the supernumerary chromosome in sorghum 
are directed to the generative pole in the exceptional division of the vegeta- 
tive nucleus^ 

It is doubtful that the deficiency or duplication of A-chromatin (the 
segment of chromosome 4 in the chromosome or chromosome 9 in the 
chromosome) in the gametes is an essential factor in determining 
directed fertilization. An indication of directed fertilization is also found 
in the results of a cross in which the pollen parent had two intact B-type 
chromosomes and a normal basic complement. When the seed parent 
was devoid of B-types, most of the progeny ])ossessed either two B-types 
or none in their embryos. The progeny with two B -types were in a marked 
majority,-* * This may be interpreted as follows: (1) the 2B parent 
produces a pollen grain in which one gamete has two B-types and the other 
has none; and (2) the 2B gamete has an advantage over its OB partner 
in the fertilization of the egg. 

Directed fertilization of the egg by the 2B gamete is also of interest in 
connection with the problem of the survival of the B-type chromosome. 
This cliromosomc is subject to fragmentation and also to loss in meiosis.®* ^ 
Yet it persists in a number of maize varieties and is particularly prevalent 
in certain sugary strains, notably the Black Mexican. The preferential 
fertilization of the egg by the gamete containing the B-types, after non- 
disjunction, would fyrovide an excess of B-types to counteract the fragnren* 
tation and loss of this chromosome. The common occurrence of the B-type 
in certain varieties could then be accounted for if the mechanism of directed 
fertilization is more highly developed in these strains, as compared with 
others in which the B-type is absent or rarely found. 

♦ Gosney Fellow. I atn. indebted to Dr. E. G. Auderson for bis generous cooperation. 

^ Permanent address. A grant from the Agnes H. Ajiderson Research Fund for 

technical assistance is gratefully acknowledged. 

* Roman, H., Geneiics, 32, 391-409 (1947). 

« Randolph, L. F., IM., 26, 608-fi31 (1941). 

• Sprague, G, F., Ibid., 17. 368-368 (1932). 

^ Sprague, G. F., U. 5. Dept, Agr. Tech. BvU„ 292, 1-43 (1932). 

» Metz, C. W., Am. Naturalist, 72, 486-620 (1938). 

^ Mtintzing, A., Hereditas, 32, 97-119 (1946). 

’ Darlington, C. D., and Thomas, P. T., Prac, Roy, Soc, London, 130, 127-160 (1941). 

« Supplementary data (unpublished) were kindly firmlahed by Dr. A. E. Langley. 
Among the examined progeny from seven OB X 2B crosses, 31 had 2B*s and 13 hod none. 

• Darlington, C. D., and Upcott, M. B., /. Genet,, 41 , 276-296 (1941). 
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ABSTRACT ERGODIC THEOREMS^ 

By W, F. Eberlein 

The Institute fok Advanced Study, Princeton, N, J. 

Communicated by J, von Neumann, December 17, 1947 

1* The mean ergodic theorem of J. von Neumann has been extended 
by various authors — ^notably F. Rieaz' and Yosida and Kakutani® — to an 
abstract theorem asserting the convergence to a fix point of the means 
T^ ^ (l/» + l)Si where T is a linear transformation in a Banach 
space £. Alaoglu and Birkhoff* replaced the iterates (P) by a semi* 
group G of linear transformations and showed that tlie convergence of 
certain general means of transforms of an element x of E is equivalent to 
the existence (and uniqueness) of a fix point y in the closed convex hull of 
the orbit of x under G. In this note we indicate how relaxation of the 
uniform boundedness and countability restrictions customarily imposed 
on G leads to a more general theory, which not only embraces a signifi- 
cantly wider domain of phenomena but subsums previous results in a 
sharper and more transparent form. Details and further de\'elopments 
will appear elsewhere. 

2. Consider a Banach space E and a semi-group G of linear trans- 
formations Tof £ into itself . We denote by G* - 1, 

€ G] the family of transformations T* consisting of all finite convex 
combinations of the elements T of G, by G* the closure of G* in the uniform 
topology of operators, by Oix) «= [r*jr] T* e G*] the orbit of x under 
and by 0(x) the closure of 0 (.t) in E. G* and G* are clearly semi-groups of 
operators, and 0(x:) and 0(a‘) are convex sets. We may and shall assume 
that G contains the identity transformation. 

Definition 1: G is an ergodic semi-group if it possesses at least one 
system of almost invariant integrals. By such a system we mean a family 
of transformations {£«), indexed by the directed set (a), with the following 
properties: 

1. is a linear transformation of E into itself for every a. 

II. For every x and all a « 0(Ar). 

in. There exists an M > 0 such that 1 1 | < M for all a. 

IV. For every x in £ and all T in G 

(a) Aim (TTaX — r«jc) « 0; 

(b) limiT.Tx - T^) ^ 0. 

If the liijiits IV hold uniformly for all * in any bounded set, we call the 
system (To) a uniform system. IV remains valid if T is replaced by any 
element U of G*- 
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3. The following examples provide some indication of the scope of the 
theory. Obvious generalizations will suggest themselves. It must be 
emphasized (Theorem 1 infra) that the essential phenomena depend on the 
existence of al least one system (Ta), rather than on the particular system 
exhibited. 

Example 1: Standard Case, G consists of the iterates ( J^) of a linear 
transformation T and the are the previously defined Tn under the 
natural ordering. I and II are trivially satisfied, and the usual condition 
that j j J""| j < M for all n ensures the validity of III, and of IV in the 
uniform sense. However, as pointed out in examples by Hille^ and Dun- 
ford,® uniform boundedness of the is too restrictive : all one needs is a 
bound on the | | | and lim T^/n = 0 in an appropriate sense. 

Example 2: Almost Periodic Functions, E is the Banach space of com- 
plex-valued bounded continuous functions /(x) (— <»<x< ») with 
ll/ll = sup |/(x)|. G is the group of translations /(x) -^f{x + a), whose 
only fix points are the constant functions. One may take as the system 
(To) the Bohr means 

r„/ = - /*“ fix 4- l)di (« > 0) 
a Jo 

under the natural ordering. 

Example 3: Bounded Abelian Semi-Group, If G is Abelian and if 
1 1 r| 1 <M for all T in G, then the elements of G* form a uniform system 
of almost invariant integrals under the ordering: 1/ 3 F if and only if 
there exists W in G* such that U = WV. (That this ordering has the re- 
quired composition property follows from the fact that UV =» VU is. & 
common successor of U and V.) Clearly this example includes Example 2 
and the bounded case of Example 1. 

Example 4: SummabUity of Fourier Series. E is the space C of con- 
tinuous real-valued functions of period' 2ir, with ] |/| | = sup |/(x) | . G 
consists of the transformations f/«/ “ / — wWc 5«(x) is the sum of 
the first 2» -f- 1 terms of the formal trigonometrical series corresponding 
to /. The identity U^U„ * U„ where v * max. {m, n), implies that G 
is an Abelian semi-group, whose only fix point is the null function. The 
1 1 1 are unbounded— if bounded the Z7, themselves would form a 

system of almost invariant integrals for G; and this bjrpothesis would in 
turn imply the uniform convergence of the Fourier Series of every con- 
tinuous function, which is false. However, the (C, 1) means r„ — (1/n 4- 
l)£o do form a system of almost invariant integrals, the existence of 
the bound in III following from the uniform Li(—x, r) botmd of the Fej<r 
kernel. 

The above examples are all of the Abelian type. The more difficult 
non-commutative case is discussed in § 6. 
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4» We come now to the first key theorem and the definition of an 
ergodic element that it inspires. 

Theorem 1. If G is ergodic^ x an element of E, and {T^) ANY system 
of almost invariant integrals, then the following conditions on an element y 
in E are equivalent: 

*(i) y € 0(jc), and Ty =» y for all T e G; 

(2) y = lim l\x; 

«c 

(3) y « lim T^x weakly; 

a 

(4) y is a weak cluster point of (r«:r). 

Definition 2' If G is ergodic, x is ergodic with (unique) limit fix point 
y if and only if there exists ay— To, x satisfying any of the conditions (1) 
to (4) abcjve. 

Theorem 2. If G is ergodic, the ergodic elements of E constitute a closed 
invariant subspace F. The transformation T^x == y = Um T^x is a linear 

a 

transformation of the space F into Uself, and 1 1 j j r ^I- Moreover, on 
F we have - I\ U = ,UT«>for every U in G**". 

The implications (2) (3) (4) of Theorem 1 are trivial. In verifying 

thej^rucial implication (4) — (1) we employ the Mazur theorem® to obtain 
y € 0(a:) and then show that f(Ty — y) — 0 for all T in G and all / in jE*. 
IV (a) is required only to establish (4) — ► (1), IV (6) only in proving 
( 1 ) ( 2 ). 

Condition (4) is the most useful condition for ergodicity. The required 
y exists automatically when the set (Tax) or [Tx\ T eG] is (conditionally) 
weakly compact. From this remark follow the standard mean ergodic 
theorems (Example 1) and the existence and uniqueness of the mean for 
generalized almost periodic functions defined on Abelian groups (Examples 
2 and 3). Proof of the Fej^r theorem (Example 4) proceeds thus: Since 
lim Tnf =» 0 in ir), there exists a subsequence Tn,/ converging to 0 

almost everywhere. The Lebesg^e convergence theorem then implies 
that Um 0 weakly in C, whence lim Tnf “ 0 strongly in C. 

Conditions on the operators T of G sufficient to ensure ergodicity are of 
interest. Yosida and Kakutani found the special (bounded) case of 
Example 1 in which T is (weakly) quasi-completely continuous funda- 
mental in their abstract treatment of Markoff processes.* [A transformar 
tion T is called (weakly) 'quasi-completely continuous if there exists an 
integer nt and a (weakly) completely continuous transformation V such that 

Ijr" - Y|| < 1.] 

Theorem 3, If G is (ergodic) uniformly ergodic and if some T in G* 
is (weaUy) gmsi-completely continuous, then every xinEis ergodic. T» «■ 
lim Tu (strongly) uniformly, and the projection is (weaMy) completely 
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continuous. The set T^{E) of fix points is a {reflexive) finite dimensional 
subspcxe of JE. 

Not only is this theorem a considerable generalization of the ergodic 
theorems of Yosida and Kakutani, but our proof is much simpler. The 
principal tool is the identity 

- (/ - + {i - D)-\T^ - 

where D ^ -- V. 

^ 5. In the general non-Abelian case the existence of a system of almost 

invariant integrals and the definition itself of an ergodic element are ob- 
scure. If the r in G are uniformly bounded, however, the ordering of 
G* in Example 3, although no longer of Moore-Smith type, leads naturally 
to the Alaoglu-Birkhoff definition^ of ergodicity : 

Definition 3: If G is bounded, an element or of £ is ergodic if and only 
if the means T'^x converge to a (unique fix) point y. 

(When G is both bounded and ergodic, definitions 2 and 3 coincide.) 
The ergodic elements again form a closed invariant subspace F, It is 
clear that a necessary condition for ergodicity of x is that 0(x) contain a 
unique fix point; that 6(z:) contain a uniqup fix point for each element x 
of an invariant set is a sufficient condition. Algebraic restrictions on the 
space E or the semi-group C may reduce the problem to establishing only 
the existence of a fix point y in Oix). 

Theorem 4: Let Gu Gt be bounded semi-groups of operaiors such that 
UV ^ VU for every U in G\ and V in G%, and lei every fix point of Gi be a 
fix point of Ga and conversely. Then 

(i) The fix points of ()i(ac:) and Oj(x) reduce to a unique common fix point. 

{2) If both Oi(a:) and 02 (^c) contain a fix point y for every x in an invariant 
set r, then every x of V is ergodic with respect to Gi, Gt, and G\Gt with the limit 
fix point y. 

When £ » r is the set of complex-valued almost periodic functions— 
in the sense of von Neumann* — defined on an arbitrary group, one takes 
Gi as the group of left translations, G% as the group of right translations. 
A combinatorial lemma of Maak® permits the construction of a system 
(r«) satisfying I, II, III and IV (a) — sufficient to ensure the existence of 
a fix point in every Oi(x) or OaCx). Theorem 4 then yields the existence of 
the mean in the form of an ergodic theorem. The existence of the invariant 
integral mean and Haar measure in compact groups is, of course, a special 
case. It is characteristic of this approach that the uniqueness theorem 
becomes an automatic consequence of Theorem 1. 

* Prepared under the sponsorship of the Ofiice of Naval Research. 

1 Ricsz, F., y. Und. Math. Soc., 13, 274-278 (1938), 

* Yosida, K., and Kakutani, S., Am, Math, ^ 42, 188-228 (1^1). 

* Alaoglu, L., and Birkhoff, G., Ibid,, 41, 203-309 (1940). 
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* HiUe, E., Trans. Am. Maih. Sac.., 57, 246-269 (1945). 

» Dunford, N„ Ibid,, 54 , 186-217 (1943). 

® For the requisite properties of the weak topology see Eberlein, W. F., these Pro- 
CBBDINGS, 33, 61- 53 (1947). 

^ For this defimtiou and proofs of some of the immediately following remarks see 
.^aoglu, L., and Birkhoff, G.. loc. cit. 

* Neumann, J. von, Trans, Am. Math. Soc., 36, 445-492 (1934). 

* Maak, W., Hamburg Abhandlungen, U, 246“- 244 (1935). 


CLOSED SURFACES WITHOUT CONJUCrATE POINTS* 

By Eberharb Hope 

N.Y.U. Institute for Mathematics and Mechanics 
Communicated by Marston Morse, December 8, 1947 

The present note contains the proof of the following 

Theorem. Let Shea closed surface of class C'" in the sense of Riemannian 
geometry. If no geodesically conjugate points exist on S the total curvature 
of S must he negative or zero. In the latter case the Gaussian curvature must 
vanish everywhere on S. 

From the second part of the theorem and from known facts one infers: 
if S is the topological image of the torus or of the Klein bottle and if F 
contains no geodesically conjugate points S must be the one-to-one and 
isometric image of a Euclidean model of such a surface. 

This second part of the theorem also forms the subject of a recent paper 
by Morse and Hedlund.^ These authors prove the theorem under an 
additional hypothesis about 5 (non-existence of focal points on S) and raise 
the question if the theorem holds true without this restriction. 

The idea underlying the proof for the first part of the theorem had been 
outlined in a i)revious paper by the author.^ It was found that only little 
additional remarks are required to make the proof cover the entire theorem. 
In the present note the proof will be developed ab ovo. 

Proof of the Theorem. Consider the Jacobi differential equation of 
nonnal variation 

y'Cs) + K{s)yis) - 0 (1) 

{K »■ curvature) along an arbitrary oriented geodesic on S. The direction 
of increasing arc length is always chosen as to coincide with the direction 
of the geodesic. The solutions of (1) are well known to exist' on the whole 
axis of. s. Non-existence of conjugate points means: any non-trivial 
solution of (1) possesses at most one zero, any two non-identical solutions 
intersect at most once. Let 
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y{s; a, b) 

be tlie (according to this intersection property unique) solution satisfying 
y{a; a, b) ^ y{b; a, b) ^ 0. (2) 

« 

These functions satisfy the identity 

yCx; a, b) = y{a; a, b)y{s; a, /3) + y(/3; a, b)y(s; 0, a). (3) 

Both sides represent solutions of (1) which, according to (2), intersect at 


5 = a, and which therefore coincide. In the special case a — a' and 
(3 = b (3) becomes 

y(s; a, b) = y(a'; a, b)y(s; a\ b), CV) 

From (2) and from the intersection property we infer that 

y{s; a, h') > 0 for .v < and a < b\ (1) 

The two solutions y{s; a, b) and y{s; a, b'), h < b\ intersect at - a but 

nowhere else. Hence, on account of (4), 

y(,s; a, b) g y{s; a, y) for s S a < b < b'. , (4') 

(4) and (4') imply the existence of the limit 

y{$; a) — Ihu y(.s; a, b) (r>) 

b A- ““ 

at any s ^ a. 


If in (3) a, 0 arc both chosen less than a it becomes obvious that (5) 
exists at any .v and that y(.s; a) is a solution of (1 ). It is also inferred that 

y'(.v; a) = lim y\s: a, h) (iV) 

holds at any .v. From (2) and (4) we get 

y{a; a) = y(.v; a) ^ 0 

for any 5. As y{s; a) is a solution of (1) we even have y > 0 everywhere. 
'Fhe function 


which, according to does not depend on a is thus continuous at every 
s. It is a solution of the Riccati equation 

u'(s) + u*(s) + K{s) = 0, (()) 

In this manner, a perfectly well-defined function u is obtained on any 
oriented geodesic of S. The value of this function is perfectly well de- 
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termined at every point of the geodesic and is obviously independent of 
the choice of the point where .v is counted from, u is an everywhere con- 
tinuous solution of (6) along the geodesic. 

Let u^note for later use that ti.{s) is the limit of 


y'( s; a, b) 

y C'; «, b) 

as 6 — > 00 . This fraction equals 

. b) 


where Y(s; b) is the solution of (1) satisfying T == 0, Y' 
and thus we may write 


u{$) 


Ihn - 






•V + n) 
a + n) ■ 


1 at j = fc, 

(7) 


We next prove the boundedness of u Tor all geodesics on S. From the 
olosedriess of S one infers that 


K > -.4-’ • (8) 

on S with a suitable constant A > 0. A St urniiau argument will show that 


!«; g A. 


Let 


be the solution of 


s(x; rt, b) 


sinh Aib — s) 


sinh A{b — a) 
z‘'(s) — A^z{s) ~ 0 


satisfying 

z{a; a, i) » 1, z(b; a, b) = 0. 
From (1) and (10) wc obtain 

(ay' - yr')' = -{K + ^*)ay. 


(9) 


( 10 ) 


( 11 ) 


For y = y{s; a, b) and a = z(s; a, b), a < b, z and y are both positive 
for .1 < b. As zy' — ya' - 0 lor x «= ft we infer that ay' — ya' > 0 for 
5 < ft, i.e., that 

/ «. ®'(b' a, ft) 

u(s; ft) “ — ^ > 

y(5; a, ft) a(x; a, ft) 
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and therefore, on passing to the limit 6 — ♦ oo , that 

u(s) ^ — i4. 

On the other hand, y — y(s; a) and z * z(s; a, c), c < a, are both positive 
for ^ and it follows from (11) that 

(zy' - ysf')« < (^y' “* y^')e = —y(^))s'(c) < 0 for s > c. 

We therefore have, for s > c, 

/ ^ y'(^i «) ^ a* 

^ 

y(s; a) z{s; a, c) 

and finally, on letting 6* — ► — « , w S ^ . 

We now consider the three-dimensional space il of the oriented line 
elements P situated on 5. Let p denote the bearer point of P on 5. Let, 
furthermore, P, -denote the line element obtained by moving P by arc 
length / tangentially along the geodesic through P. P* depends continu- 
ously on P and t. For arbitrary fixed /, the transition from P to P, is a 
one-to-one mapping of f] into itself that is well known to leave the volume 
differential 


(hn « dodip 

invariant where do and dtp denote the differentials of area and angle on 5, 
respectively. Now, the function u constructed above is a bounded func- 
tion of P, u = «(P) . For P fixed, u{t) = w(P/) is differentiable and satisfies 
the Riccati equation 

+ uHPd + K{P,) » 0 (A'(P) = K{p)). (12) 


m(P) is easily shown to be measurable (by a somewhat longer argument 
one can even prove its continuity). Equation (7) can be written 


«(P) 


dY^{s; P ) 

,• ds__ 

V„(s; P ) , 


(13) 


where F„(5; P) is the solution of the Jacobi equation 

F''(5) + A'(P,)F(r) * 0 


that vanishes at P„, i.e., at 5 *=■ », with the derivative one. It follows from 
the well-known continuity theorem for the solution of the initial value 
problem (which applies here as S is of class C'") that F„(s; P) and its 
derivative with respect to s are continuous functions of P for s fixed. 
As l’« < 0 for .t < n the fraction on the right in (13) depends continuously 
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on P. As a limit function of a sequence of contiguous functions tt(P) 
must be measurable. Together with the boundedness this implies the 
summability of w(P) over 0 in the sense of the measure w. 

From (12) we obtain on integrating with respect to / 

«(Px) - w(P) + XK{P,)dt - ^V(P,)* (14) 

for every P. Now, the invariance of the measure m under the mapping 
P —* P, implies the equality 

f(P,)dmf » f{P)dm, 

for any summable function /(P). By integration of (14) with respect to 
P and by using the last identity one obtains on the left-hand side 

fu[M'K{P^)dt\dm^ * M^[fuKiP,)dmM “ fuK{P)dm 

2t fsK{p)do. 

The order of integration may be changed since K(Pt) depends continuously 
on P and /. The right-hand side of (14) must be a summable function 
of P. The resulting equality 

2irfsK{p)do - ~ MfoWPt)di]dm^ 

immediately proves the validity of the theorem. If the total curvature 
is zero the right-hand side of (14) must be zero for almost all P. For 
every such P, «(P() must vanish at every /, 0 ^ / g 1, because it depends 
continuously on /. From (12) one infers that K(P) ^ 0 for such a P. As 
a continuous function K must therefore vanish everywhere on 5. 

* The German original of this note had been dedicated and presented to C. Cara- 
theodory on his seventieth birthday on September 13, 1943, Though accet)ted for sub- 
sequent publication it never appeared in print. Its loss by an air raid did not become 
known to the author until long after the end of the war. 

1 Morse, M., and Hedlund, O. A., "Manifolds Without Conjugate Points/* IVa«5. 
Am. Math, Sac,, 51, 362-385 (1942). 

* Hopf, E., "Statiatik der Loesungen geodaetischcr Probleme vom unstabilen Typus,** 
Math, Annaimt 117, 590-608. in particular p. 608 (1940/41). 
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THE COMPLETENESS OF THE IRREDUCIBLE UNITARY 
REPRESENTATIONS OF A LOCALLY COMPACT GROUP 

By F. I. Mautner 

Department of Mathematics, Princeton University 
Communicated by Oswald Veblcn, December 16, 1947 

The purpose of this note is to generalize some of the known results on 
unitary representations of compact and locally compact commutative 
groups to arbitrary separable locally compact groups. It is clear fn)m 
such examples as the infinite cyclic group or the additive group of real 
numbers that unitary representations of non-compact groups in general 
do not decompose in a discrete manner. One needs a notion of generalized 
direct sum (‘‘direct integrar’) of Hilbert spaces such as' von Neumann’s^ 
axiomatic characterization of generalized direct sums which he proves to 
be equivalent to the following: 

Let s{t) be a non-decreasing, right-semicontinuous, bounded, real-valued 
function of a real variable t and suppose that for each / a Hilbert space 
of finite or countably infinite dimension k{t) is given such that k{l) is 
5-measurable. The Hilbert space $ consisting of all .v-measurable complex 
valued functions XniO (n =* 1,2, . . , , k(t)) satisfying 

is von Neumann's generalized direct sum or direct integral of the spaces 
with respect to the weight function s(t): ^ — S Thus to every 

X t ^ corresponds a function jc(/) with values in the various x ^ x(f). 
We shall call x(0 the component of x in If x is given then x(t) is de- 
termined for® almost all t and conversely. A bounded operator ^4 in ^ 
can now be said to decompose if Ax 'y A{t)x{t) where A(t) is for each / 
a bounded operator in (Compare reference 2.) Let F be any family 
of bounded operators A in ^ and suppose each A e F decomposes into 
A{t) under the given decomposition of Then we shall denote the 
family of operators A{t) by F{t), 

Theorem 1 . Let F be any self-adjoint family of bounded operators in a 
separable Hilbert space Then there exists a generalized direct sum ^ = 

J' under which every A e F decomposes such that almost^ all are irre- 

* 

diwible under F{t), i.e,, have no proper closed invariant linear subspaces. 

The proof consists in showing that the various decompositions of $ 
into irreducible spaces correspond exactly to the maximal commutative 
subrings of the ring F' of those operators which commute with every 
A tF. 

Theorem 2. Let U be a unitary representation of a group G in a separable 
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Hilbert space Then U is generalized direct sum of irreducible unitary 
representations Ut^ Suppose further that G is locally compact; then if U is 
continuous in the strong topology for operators^ so are almost'^ all representa- 
tions Vu 

If g e G and Z7(g) represent g then under the decomposition ^ ^ 

# * 

the operator Uig) is decomposed into operators i/(g, 0 acting in Ac- 
cording to reference 2 a cJhange of U{gt t) on a /-set of r-measure zero does 
not affect U{g), thus to U(g) corresponds for every g a class of (operator- 
valued) functions i/(g, /) and the proof consists in showing first that a 
representative can be chosen from each class in such a manner that the 
mapping U(g) U(gt't) preserves the algebraic operations on operators, 
for all / outside a certain 5-null-set which does not depend on g. Applica- 
tion of Fubini’s theorem shows next that U(g, t) is measurable (and hence 
continuous) in g for® almost all /. 

The above implies that the completeness relation which was established 
by H. Weyl^ for the space of square integrabJe functions on any coset- 
space of a compact group generalizes to any (separable) unitary representa- 
tion space $ of an arbitrary locally compact group as follows: 

If $ == is a decomposition of ^ into irreducible representation 

spaces and if y(/), z{t) are the components of y, z in the space then 

(y,z) - Xrjyit)^ zit))ds(t), (1) 

where (y, z) denotes the inner product in $ and (y(/), z(t)) the inner product 
in 

In particular if § is tlie space Li{G) of square integrable functions 
y(g)i s(g), ... on a separable locally compact group G and if y{t), s(/), are 
the components of y(g), J3;(g) in the (not necessarily finite dimensional) 
irreducible spaces then 

Jh{g)^)dg * XKyW. z(t))ds{t). 

Here dg refers to left- or right-invariant Haar measure on G according as 
left- or right-translations in Ls(G) are considered. In the sense of this 
Parseval relation those irreducible unitary representations of G which 
occur in a decomposition of the regular representation are complete in the 
space 

Another consequence of Theorem 2 is that every Haar-measurable posi- 
tive definite function J{g) on a separable locally compact group G can be 
expressed for all g outside a certain set of Haar-measure zero in the form 

M “ f-^St{g)ds{i), 

where the /,(g) are "elementary” positive definite fiinctions on G in the 
sense of reference 6 and s{t) a function of the type consideiett fbove, 
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depending on /(g). This follows at once if one uses the correspondence 
established by Gelfand and Raikov‘ between the unitary represlatations 
of G and the positive definite functions on G, together with relation (1) 
in the form 

iU{jg)y. y) « %{ 0 , y{t))ds{t), 

A detailed account of the above results will be published elsewhere. 

^ 1 am very much indebted to Professor John von Neumann for the privilege of having 
been able to read his manuscript on “Generalized Direct Sums” before its publication. 

* von Neumann, John, “On Rings of Operators. Reduction Theory.” To appear 
soon in Ann. Math. 

* l.e., for ail / outside a certain set whose measure with respCct to the weight function 
5(i) is zero. 

* Weyl, Hermann, “Harmonics on Homogeneous Manifolds,” Ibid., 55, 485-499 
(1934). 

* Gelfand, I., and Raikov, D., “Irreducible Unitary Representations of Locally Bi- 
compact Groups,” Compt. rend. acad. sci. U.R.S.S., 42, I99--201 (1944); Rec. Math. 
{Math, Sbomik), 13 (66), 301-316 (1943). 

* von Neumann, John, “Zur Algebra der FuiiktionaJoperatoren und Theorie der 
normalen Operatoren,” Math. Annalen, 102, 370-427 (1929). 


ON LACUNARY TRIGONOMETRIC SERIES, H 
By R. Salem and A. Zvgmund 

Massachusetts Institute of Technology and University of Chicago 
Communicated by Marshall Stone, December 2, 1947 

This note is a continuation of another one with which the reader is sup- 
posed to be acquainted.^ Except when otherwise *stated, notation here is 
the same as before. 

(vii) Propositions (i)-(vi) remain valid even if the integral character of the 
numbers in the lacunary series 

S (o* cos HkX + h sin «* + ,/«* > g > 1 (1) 

kml 

is not assumed. 

We shall confine our attention to (i) and (iii) which are typical. In the 
proof of (i) the integral character of the «* played no r6Je, so Idiat the result 
obviously holds in the general case, even if instead of the distribution func- 
tion of 5jv/ Car lin (0, 2ir) we consider the distribution function in any finite 
and fixed interval ■ As to (iii) , its extension to non-integral n, remains valid 
for every bounded set E of positive measure. The main difficulty in the 
proof of the extension is that the functions cos yx which- occur in the proof 
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of (iii) need not be orthogonal over any interval, which prevents us from 
using Bessel’s inequality. To avoid this difficulty we may arrange the 
argument as follows. 

First of all, a moment's consideration shows that it is enough to prove the 
result in the case when E is an interval. For then the result follows for E 
consisting of a finite or denumerable set of non-overlapping intervals, that 
is to say for open sets. Since every measurable set E is contained in an 
open set of measure arbitrarily dose to jJS|,we get the result for measurable 
sets. Thus let E — (a, b) , and let K^ix) be tlie familiar trapezoidal function 
equal to 1 in (a + t?, 6 — tj), vanishing outside (o, b) and linear elsewhere. 
The area of the trapezoid we denote by i,. If Zy(y) is the set of the points 
X at which Sx(x)/Cr^ < y, we define the function Il^iy) =* r,{y) as 

Clearly, H?f{y) is a distribution function. It is enough to prove that it 
tends to G(y) =« (2r) exp. ( — for then, making 0, we 

obtain that the distribution function of Sf^(x)/C^^ for (a, b) also tends to 
G(y). For simplicity, we assume that (1) is a cosine series. 

The distribution function of H\(y) is (see the proof of (iii)) 

n ^1 + cos 

where 

{jv(x) == {2Ay-)''^ 1 a*2cos2«^v\ 

The set of the points x in (a, b) at which \^k{x) | ^ 5 > 0, is of measure 
^S~»J'%y^dx < - a)a/ + 

S 2a*V!«* - (2) 

Since jn* — n\ 'stays above a positive number for h I, and is large if 
either ife or / is large, the second sum in square brackets is obviously oiAs*). 
Since the first sum is also o{Ay*), the whole expression (2) is o (1). Thus, 
as iV' — » + « and N *= 0(1), the characteristic function of Hy(y) is, with an 
error ofl), 

cos « e- 

and it is enough to prove that ly k^. To show this we need the following 
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two lemmas whose proofs are almost identical witli the proofs of Lemmas 1 
and 2 

Lemma 1'. Let a be any non-negaiive number. The number of solutions 
of the double inequality a ^ + n*, + . , . + ^ ® + 1 (^i > ^2 > . • . > 

kp) is less than where C — C(q), 

Lemma 2'. Thenumber of solutions of a + . . . + fhp-'nkp^x + 1 

{k\> . . . > kp> kp.^i) is less than where C « C{q), 

Let us now consider the formula 

ll (1 + cos nkx\ — 2 cos yx, (c>) 

k^i\ Ziff / ^ 

and let us set €* *= jtXat/-4A^j Hence a, and tfc depend also on N and X. 
The numbers v that occur in (3) are the non-negative, and in general non- 
integral, numbers of the form ^ ... ^ with k\ > hi > . . . > 

kp. Let denote the sum of the numbers |a„j for m <v ^ ni + ], and let 
m ~ 0, 1 , . . . . As in the proof of (iii), we are led to consider equations of 
the form 

ft/n + Vht *f . • - + Wftj — r + + Wi, + ... + Kify (4) 

and we get for the estimate On - where - .v + /, 

and the summation is extended over all the solutions of (4) with < v < 
rn + 1. Arguing as before, we find that the tend uniformly to 0 as 
N ® and X - 0(1). Also ay — 1 0. On tlie other hand, 

K - A',(/) cos ul dt - 0 ( 1 . -•■*), 

SO that j//,,| < 4// (1 + V-) for v ^ 0. Hence 

/,V = / ' K„{t) ri ( 1 + cos nj)dt = + (a„ - 1)^, + SaA, 

|a„- ll*,+ Af r 

m u r “t* 7/J 

and this shows that Jff k^. This completes the proof of the theorem. 

Let us revert to the case when the n* in (1 ) are positive integers satisfying 
an inequality Hk^i/nk > q>l. Instead of the partial sunjs Ss of the series 
(1) we may consider linear means of the partial sums. If we want to dis- 
]>lay the terms of the series we can always write the means in the form 

CQ 

(Jm{x) * S am*(o* COS Tl^X + sitl M*x) (*)) 

where the index m tends to + “ (in a continuous or discontinuous way). 
We assume that all the series (.l) converge almost everywhere, and this im- 
plies that 
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^ + ^ for every m. (6) 

(This is not a restrictive condition since it is well known that if a lacuuary 
trigonometric series is suxnmable by any linear method of sutnmability in a 
set of positive measure, the series must converge almost everywhere.) 
About the numbers we make only one assumption which will be re 
tained in all what follows, namely that 

{T) lim = 1 for Ar 1, 2, . . . 

m 

We also set 

C„,* - {‘A2 (7) 

h 

(viii ) Suppose that Cm = { ’ACcj® 4- - • ■ + Cm ^) } » , and tJiat 

Max. { •“» 0 <i.s: OT 00 . (8) 

1 £ j < a 

Then the distribution function of o^^er any set £, |£| >0, tends lb 

the Gaussian distribution with mean value zero and deviation i. 

The proof closely follows that of (iii). For, first of all, under condition 
(D the divergence of ZCn,"^ implies tliat ^ cn (and conversely). Argu- 
ing as in the proof of (iii) and confining ourselves for the sake of simplicity 
to purely cosine series (so that we can write a^, A dim* for Cm, Cm*) 
we see that the distribution function of (rm{x)/Am* is 

\E\-^ - oil) 

+ ^ II + i^^^- cos UkX^dx == o(l) + 

and the proof concludes as before. 

Condition (8), though natural, is not quite simple, and we shall consider 
two special cases. 

(a) Suppose (hat for each m the numbers a^k. are non-negative atui decrease 
as k increases. Then condition (8) is satisfied if cj Cj 0. 

For 

< 2c/a„// i aW < 2c, VC/. 

Thus the left-hand side here is small for j large, uniformly in ni. If j is not 
large, the left-hand side is small as m — ♦ » since the numerator is 

< c/wm/ and the denominator C« tends to — ► <» . 

The assumptions of (a) are satisfied by the methods of Cesaro of positive 
order and by the method of Abel. Considering, for example, the latter we 
conclude that 
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(ix) If c„,-* ® , c„,/Cm -*■ 0, and if we set C(r) “ S(®t’ + | , 

«* 

fr(x) “ 2 (a* cos fikX + bk sin WkA:)r'*^ 

as r i, distribution function offr(x)/C{r) over any set E, \E\ > 0, 
approaches the Gaussian distribution with mean value 0 and deviation 1 . 

For Uk, 4 - i/fik ^ CO , and E ^ (0, 2ir), see a paper by Kac.^ 

(/;) Suppose that the numbers a^k o^re uniformly bounded in m and k. 
Then condition {S) is satisfied for Cj =*= 0(1 ), Cy «> . 

For then the numerators in (8) are bounded and the denominators tend to 
+ CO , on account of condition (T), An example is provided by the Lebes- 
gue method of summability which defines the sum of (1) as the limit of 

S (a* cbs nfipc + b^ sin n^tx) 

h( = 1 /fn) 4-0. Thus, if 0 ( 1 ), C* ® , and if F(x) is the sum of 
the series (1) integrated term by term (in view of the assumptions the 
series defining F converges absolutely and uniformly) then the distribution 
function over £ of the differential ratio { F(x + h) — F(x — h) | /2A, divided ' 

by I approaches the standard Gaussian distribution. 

The same result holds for tlie ratio {F(.v 4:“ 2h) — F{x)]/2h (and is a 
corollary of the preceding result if E is an inteiA^al). A simple illustration 
is provided by the Hardy-Weierstrass non-differentiable function F(x) ^ 
30“** cos d^Xj o > 1. 

Obviously a result parallel to (viii) holds for the series (1) of the class L*. 
vSince such series converge almost everywhere, we consider the distribution 
functions of the differences 

a» 

Am(.t) » fix) - (r„(x) = 2 /3„»(a* cos n^x + 6* sin n*y) 

where for each k the numbers /3»t = 1 — approach 0 as m —* « , on 
account of condition (F). Let us set 

- (5 “ (5 '3»**^**) '• 

If we want each of the expressions <rm{x), Amix) to have meaning (almost 
everywhere in *) we must assume that the numbers are finite, which 
is a consequence of the convergence of Sc** only if the elements of each row 
of the matrix { a«*| are bounded. An obvious analogue of (viii) is • 

(x) If the series (J ) is of the class U, the D„* are finite, and 
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Max. {|cj jSmil /£>«*}—» Ocs m oo, {9) 

j< <» 

then the distribution function of over any set E, \E\ > 0, tends to 

the standard Gaussian distribution. 

As in the case (a) above, condition (9) is a consequence of 0 

if the numbers are non-negative and decrease as h increases. In par- 
ticular if c^/Df^ 0, the distribution function of {f(x) -r fr(x ) } / { (1 
— r”*) ^ tends to the standard Gaussian distribution . 

We shall now consider besides (1 ) anotlier lacunary series 

X{af; cosm^r + 6*'sin Wfcx), inf,^.x/ink > g > 1, (10) 

whose partial sums we shall denote by Sm\x). 

(xi) Suppose that — <», «= oo, that Ck » o(Cjt), = o{Cif) and 

tJiat the combined sequence of the hk arui m* is still lacunary. Then on every 
set EC(0t Stt), |£| > 0, the expressions Ss{x)/Cn, and Sm^{x)/ Cm* ore asymp- 
totically independent as N, M «> . 

To define the notion of asymptotic independence of and Sm* /Cm* 

over £, let ff) denote the set of points xeE such that a ^ S^/C^ ^ 
and let ZmW, /3') have a similar meaning. Let a' ^*) be tlie 

set of points of E where the inequalities for S^y/Cs and Sm* / C u are satisfied 
simultaneously. The assertion of (xi) is that 

^lin^ <x'.&')\/\E\ \ * 

lira {|Zx(a.^)|/|£|} lira n\/\E\} 

N oD M — ® 

for all a, a\ the existence of the limits on tlie right being assured by 
(in). 

It is enough to sketch the proof of (xi) since it is analogous to that of (vi) . 
It is enough to assume that « = «'“—<». Let us consider the joint 
distribution function Fsuit v) of Sif/ C k and Sm'/Ch over E, that is Zku 
(—»,{; — 00 , j?)/|£|. The characteristic function of Fkm is 

yiv /-V - l£:|-‘ fa ^ 

Since we assume that the combined sequence of the n* and m» is laoinaxy 
the argument used in the proof of (vi) is applicable without change, and 
the last integral tends to exp. { — V*(^* + a**) } • Thus 

FkmH *») - (2^) X* - X’ - e" - 

(2ir)--‘''* e"’^*^’dX-(2»)-‘/* Jl\ 

and the factors on the right are asymptotically equal to \Zk{— »,|)|/|£| 

andlZV^~».n)l/|£!. 

Various extensions of (xi) are possible. We might compare the remain- 
ders of the scries (1) and (10) if the series are of the class L*; or the partial 
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sums of one series with the remainders of the other; we might consider 
linear means of the series; or, finally, we might extend the results to the 
case of several series, provided the sequence of all exponents is still lacu- 
nary. The proofs would not require new ideas. 

We shall now consider the case when the n* in (1) are any set of linearly 
independent numbers, and again we confine our attention to an extension of 
(tti). Thus ^e condition of lacunarity is dropped and the w* need not in- 
crease with i®. By the distribution function of S^{x)/C:^ we mean 
lini r -► w +r)|, where ZjvCy; — 7", T) denotes the set of 

points X of the Jhterval (“7", T) at which 5iv/Cv ^ y* The function /v(y) 
exists except for an at most denumerable set of y’s, since this is true for the 
general almost periodic function in the sense of Bohr.^ 

(xii) If the Wjt are linearly independent, then the distribution function I\r(y) 
of 5jv / Cx tends to the standard Gaussian distribution provided Cx w , Cx== 
o{Cx)^^ 

For let us again assume that we deal with a cosine series. Then 

= lim “ ^ 

-T 00 J 

lim ,rt C H f 1 + cos + %(1) = + o.v(l), 

where Oxil) stands for a quantity small for N large, imifomaly in T. The 
argument here is essentially the same as always. In particular, if fA’(.v) has 
the same meaning as before, and if Zjv*(5, F, + T) denotes the set of x in 
( — r, T) such that |$a(x)| ^ 5, then 

Umsup ~ 

and the last expression is small with 1/iV. 

We conclude the note with a discussion of the behavior, for iV oo ^ of 
the sum 

* S^ix) = Oi/(«i jc) -I- <hf{ntx) + . . . + asfinNx) 

where »i < m, < ... are positive integers, the a* are given, and/(ic) is a 
trigonometric polynomial with mean value zero. For the sake of brevity 
we assume that f{x) is purely cosine, 

fix) == Cl cos lx +...+ c„ cos mx, 

and write 

(2ir)-' fdx - + . . . + - V,C, - { V.W + . . . + 
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Thus/*(x) « V 2 C' + g(x), where g(x) has mean value zero. 

(xiii) , a^/As 0, and 

Wi+iM ^ g > »»A (11) 

then the distribution of Sn{x)/A s over any set E, |£| > 0, tends to the standard 
Gaussian distribution. 

We have to show that Jl: exp. {i\Sx/A^)dx exp. ( — as 
TV 00 . Setting, as before, 

2 -jhfM - 1 + s g(n^) = 1 + 

1 I 

we must show that the set of points .r€(0, 2'r) where ^ 5 > 0 is of 

measure tending to 0 as <», and this will follow if we prove that 
0. To compute this integral one has to consider the integrals 
of the type g\nt,x)dx = = C, and of the type h, it *= 

g{nf^)g{n)tx)dx for h < k. vSince g(.v) is a polynomial of order 2m and 
mean value zero, /a, * == 0 if w* > 2 wWa- Therefore, for each k the number 
of the non-vanishing //j, * does not exceed an integer r = r{nt, q). Since 
j/ft, *1 < G, one gets 

^N^dx ^ BG{a^* + ... + a^*)As-* 0, 

where B «= B(m, q). Arguing as in the proof of (iii), it remains to show 
that in the formula 

.V 

II (1 + ~ ao^ + COS vx 

1 

we have ao^ 1 , and aj^ 0 f or >» > 0, 

Lemma 1'^. The number of solutions of wiW/t, + nttUk^ + . . . + nipU^p 
» A when I < £>^, where D = !>(/, m, q). 

Lemma 2^. The number of solutions of m^nn — m^n^ « A, with nin and 
mjk between I and m, is <E ^ £(/, m, §). 

The proof of Lemma requires no explanation. In the proof of Lemma 
2^, writing A > Inn wn* > ^t/lq) we use the fact that q > m/L 

The proof of (xiii) Is now completed by observing that if 
the contribution in of all solutions of miUh^ + . . • + WsWa, * v + min\ 
+ . , . + is at most 

2 ^ X * •ejf jcro,. . • ■ -^wit | ^ 

where p « 5 + /< From this point the proof proceeds as before. 

Remark. That condition (11) cannot be relaxed is seen on the example 
f{x) =» cos a: + cos mx, =» w* — 1. For then 
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cos + cos i(:t) = cos x cos g (w? — 1)^ 

and combining the second term of /(w*x) with the first term of we 

see that the Gaussian distribution is altered by the factor cos ^/^{m — l).v. 
This remark is essentially due to Erdos. 

* These pROCKEmNOS, 33, 333^338 (1947). 

* Amer. J. Math,, 193'). 

* Wintrier, A., Am. J . Math.,$^, 339-345 (1932) ; see also Jessen, B., J. London Math, 
Soc,, 8 , 247-250 (1933). 

*■ Compare FCac and Steinhaus, Studia Maihematica, 4, 11 (1938). 


APPLICATIONS OF CYCLOTOMY TO THE THEORY OF NON^ 
HOMOGENEOUS EQUATIONS IN A FINITE FIELD 

By H, S. Vandiver 

Department of Applied Mathematics, University of Texas 
Comm unicat e<l December 22, 1947 

In another paper^ we obtained the following result: 

‘Tf /) is an odd prime belonging to the exponent t modulo I and such 
that ^ \ cl with c and I prime to each other and / odd. Write $ =* 
f j8, where f is a primitive l-th root of unity and /S is a primitive c-th root 
of unity. Let g be a primitive root of a finite field F(p^) of order and 
denote by [v, r] the number of distinct solutions g", g^ of 

1 + ( 1 ) 

a in the set 0, 1, .... 1 — 1 and y in the set 0, 1, . . . ,c — 1. Associated 
with this number {r, r) is the cyclotomic number 

Koie) - ( 2 ) 

i.i 

with fl p! 0 (mod /)i 6 0 (mod c), i ranging over the set 0, . ,,c — 1 

and j ranging over the set 0, 1, 1. Said function has the property 

• p'- (3)” 

In the statement of this result in the former paper we a^med that I 
was prime. This restriction was not necessary and was not employed in 
the proof of the theorem. We also stated in connection with this theorem 
that ceHain quadratic relations governing the solution of (1) could be 
developed with the use of (2) and (3). In the present paper we shall 
derive said quadratic relations and also consider their connection with some 
results in another paper.* 
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In view of (3) we have 

i.3 

where i, i\ range independently over 0, 1, ...» c — 1 and j, f independently 
over 0, 1, . . .,J 1, whence 

E - />'. (4) 

Seti i' ^ i ^ h and f — j *= /fc. Then (4) becomes 

E [i + *.i + *]Kj]/»*V*. 

h, k 

h ranging independently over 0, 1, . . “ 1, and k independently over 

0, 1» L 

Set 

“ E + htj + 

i. j. h 

Then (4) gives 

Aq +■ f^-4i + + ... + ~ 1 ~ />'. (5) 


We may take a ~ 1, 2, 1 and obtain / — 1 equations. Also we 

have 


Ad -i- Ai + A<i + ... + Ai~i = 1, (6) 

since it is the product of 

S [i,j]^ and E W.nfi-’’'' 
i.i i’.r 


and each of these is (—1). Making an array of the I equations obtained 
from, (5) and (6) and eliminating /3 therefrom by the use of a method of a 
previous paper,* gives 


or 

and 


lAo “ (/ — l)/>* + 1, 

Ao’^cl — c+ l — p'~c (6a) 


A, “ — c, 

J - 1. 2 / - 1. 

Set, if i and j range as before, 

s*.* - E + + *][*■.;]. 

" I 

We shall now show that 


(6b) 


( 7 ) 
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i?o, fe + + J52, jb + ... + /j « — 2f: + 1 (8) 

for ^ 0. By the definition (7) the left-hand member of this equals 

= E {[i.M.j] + I* + +••• + 

[i + c - \,j]\i,j\). (9) 

We have, by keeping v fixed in (1) and counting the number of possible 
values of 7, 


and 

E r^. r] = 

r t* 0 

i-ir- 1 

1 if V 9^ 

( 10 ) 

Similarly 

sfi-] 

1 

= / — 1, 

(11) 

and 

E [*'. r] = 

c if r 9 ^ 0, 

(12) 


E 0] = 

== c — 1. 

(13) 


t '«0 


The expressions it i + 1, t + 2, . . . , i + c — 1 are congruent in some order 
to 0, 1, 2, . . c — 1 modulo c; and hence by (12) we have for a fixed 

j ^ 0 the sum of the corresponding terms of (9) equals j]l while 

i. J 

for j = 0 the sum of the corresponding terms of (9) is by (13) equal to 
— 1) [it 0]; whence (9) equals, (j 0), 

i 

+ E(c- 1)[*,0] = (14) 

i, } i 

c^{l — 1) + {c — ly or cH — 2 c + 1 by again applying (12) and (13), 
Hut this is the conclusion stated in (8). 

P'or k 7 *^ 0, we have 

l,[i + h.j + k]\i,j\ 

Ki.i 

= E + A] + [t + l,j + *] + ... + [t + c - l,j + A]) 

=, ^E_^[».i]c + E (f - i)[t. ^ 

=’'c^E (10, i] + \hj]+ ... + [c- hji) + Zic - 1)1*. / - k] 

^ k i 

= c{c — 1) + c*(/ — 2) + c(c — 1) = cH — 2c. 

Or for k ^ 0, 

E [* + + A]l*, ” cH - 2c. 

A. 


( 15 ) 
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Employing (6a) and (14) we may write 

Boo + -Bio + . . . + Bc^a, 0 *=* — 1) + (^ "• 1)^ 

Boo + fiBio + . . . + 0 ~ ■“ c, 


Boo + + ... + ^^Bc-, 1.0 ^ p* -- c. 

Also for ^ 5 *^ 0, we have using (6b) and (15), 

Bok + Bu + . . - + Bc_i, ft =s c*/ — 2c 
Boft + /3Bift + . . . + =* 


Bo, + + . . . + - -~c. 

Whence, employing the same method we used to obtain (6a) and (6b) 
from (5) and (6), 

Bou - 2/c c, 

Bfto - d — 1 for A ^ 0 (mod c), 

By, = c/ -- c — 1 for ^ ^ 0 (mod /), 

Bhk *= c/ — 1 for /f ^ 0 (mod c), k ^ 0 (mod /). 

Whence the 

Theorem I, if p is an odd prime belonging to the exponent t modulo I and 
such that p^ ^ 1 + Ic with c ami I prime lo each other and I odd, and also g 

as a primitive root in a finite field F{p^). Denote by [v, r] the number of 

distinct solutions g", g’^ of the equation 

] + g»+- = /+'>, 

where a is in the set 0,1, . . .,l — 1 and y in the selO, 1, . . ., c — 1. Also set 
Sh.k’^T, [i + A, j -f k]\i,j]. 

i.i 

Then the relations (16) follow. 

In the relation (1) we took for the exponent c and I to have the property 
that cl ^ p‘ — 1 . However, we might have taken Ci and h in place of c 
and / in (1) where (ci, ii) =» 1, and Cih divides p* — I, then if \i,j] denotes 
the number of distinct solutions of the equation 

1 + g’*^'** - 

then we may use in lieu of (2) the number 

\^a.. (fll) « 

i>i 

where /5i is a primitive Ci-th root of unity and fj is a primitive /i-th root of 
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unity. Also is a primitive in root of unity. This function 

also has the same property given in (3) and we may obtain relations 
analogous to (IfV) involving the quantities \i -f //, j + jj. As we 
were principally interested in the case where cl = — 1 in (1), in view of 

certain applications, we did not carry out this more general investigation 
in detail. 

In a former paper‘d we examined the number (1, j) of solutions of 

1 + 

where r and .y are each in the range of 0, 1, — 1 and obtained quad- 

ratic relations involving the quantities (x,i)(j + h,j + given in Theorem 
I of that paper. The relations seem to be of somewhat different character 
from those of the present paper and we do not yet have a unified theory 
to cover the case where c and I are any integers in (1 ) of such a nature as to 
yield as special cases relations (10) of this paper as well as (23), (24), (25), 
(26) of the former paper. 

1 These pROCKKniNOS, 32, .417 (H)46). 
ibid,, 33, 240-242 (1947). 

31, 189 (1945). 


A SPLiCIAL CLASS OF SOLLTIONS OF THE EQCA TIONS OF THE 
GRAVITATIONAL FIELD ARISING FROM CERTAIN GAIGE- 
INVARIANT ACTION PRINCIPLES 

By H. a. Huchdahl 

Physics Lahoratory, University of Tasmania 
CoHunvinicMtecl by Oswald Veolen, l>cct*niber 18, 1947 
1 . By direct consideration of the variation of the integrals 
y* G'^ — g (It, y-i =-■ S C/Ti^, -s/'-g dr 

the author has shown ^ that in a IT the field equations arising out of the 
action jirinciples 6J1 = 0, 6^2 — 0 are satisfied by any solution of the 
equations 

Flfto ^ Ofgju,,, ( 1 ) 

where a is an arbitrary constant, and is the Ricci tensor. 
be the gauge-invariant curvature tensor of Weyl's theory;'^ and let = 

- (t, so that in a region free from electromagnetic radiation 
G ~ 6\ Then by a slight extension of the method referred 
to above we may prove the following: 
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Theorem . In a region free front radiation {k^ = 0) the field equations 
arising from a gauge Invariant action principle in which the Lagrangian is 
composed of the components of the contracted curvature tensor and the co?n~ 
ponents of the metrical tensor are satisfied by any solution of the equations 
~ agf^y, where a is an arbitrary constant. 

2. Defining the “absence of radiation “ to mean 


(m = 1, 2, . . 7l) 


( 2 ) 


we may prove the theorem somewhat more generally for a When 
(2) applies every action principle of the kind under consideration reduces 
to the form 

6 f lAKu K,, .... A'«) (It - 0 (3) 

where the LagrangiaTi is some function of the 

(A"i ~ G), and m is a positive integer. Equation (3) is the degenerate form 
of the action principle h^f L\^gdr = 0, wdiere the Lagrangian L is 
composed of the 6V transformation in which 

gu^ becomes — g becomes — g and 6^ remains unchanged, 

so that L must change into X^”L since L \/ —g is to be a gauge-invariant 
density. Putting - 0 after the transformation has been carried out this 
implies the condition 

L{uKu ^ A\), . . A'„,), (4) 

where we have set m — 

Differentiating (4) with respect to u mid putting u ~ 1 after the differen- 
tiation, this gives 

E -'A:, = 'AnL. {’)) 

Now 


bl 


m >.r 

E 8A.; 

■ dA, 


( 6 ) 


and in view of the symmetry of A', with respect to the we liave 

sK. = . . g::.,5g:\. 

If now G(,„ be given by (1) it follows immediately that 

A',*= const. * net’, 6K, = sa’~^&G — (sK,/na)6G, 
Hence, frojn (6), 

SL »= E i-A'.t^G = LdG/2a, 

noc ^ tmr I 0J\.^ 
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by (5). Therefore 

sSLV^^t = J ^ V-gSG '+ Lh V~^dr 

= {L/2a) S (5(\/^fG') — Gh V^g + 2a5 \/^)dT, 

or 

5 f L\/ — gdr = (L/2a)5 f {G - (« - 2)«) y/^^gdr. (7) 

Accordingly the condition that the right-hand side of (7) should vanish is 
always compatible with equation (1) whereby it was transformed into the 
condition exprCvSsed by the vanishing of the right-hand side of (7). For* 

(n - 2)aW'-^gdr ^ ~ G- ~ V 2 (n 

yZ—ghii^r - 0, 

by (1). Hence bJ^Ly/ --gdr vanishes, and the theorem of section 1 is 
proved. 

In particular the result applie s to the ca se where the action is taken to 
be the generalized volume — det | 

L = Vdet|G,,|/g CLa„ it r^r ^ n). 

f*“ I 

where the a's are certain numerical coefficients. This clearly is of a form 
satisfying the condition (5). 

^ Buchclahl, H. A,, Proc, Edinburgh Math. Soc. (in the press) (1948). 

^ HdUinglon, A, S., The Mathematical Theory of Relativity, Cambridge University 
Press, 1930, p. 204. 

* Reference 2, p. 139. 


PHYSICAL FAMILIES OF CURVES IN SPACE 

By Edward Kasner and John De Cicco 

Departments of Mathematics. Columbia University, Xew York, and Illinois 
Institute of Technology, Chicago 

Read before the Academy, November 18, 1947 

1. In preceding papers, we studied physical families of curves in the 
plane. We gave characteristic properties and discussed the transformation 
theory. In the present paper, we shall generalize this theory 'to space of 
three dimensions. 

The important physical families of curves connected with an arbitrary 
(positional) field of force^ are (1) trajectories, that is the paths of motion 
of a particle; (2) brachistochrones, that is, the curves in a general (con- 
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servative) field of force along which the time of the constrained motion 
between any two points is least; (3) general catenaries, that is, the curves 
formed from tlie resulting equilibrium when an inextensible flexible string 
is suspended in the field ; and finally (4) velocity systems, that is, a curve 
is a velocity curve corresponding to the speed provided a particle stiuting 
from any lineal element of the curve with that speed describes a trajectory 
osculating the curve. 

2. In the plane, we have shown that these four systems of physical 
curves may all be obtained as special casqs of the following general prob- 
lem.'^ To find curves along which a constrained motion is possible such 
that the pressure P is proportional to the normal component N of tlie 
force. Thus a system of curves for an arbitrary field of force is defined 
by the relation P - kN, 

Each of these systems 5* is a three-parameter family and is defined by 
a differential equation of third order 


== [(\px + 


{n - 2)(<^> 




H + 


1 + y 


+ yV) J 


( 1 ) 


where n 2/{k + 1). Of course (fj>, \l/) are tlie rectangular components 
of the force vector and primes denote differentiation with respect to x. 

3. Now we begin the investigation of the corresponding theory in 
space of three dimensions. A system of curt'es in an arbitrary field of 
force with rectangular components (0, x) consists of curves along which 
a constrained motion is i)ossible such that the osculating plane at each point 
contains the force vector and the pressure P is propf^rtional to the nonnal 
component N of the force so that P — kN, 

The tangential component T and the normal component N (along the 
principal normal) of the force vector are defined by the formulae 

0 + yV -f 2'x, .r r + {x-z'4>Y + (3''x-sV)n‘^‘ 

' “ (1, + * L 1 + - j 

( 2 ) 


provided the force vector lies in the osculating plane. The radius of 
curvature r of a curve is 

« {I •¥ y"^ + z'^y^' _ . . 

[y^i + + (y>z> - 

If the particle is assumed to be of unit mass, the pressure P, along the 
principal nonnal to the path of the particle, is 



( 4 ) 
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Along a curve of the system we must have P = kN, This condition 
P ™ is equivalent to the two equations 


- N 


kN, 


dv 

t' T =“ 7 , 
(is 


(o) 


where v denotes speed and 5 arc length. Eliminating the S])eed v from 
these two relations, we find the condition 


2 

where m — , — 7: 

k 1 


N 


4r 

'ds 


nT — r 


ds * 


(h) 


Using the coiuiition that the force vector lies in the osculating plane, we 
find from (2) and (2) that ((>) reduces to the form 


d 

dx 


1 




-M-ym +y'= + 




n{4> + y'\p + s'x)‘ 


( 7 ) 


Simplifying this together with the condition that the force, vector lies in 
the osculating plane, wc find that (he differentuil equations defining any sys- 
tem ill an arbitrary field of force, are 


- y'<j)}y''' 


Mt + y ~ y\4>r + + ^'<f>:}]y^^ “■ 

[■'* + r+'i-'+ ?■" ^1” 

rr** ^ ^ ^ ^ ..ff 


(X) 


A syst(fm in space r 0 n.vt.sY 5 of a jive-parameter family of curves. Thus 
there are curves in a given 5V The relation between k and n is 



'k+ r 




It is found that the four cases of physical interest are 

^ “ 0 or w - 2 gives 5o, the system of trajectories, 
k ^ —2 or n ^ —2 gives 5 - 2 , the system of brachistochrones. 

^ J or n = 1 gives Su the system of general catenaries, 
k ^ CO or n «= 0 gives So,, the system of velocity curves. 

4. We find that any system 5* of curves possesses the following 
Geometric Properties I and IIP 

I. The osculating planes of the a>3 cunm passing through a given point 
form a pencil; that is, all the planes pass through a fixed direction. 

II . The osculating spheres of the ^ ^ curves passing through a given point 
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in a given direction form a pencil; their centers thus describe a straight line, 

7). We also find that the associuled plane systems^ determined by the given- 
space system in the manner described below, have the five geometric properties 
characteristic of a planar system Sk. 

Consider the given system SkOt space curves in connection with any 
plane p. Through any point of p there pass » - curves of the given system 
which are tangent to the plane. Project the differential elements of the 
third order belonging to these space curves orthogonally u]K>n p, thus 
obtaining co ^ plane differential elements of the third order at the selected 
point. Applying this ])rocess to all points of p, we have a defined set of 
» differential elements of the third order. These elements define a cer- 
tain differential equation of the third order, atid thus determine a system 
()f oo ^ integral curves. I'his we term the associated system in the plane p, 
rhe space system 5* has the property that every one of these plane systems 
associated with it is a planar system 

G. In the space system consider llie curves which jmss thnmgh a 
given point in the direction of the line of force. We find that all of these 
have zero curvature except one particular curve. I'he ratio p of the curva- 
iure of this one particular curve of ike system to the curvature of the tayrgent 
line of force is 

J_ - ^ 1 

^ » + 1 /fe + 3' 

For the four cases of phy.sical interest, this ratio p is as follows: (1) For 
the system of trajectories, we have p — W This is the Theorem of 
Kasner on the ratio of departures of the rest trajectory and the line of force 
from their common tangent line. (2) For the system 5 2 of brachisto- 
chrones, we find p — — 1. (;V) For the system S\ of general catenaries, we 

obtain p — (4) For the system of vxdocity curves, wc get p = 1 . 

7. Finally we discuss the transformation theory of spacial systems 
5^.. We have established the following result.^ 

lixcept for the system So of trajectories, the only point transformations 
which convert every system of curves S* into a system S* are the similitudes 
which form a seven- parameter group in space. All the point transformations 
of space which send every system So of trajectories into a system Sq of 
trajectories form the fifteen-parameter collineation group. 

In particular, we find that the fundamental two-dimensional projective 
theory given by Appell (1889) can be extended to three dimensions. 

Later we shall discuss the corresiJonding theory for generalized fields of 
force where the field of force depends not only on the position of the point 
but also on the direction at the point. 
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* Kasner, **Differeiitial-Geometric Aspects of Dynamics,” Princeton Colloquium 
Lectures, Am. Math. Soc. Publications ^ 1913 (1934) (1948). 

* Kasner, ^Physical Curves,” these Proceedings, 33, 246-251 (1947). 

* Kasiier, "The Trajectories of Dynamics,” Tram, Am. Math. Soc., 7, 401-424 (1906). 
Also, “Dynamical Traject cries i The Motion of a Particle* In An Arbitrary Fielcjl Of 
Force”, Trans. Am. Math, Soc., 8 , I35»158U9()7). 

^ For the plane transformation theory, see iCasner and De Cicco, ” Transformation 
Theory of Physical Curves,” these Prockbdings, 33, 338 342 (1947). 


A PHYSIOLOGICAL BASIS FOR SOME SUPRESSOR MUTA- 
TIONS AND POSSIBLY FOR ONE GENE HETEROSIS* 

By Sterling Emerson 

Kbrckhorp Laboratories of Biology, California Institute of Technology, 

Pasadena, Calif. 

Communicated by G. W. Beadle, Deccmlx*r 13, 1947 

A mutant strain of Netirospora which requires sulfonamides for growth 
at 35° frequently becomes altered so that it can grow at that temperature 
without sulfonamides.^ In each instance analyzed, the developed ability 
to grow without sulfonamides has resulted from mutation of genes distinct 
from that responsible for the sulfonamide requirement. Each ‘Vevcrted’' 
strain has proved to be a heterocaryon, composed of two kinds of nuclei, 
both of which cany the gene {sfo) for sulfonamide requirement, but one 
also carries a new “supressor’' gene. At least two independent supressor 
genes have been involved in such reversions. Homocaryotic strains have 
been isolated, some carrying both sfo and the supressor, others carrying 
the supressor alone. None of these isolates has the growth characteristics 
of wild type, but each shows some peculiar relationship to the p-amino- 
benzoic acid requirement, the nature of which is still obscure. In a few 
instances, artifically constructed heterocaryons between the sulfonamide- 
, requiring strain and a strain carrying both the sulfonamide-requiring gene 
and a supressor have resulted in better growth on minimal medium than 
either strain is capable of by itself, thus reconstituting the situation 
observed in the original **re verted” heterocaryons. 

As long as it was believed that sulfonamides were used as metabolites 
by the sulfonamide-requiring strain it was difficult to picture a possible 
physiological basis for the circumvention of the drug requirement by 
mutation of some entirely different gene. Recently Zalokar® has shown 
that the “sulfonamide-requiring” strain can grow in the absence of sulfon- 
amides provided the available p-aminobenzoic acid is reduced to a par- 
ticular concentration, growth being inhibited by both higher and lower 
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concentrations. It now appears that in the sulfonatnide^requiring strain 
some reaction catalyzed by p-anrinobenzoic acid is detrimental in that 
growth is prevented unless the effective amount of />-aminobenzoic acid is 
decreased, either by the competition of sulfonamides/ or by a reduction in 
the amount synthesized by the strain.® It follows then that any mutation 



Growth curves of the sulfonamide-requiring mutant strain 
{sfo, +)» the double mutant sulfonamide requiring, ^-aminoben- 
zoicless (r/o, pab)^ and of heterocaryons between them, on mini- 
mal medium at 85*, Changes in growth rates in the hetero- 
caryons are presumably due to changing relative frequencies of 
the two types of nuclei at the growing tip^. 

whidi would have the effect of reducing the available /^-aminobenzoic acid 
content might permit growth of the sulfonamide-requiring strain in the 
absence of sulfonatnides, and this could happen even if the mutant gene 
was carried by only part of the nuclei in a heterocaryon. 
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To test this jTOssibility, artificial heterocaryons were made between a 
double mutant strain carrying the sulfonamide-requiring gene (sfo) and 
a gene {p(ib) which prevents the synthesis of /)-aminobenzoic acid, and a 
strain carrying sfo and the wild type allele (+) of pab. Neither of these 
strains sfo, p<ih or sfo, + grows appreciably on minimal medium at 35^, 
but as indicated in figure 1 the heterocaryons between them do. 

These are not the ordinary sort of heterocaryons (cf. Beadle and Coon- 
radt^) in which growth results because each of the two sorts of nuclei 
carries the wild type allele of the mutant gene carried by the other, since 
in these there are no nuclei carrying the wild type allele of sfo. In this 
case growth results from a balance between the production of /^-amino- 
benzoic acid by one type of nucleus and the lack of production by the other 
to give an amount tolerated by strains carrying sfo, yet still sufficient for 
growth. 

A hetexocaryon of this sort, composed of two kinds of haploid nuclei, 
both carrying sfo, and one carrying pab the other +, is roughly equivalent 
to a diploid organism heterozygous for a single pair of alleles pab/+, the 
liomocaryotic strains mixed to fonn the heterocary<)ns can be compared 
to the corresponding homozygous diploids pah /pab and +/+. The 
augmented growth of the heterocaryon reminds one of the instanc<‘s of 
single gene heterosis in maize reported by Jones/ 

It is not the intent of this note to sugj^est that most instances of one gene 
heterosis and most occurrences of supressor mutations result from compet- 
itive systems such as must be involved in the case just described, but 
such a possibility must be borne in mind. 

Kepresentitig work supported iu part by a grant from the Rockefeller Foundation, 
and in part by a grant from the American Cancer Society upon the recommendation of 
the Committee on Growth of the National Research Council. 

^ Emerson, S., '’Growth Responses of a Sulfonamide- Requiring Mutant Strain of 
Neurospotar Racl., 54. 195-207 (1947). 

* Zalokur, M., "The ^-Arninobenzoic Acid Requirement of the Sulfonamide- Requir- 
ing Mutant Strain of Neurospora/* Proc, Nat. Acad, Sci,, 34 , 32--36 (1948). 

® Beadle, G. W., and Coonradt, V., "Heterocaryosis in Nturospora Cienftks, 

29, 291-308 (1944). 

\Tones, I), K., "Heterosis Resulting from Degenerative Change.s," Ibid,, 30 , 527 - 
542 (1945). 
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A CYTOCIIEMICAL STUDY OF THE FEIJLGEN NUCLEAL 

REACTION 

By Henry S. Di Stefano 
Dkpartmknt of Zoology, Columbia University 
Communicated by E. C. Dunn, January 10, 194H 

The growing interest in tlie study of the chemical composition of cellular 
fonned elements has led to wide-spread research on techniques for demon- 
strating and estimating, in situ, the presence and amounts of the various 
components found by macrochemical analysis. In short, this would in- 
volve the use of a quantitive chemical reaction and a nieans of accurately 
measuring the end-product of the reaction. Such techniques for measuring 
nucleoproteins of cell nuclei were recently described by Pollister and Ris.* 
Using theses same methods, a study of the nature of the Feulgen nucleal re- 
action was undertaken. 

The Feulgen reaction may be considered as occurring in two steps: first, 
the splitting of the linkage between the purine bases and tlie desoxypentose 
of the nucleic acid by means of mild acid hydrolysis, and second, a chemical 
reaction between the aldehyde groups, thus formed on the .sugar, and the 
Schiff reagent (decolorized fuchsin) resulting in the synthesis of a new dye 
compound. It was noticed by Bauer, ^ and confirmed by Hillary,* that the 
intensity of color produced in chromatin of cell nuclei is related to hydroly- 
sis in such a way that as time of hydrolysis is increased there is a more and 
more intense staining until a maximum point is reached; while beyond this 
maximum, longer hydrolysis results in a decreased staining. The in- 
creased staining could easily be explained by the progressive splitting off of 
bases, as a consequence of which more and more sugar aldehydes are made 
available for the reaction, which would lead one to expect a maximum when 
all the puriue-desoxyribose linkages have been broken. But the decrease 
in color after the maximum intensity of stain is reached is quite unexpected. 
Bauer offered two possible explanations for the latter phenomenon : first, it 
might be due to a continued decomposition of that part of the nucleic acid 
molecule remaining after the purine bases have been split off; or second, it 
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might be due to the destruction of the protein -nucleic acid linkage allowing 
the latter to diffuse from the clu-otnatin. Hillary subsequently showed 
that the decrease in intensity could not be due to a chemical degradation of 
the aldehyde of color-producing groups in the sugar, because a solution of 
thymus nucleic acid in a test tube ivS still capable of reaction to produce color 
after eight hours of hydrolysis. Furthermore, Hillary hydrolyzed nucleic 
acid agar blocks from five to thirty minutes, and after testing both block 
and hydrolyzing medium with the Schiff reagent found that the staining 
capacity of the latter was roughly the reciprocal of that in the agar blocks. 
This last experiment suggests that one result of prolonged hydrolysis is to 
change the nucleic acid into a more readily diffusible form. 

In order to reach a clearer understanding of what might be 
happening to the nucleic acid molecule as time of hydrolysis is increased, 
Professor Arthur W. Pollister suggested tliat an attempt be made to follow 
the fate of the molecule by separate photometric determination of each of 
the three constituents of tlie individual mononucleotides. Cartilage cells 
from the head region of frog tadpoles were selected as especially suitable for 
these measurements, since in these cells the nuclei are nearly perfect spheres 
and the cytoplasm contains little ultra-violet absorbing material. The di- 
ameter of these nuclei is about seven microns. The cartilage was fixed in 
Camoy's acetic alcohol (I : ili), and .sections were cut at ten microhs. Only 
whole nuclei were measured, and corrections were made for the cytoplasmic 
absoq)tion and for the non-specific light loss- as determined in appropriate 
blanks. The fate of the nucleic acid bases was followed by means of ultra- 
violet absorption, that of the desoxyi)entosc by measuring the amount of 
dye produced by the Feulgen reaction performed in the manner described 
by Stowell/ and that of the phosphoric acid by overstaining with methyl 
green and removing most of the dye not chemically combined, by prolonged 
washing in absolute isopropyl alcohol. 

Bauer constructed curves based only upon visual estimates of Feulgen 
dye intensity; and the similar-curve of Fig. 1, which is based upon actual 
photometric measurements of absorption by tlie dye in nuclei, agrees fully 
with his semi-quantitative observations. There is a peak at 12 minutes 
which is followed by a decline until at 24 minutes the extinction value is 
barely measurable. 

The change in concentration of purine and pyriraidme bases throughout 
hydrolysis is shown by the curve based on the ultra-violet absorption. 
Feulgen^ found that mild acid hydrolysis, like that in the nudeal reaction, 
readily breaks the purine-sugar linkage, while by contrast, the pyrimidine- 
sugar linkage is broken only after much more drastic treatment. It has 
been recently shown that most, perhaps all, desoxypentose nudde adds 
contain equal amounts of purines and pjThnidines (Mirsky and PoHister*) ; 
consequently, in the Feulgen reaction the time when the ultra-violet 
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FTOURK 1 


Absorption measurements of cartilage cell nuclei from the head region of frog tadpoles 
at various times of hy<irolysis. Each point represents the statistical mean of from 5 
to 25 nuclei depending upon the number of nuclei necessary t6 show a signiheant differ- 
ence between consecutive points at a 5% level of significance. 
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tinction has reached a value one-half that of the unhydrolyzed nuclei would 
be expected to corresiwnd to that point at which all the purines have been re- 
moved by hydrolysis. The extinction for unhydrolyzed nuclei was found to 
be 0.140. A measured value of 0.070, one-half that of the unhydrolyzed 
nuclei, was found at 12 minutes hydrolysis. As we saw al>ove, this was tlie 
moment when the amount of regenerated fuchsin dye was at its maximum* 
It appears likely tliereforc, that for the first 12 minutes’ hydrolysis the 
Feulgen reaction is proceeding in the accepted manner, i.e., by the progres- 
sive splitting off of purines producing in the desoxy pentose more and more 
free aldehyde groups which become available for restoring color to the de- 
colorized fuchsin. 

Turning to a consideration of the effect of longer hydrolysis, it can be 
seen from the ultra-violet abscjrption curve that beyond 12 mihiites the 
amount of purine and pyrimidine decreases steadily. Finally after 24 
minutes’ hydrolysis, at the time when we have seen that the Feulgen re- 
generated dye indicated practically no reacting sugar, the bases likewise 
are no longer present. 

The original nucleic acid of the nuclei contained, presumably, one phos- 
phoric acid radical for each desoxyjientose and base residue. The methyl 
green curve follows the history of this component during the course of the 
standard hydrochloric acid treatment. At the end of 12 minutes’ hydroly- 
sis the nuclei contain the full amount of phosphoric acid. Thus, during a 
period when up to one-half the base content is being removed from the 
nucleic acid, and while the Feulgen reaction with the desoxypentose is con- 
sequently increasing to a maximum, the third component of tlie nucleic 
acid has remained unchanged. This is strong evidence that, during a hydrol- 
ysis which is optimal for production of the Feulgen nucleal color, the change in 
the nucleic acid molecule involves only the splitting off of purine bases, as orig- 
inally po*stulated by Feulgen, The phosphoric acid curve likewise sheds 
most interesting light on the effect of longer hydrolysis. Beginning at 12 
minutes the phosphoric acid decreases rapidly and at 24 minutes the amount 
of methyl green bound by the nuclei is barely measurable. Taken with the 
evidence from fuchsin and ultra-violet absorption, this shows conclusively 
that the events from 12 minutes on are very dijfferent from those during the 
earlier part of the hydrolysis ; for tlie overhydrolysis leads to the destruction or 
loss from the nuclei of all three components of the nucleic acid molecule. In the 
light of Hillary’s experiments (see above) it is probable that the latter is the 
correct explanation ; the overhydrolysis has altered the nucleic acid so that 
it freely diffuses out of tlie chromatin. It would seem tliat this very likely 
involves some depc4ymerization. Another process that may be. expected to 
be taking place is a breaking of the nucleic acid-Wstoae salt linkage; for 
Camoy’s reagent has been found by Pollister and Ris to be unique among 
cytological fixing fluids in that it preserves the nuclear histones in such a 
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form that they are readily removable by chemical means (e.g., by solution 
in the divalent mercury-sulfuric acid Millon reagent). 

This brings us to the question of the relation of fixation to the Feulgen 
reaction, which was exhaustively studied by Bauer. He found sharp- 
peaked nucleal reaction curves, like that above, after fixation with such 
fluids as Camoy and acetic sublimate. A similar curve has also been found 
for a trichloroacetic sublimate fixing fluid (Pollister unpublished). By 
contrast, Bauer found that when tissue is fixed in fluids containing chromic 
acid (such UvS Allen's Bouin, San Felice, Flemming, Flemming-Heitz, and 
Charapy) instead of a sharply restricted moment of optimal hydrolysis 
there is a long optimal period during which there is no change in stain in- 
tensity; although very prolonged hydrolysis eventually does lead to a drop 
in stain intensity. It is interesting that the fixing fluids which Bauer found 
to give sharp-peaked curves upon hydrolysis are those which fix tivssue in 
such a way tlxat all, or nearly all, the histone is reatiily removable; while 
from chromic acid fixed material tlie same treatment removes little or none 
of the protein (Pollister unpublished). Experiments arc now being per- 
formed to measure the amount of histone at different stages of hydrolysis. 

A compelling reason for undertaking the present study was to examine 
tlie possibility of using the Feulgen reaction for quantitative determination 
of desoxypentose nucleic acid in a cytological preparation. The following 
considerations indicate that, under proper conditions, the intensity of the 
Feulgen reaction is an accurate measure of the amount of desoxypentose 
nucleic acid in a nucleus. The stain intensity at the peak is fairly ac- 
curately reproducible for one type of tissue, and the extinction value at the 
peak after chromic acid fixation seems to be close to that after Carnoy’s 
fluid. As we have seen above, this peak probably represents a moment 
when all the purines have been removed. From the extinction value of the 
optimal Feulgen reaction, one can readily compute the amount of dye in an 
average nucleus (standard value for regenerated fuchsin, 4,4 X 10 “® 
gram per cc., 1 cm. path, extinction at 530 m/x, 0.745). It is Wielaud and 
Scheuing's’ view of the nature of the Schiff reaction, that two parts of each 
decolorized fuchsin molecule react with two aldehyde groups to restore the 
color. Hence, if it is assumed that the color in the nucleus after optimum 
hydrolysis has resulted from the reaction of one dye molecule with two de- 
sox3rpentose residues to which a purine was originally attached, the total 
amount of nucleic acid in an average nucleus can be computed. A wholly in- 
dependent computation of nucleic acid in a cartilage cell nucleus may be 
made from the extinction, near the ultra-violet absorption peak, of nucleic 
acid in an unhydrolyzed preparation. By calculation from ultra-violet 
measurements, the average cartilage nucleus contains 2.44 X 10*^^ gram of 
nucleic acid ; from the Feulgen reaction the average nucleus contains 2.39 X 
10^^® gram of desoxypentose nucleic acid. A certain amount of justi- 
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fication for the^ use of methyl green staining as a measure of nucleic acid 
phosphoric acid comes from tlic fact that if one assumes that each of tire di- 
basic methyl green molecules unites with the phosphoric acid of two nucleo- 
tides the amount of nucleic acid in the average cartilage nucleus is computed 
to be 2.44 X 10“*^ gram. 

It should be added that the above figures are of the same order of magni- 
tude as previous detenninations of total dcsoxypentosc nucleic acid in a 
single nucleus. Pollister and Ris report that the nucleus of the calf thymus 
lymphocyte contains 1.0 X 10“*^ gram, from cytological determination by 
ultra-violet absorjition ; while calculation from macrochemical data on the 
lymphocyte nucleus gave practically the same figure, 1.4 X gi’am. 

Caspersson® found 11.2 X of nucleic acid in tlie large grass- 

hopper leptotene spermatocyte nucleus, by the ultra-violet cytological 
method. From the macrochemical data of Zittel and O'DelP the amount 
of desoxypentose nucleic acid in the nucleus of a single bull spennatozoon 
can be computed to be 4.6 X 10“^“ gram. 

Summary —By photometric measurements the base, sugar and phos- 
phoric acid of the desoxypentose nucleic acid of cartilage nuclei have been 
followed throughout the standard hydrolysis of the Fculgcn nucleal re- 
action. The results indicate that at optimum hydrolysis time one-half the 
total base content has been removed; prestimably this represents the pur- 
ines. During post-optimal hydrolysis the whole nucleic acid molecule dis- 
appears from the nuclei. 

The possibility of using the Feulgen reaction for quantitative determi- 
nation of des(.)xyj)entose nucleic acid is briefly considered. 

* Pollifiter, A. W., and Kis, H., Cold Spring Harbor Sytnp, Quant. BioL, 12, 147 (1947), 

* BauLT, H., Z. Zrllfor.u:h. u. mikroskop. Anal., 15, 225 (1932). 

* IHllary, B. B., Baton. Oaz., 101, 276 (1939). 

* Stowell, R. E., Stain I'echnol., 20, 46 (1945). 

5 Feulgen, R., Zeitschr. physiol. Chem., 12l>, 164 (1923). 

* Mirsky, A. E., and Pollister, A. W., J. Gen. Physiol., 30, 117 (1946). 

’ Wieland, H., and Scheuing, Ber., S4, 2527 (1921). 

* Casi>ersson, T., Chromosoma, 1, 147 (1939). 

» Zittel, C. A., and O’Dell, R. A., J. Biol. Chem., 140, 899 (1941). 
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DIETARY FACTORS IN THE UTILIZATION OF HOMOCYSTINE* 
Bv G. W. Kidder and Virginia C. Dewey 
Biot.oGicAL Eauoratorv, Amherst College, Amhersi’, Massachusetts 
Communicated by K. \V'. Siiinott, January 15, 194H 


Introduction . — It has beeu^ known for some time, mainly due to the in- 
vestigations of du Vigneaud, et aL, that homocystine can replace 
methionine in the diet of the rat provided a methyl donor, such as choline 
or betaine, is present. The recent work of McKittrick*"* has pointed to the 
same conclusion regarding the chick. 

Evidence for the ability of the rat to synthesize methionine from homo- 
cystine in the absence of choline, betaine or any other known methyl donor 
was first presented by Toennies, et al^ They found that rats, maintained 
on a rich pre-experimental diet and then on a depletion diet, lacking cho- 
line and sulfur containing amino acids, responded to the addition of choline 
plus homocystine or to homocystine alone. They discuss the influence of 
intestinal microdrganisras on their results and attempt to minimize this ip- 
fluence by the administration of sulfasuxadine^ Even after prolonged sul- 
fonamide treatment their rats showed a positive growth response to homo- 
cystine but only in the presence of a liver fraction. This liver fraction was 
essentially free of methionine and choline. The authors concluded that 
liver contained a factor or factors making possible the methylation of 
homocystine from sources other than choline or betaine. 

In tlie course of our investigations of the biochemistry of the ciliated pro- 
tozoan, Tetrahymena, we found that homocystine could replace methionine 
in its diet.* Choline was present as was a crude growth factor preparation 
(Factor 11) from liver. \^en Factor II was prepared from plant sources, 
homocystine alone did not support growth. In addition, subsequent ex- 
periments have shown that exogenous choline does not influence the 
methylation of homocystine but that our Factor II preparation from liver 
contained the agent described by Toennies and Bennett, while Factor II 
prepared from plant material (Cerophyl) was devoid of the Toennies and 
Bennett factor. 

The purpose of this report is to present our findings, which support those 
of Toennies and Bennett, on the occurrence of a factor or factors in liver 
which allow the methylation of homocystine to methionine in the absence 
of exogenous choline and betaine. The possibility of unknown microbr- 
ganisms vitiating the results, always present in work done with verte* 
brates, is obviated in our work, Tetrahymma is grown in pure (bacteria- 
free) culture and our results reflect the animal's metabolism only. More- 
over, it should be remembered that Tetrahymena possesses a rather typical 
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anjyngJ biochemical pattern so that comparisons of our results with those 
on other animals are permissible. 

Experimental, —Thjt organism used in this investiagtion was the ciliated 
protozoan, Tetrahymena geleii W grown in pure (bacteria-free) culture. 

In our previous studies on the biochemistry of this organism growth 
responses were measured by counting the number of ciliates, after appropri- 
ate dilutions, in measured volumes of media. The results were expressed 
as organisms per ml. of fluid. Various attempts to measure growth tur- 
bidimetrically had failed, due largely to the tendency of these organisms to 
stratify before readings could be taken. The Lumetron Colorimeter 
(Model 400-A) which is of the jewel-bearing type and has an extremely 
rapid rCvSponse has proved ideal for this type of work. 


TABLE 1 



Base Medhtm 

(Minus Methionine) 



y/ML, 


y/MV. 

L-arginine 

125 

Biotin (free acid) 

0.0006 

L-histidine 

125 

' Ca pantothenate 

0.10 

0L-isoIeucine 

126 

Thiamine HCl 

1.00 

L-lcucitie 

250 

Nicotinamide 

0.10 

xAy^int 

250 

Pyridoxine HCl 

0.10 

DL-phenylalanine 

350 

Kiboflavin 

0.10 

DL-threonine 

125 

Pteroylglutamic acid 

0.01 

L-tryptophane 

60 

Choline Cl 

1.00 

DL-valine 

125 

Hydrolyzed yeast nucleic acid 

100.00 

DL-serine 

250 

Factor II (from Ccrophyl) 1:6 




Dextrose 

1000.00 



M9S04.7H*0 

100.00 



MgS04 




KaHPOs 

100.00 



CaCU.2H,0 

60.00 



FeCl«.6H,0 

'l.26 



MnCl,.4H80 

0.05 



ZnCl* 

0.05 

All organisms in 

experimental 

series were grown in 4-mI. volumes in 

14.5 X 125-mm. Pryrex tubes. 

The tubes were incubated in 

a slanted 


position. The increased volume (2-ml. volumes were previously used) was 
necessary for use in the colorimeter and the slanted position increased the 
surface area for oxygenation, thereby increasing the yields. All experi- 
ments were carried through three serial transplants, readings being taken 
only on the third transplant. Our method has been to take readings on all 
third transplant tubes before inoculation, using distilled water as a Wank. 
All readings are made using red filter 650, After inoculation and incu- 
bation a second reading is taken. The optical density of the un- 
inoculated tube is subtracted from the optical density obtained after 
growth has occurred. This procedure is necessary, since the media used 
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FJtGURB 1 


Dose response curves. Growth measured in optical density is plotted against amounts 
in ^ per ml. of medium. Curve 1 represents the response to 4 O 7 of homoc^tine per 
ml. graded amounts of tnethioniue. Curve 2 represents response to methionine 
only; Curve 3 represents response to methionine in the presence of 120 y of X^.E.L^ 
Cuiye 4 represents response to homocystine (upper scale) in the presence of I 2 O 7 of 
(no methionine added). All values from third serial transplants after 6 days 
incubation. 
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are colored. With this method tubes need be matched only roughly for 
size. All readings are taken with the Pyrex label as a position marker. 
The base medium is given in table 1. This is the same as Medium III as 
previously described*^* oiiiitting methionine. Factor II is added as an 
extract of CerophyP. 

The liver fraction used is the same as that employed by Bennett and 
Toennies^ and referred to by them as L.E.L. We are indebted to these 
authors for a generous supply of this material. In this work we were not 
concerned with the absolute pfjtency of the active material in the liver 
fraction, accordingly it was added to tlie medium and the whole was steril- 
ized by autoclaving for 10 minutes at 15 lbs. pressure. Some destruction 
of the active material may have, occurred. Assays of the L.E.L. and of our 
Factor II preparation for metliionine and choline were carried out micro- 
biologically. Leuconostoc mesentericHles P-60 was used for methionine 
assay*''* and a cholincless Neurospora^ iimtant^^ for tlie choline assay. A.s- 
says were made on material before and after hydrolysis to preclude failure 
of detection of boiitid methionine. It was found that the particular prep- 
aration of Factor II used in these experiments contained 2*7 of methionine 
per ml. The amount used brought in 0.% per ml. of medium. The L.E.L, 
brought in 0.47 per ml. of medium. These amounts were included in cal- 
culations When methionine additions were made. In no case was the 
amount of methionine present lower than O.87 per ml. due to the necessity 
of adding the growth factor and where L.E.L. was also included there was 
never less than I.27 per ml. of medium. 

Resulisr At was found that homocystine could not replace niethionine for 
Tetrahyme^m when the Factor II preparation was obtained from plant* ma- 
terial. No growth resulted when methionine was withheld. ThivS result 
was different from the one previously reiK)rted® when Factor II was pre- 
pared from Liver fraction L. The addition of varying amounts of L.E.L., 
however, resulted in growth where methionine was replaced by homocy- 
stine in the medium. The minimal concentration of tlie L.E.L. for moder- 
ately good growtii (under our conditions) was found to be 12O7 per tnl. of 
medium and this amount was used throughout. 

Dose response curves were constructed for homocystine. A typical 
curve is shown in figure 1 (curve 4). Increased growth was obtained until 
4O7 per ml. of homocystine were present. Higher amounts began to show 
inhibition. As a result of these experiments 4O7 of OL-homocystine per ml. 
of medium were used routinely. 

In view of the fact that 120 7 per ml. of L.E.L. made it possible for the 
ciliates to utilize homocystine in place of methionine, it was important to 
determine what effect the L.E.L. would have on growth in the presence of 
methionine. Accordingly two types of experiments were performed, one to 
detennine the response to methionine alone and the other the response to 



VoL. 34, 3948 


BIOCHEMISTR Y: KIDDER AND DEWEY 


85 


methionine plus 12O7 per ml. of L.EX. The dose response curves are 
shown in figure 1 (curve 2 for methionine and curve 3 for metliionine plus 
L.H.L.). It will be noted that the minimum methionine present in curve 
2 is O.S7 per ml. (from the Factor II) while the minimum for curve 3 is I.27 
per ml. (Factor II and L.E.L.). These curves show that the addition of 
L.E.L. with methionine makes no significant difference. 

Cystine must be synthesized, under these conditions, from methionine 
and the addition of cystine had earlier been shown to spare methionine.® 
If tins synthesis takes place via homocysteine fonTiation as suggested by 
du Vigfneaud^® then the addition of hoinocystine to the medium should 
likewise spare methionine. This wa'S found to be the case as shown in 
figure I (curve 1). The addition of 4O7 of DL-homocystine per ml. spared 
approximately one half of the methionine. This addition made the 1 .27 of 
methionine, inevitably prestmt as a minimum when L.E.L, was used, ca- 
pable of supporting considerable growth (approximately 0. 100 on the O.D. 
scale). It should be noted, however, that O.S7 of methionine was insuffi- 
cient for growth even in the presence of homocystine. It a|)pears, therefore, 
that some of the action of the additioti of L.E.L. to the homf)cystine medium 
is merely the bringing in of enough methionine to raise the level above the 
growth threshold. This does not fully account for the resulting growth 
when L.E.L. and homocysline replace methionine. Under these condi- 
tions, with only 1 .27 of methionine present, growth is more than double that 
obtained when L.E.L. is omitted (0.210 on O.D. scale). This difference 
must be accounted for by the conversion of homocystine to methionine. 

Discussion . — The results outlined above confirm the observations of 
Toennies and Bennett on the rat and point to an active agent in the liver 
fraction which in sc^me way makes the conversion of homocystine to methi- 
onine possible. Labile methyl groups in the L.E.L. appear to be precluded 
in tlieir experiments and in ours as the levels of methionine and choline 
could not account for enough to transmethylate the amount of homo- 
cystine usedj even if all three methyl groups of choline were available. If 
the statement of McKittrick® regarding the number of methyl groups avail- 
able from choline is considered, then the amount present is even less nearly 
adequate. The rat, unlike the chick, can synthesize choline*^ provided 
methionine is present and we have found rapid synthesis of choline by 
J'etrakymeiui under like conditions. 

Our results differ from those of du Vigueaud, et al. and Toennies, et 
aLt regarding choline plus homocystine. Unlike tliose workers we found 
that the addition of choline made no difference in the utilization of homo- 
cystine., Choluie plus homocystine did not permit growth of the ciliates in 
the absence of adequate methionine or the L.EX. agent. This fact indi- 
cates that the L.E.L. is not supplying a methyl donor but is supplying some 
agent concerned in the transmethylation process. 
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As a working hypothesis we make the following proposals to account for 
the action of the agent in L.E.L. in transmethylation; (I) In Tetrahymena 
the usual source of methyl for the synthesis of choline is methionine and 
this reaction is made possible by what we will call ‘‘transmethylase T' 
(TMl). This enzyme appears to require no exogenous co-factor. The 
reaction may be diagrammed as follows, occurring in two steps : 

Serine ► aminoethanoP* 

TMl 

Aminoethanol + methionine ♦ choline + homocysteine, 

(II) When methionine is replaced by homocystine, methionine is synthe- 
sized by the methylation of the latter, which is the reverse of .the above 
reaction. In many cases one and the same enzyme is known to catalyze 
both a reaction and its reverse. The facts here do not support such activity 
on the part of TM 1 , This transmethylation (homocysteine to methionine) 
requires transmethylase 2 (TM2) which must be activated by an exo- 
genous co-factor (CTM2) which the animal organism is incapable of syn- 
thesizing and therefore must obtain from its environment. This co-factor 
appears to be stored in the liver of mammals, presumably concentrated 
there from the food or from the products of microsynthesis by intestinal 
bacteria. It appears to be absent or in low concentrations in higher plants. 
Therefore, only when CTM2 (from L.E.L,, in this case) is added with homo- 
cystine, is TM2 activated for the required transmethylation to methionine. 

(III) To account for the source of the methyl groups for this reaction one 
must assume the synthesis or mobilization of methyl from some unknown 
precursor (CHsR), probably first to form choline and then to form methio- 
nine via homocysteine. (IV) The transmethylation of aminoethanol by 
CHsR to form choline is presumably controlled by a transmethylating 
enzyme also and there is no evidence to indicate whether it is TM2 or a 
different one (TM3). It cannot be TMl because no growth of tlie ciliate 
results in the presence of adequate choline and homocystine but no L.E.L. 
If it is a different etizyme from TM2 then it requires a different co-factor 
(CTM3) and this co factor is also found in liver. This last assumption will 
become clear from the discussion of the results on the rat. The above re- 
actions may be diagrammed as follows: 

TM2 -f CTM2 (from L.EX.), 
or 

TMB + CTMS (from L.E.L.), 

Step 1. CH3R ^ choline. 

TM2 4* CTM2 (from L.E.L.), 

Step 2. Choline + homocysteine — — — — • — ► methionine 

Homocysteine — > cysteine (sparing of methionine). 
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In the rat * step 2 seems to proceed without any exogenous co-factor but 
this can be explained on the basis of bacterial synthesis, storage or both. 
Both of these sources are denied Tefrahymma so step 2 only proceeds when 
CTM2 is added. In the rat step 1 is blocked by either too low a con- 
centration of CTM2 for both steps or, if a different co-factor is required 
(CTM3), then its amount is inadequate within the body. In any case 
Teirahymena^ needing the co-factor for step 2, has a supply provided for step 
1 by the addition of L.B/.L. 

The possibility of the direct methylation of homocysteine from CHjR to 
form methionine should perhaps be considered. We know from the work 
of Simmonds, et that in the presence of added choline labeled methyl 
from choline does appear in the methionine. This need not be the only 
route of methionine formation, especially when choline, as a vitamin, is 
being synthesized. This alternative may be diagrammed as follows: 

TM2 4* CTM2 (frotn bacterial 
synthesis 4* storage or from L.E.L.) 

CHsR 4* homocysteine > methionine 

TMl 

Methionine 4- aminoethanol ► choline (for vitamin activity). 

Recently, Horowitz*^ has presented evidence to show that the synthesis 
of methionine by Neurospora proceeds from cysteine and each step is 
controlled by one gene. One mutant failed to grow on homocysteine but 
did grow on methionine. It would be interesting and important to deter- 
mine whether this failure to transmethylate is due to a failure on the part 
of the mutant to synthesize the necessary co-transmethylase. This could 
be determined*by the addition of the active agent from L.E.L. The fact 
that none of the Neurospora mutants could utilize homocystine and all but 
the one mentioned above could grow on homocysteine is apart from the 
transmethylation problem, and concerns only the inability of the mold to 
reduce homocystine.* 

The various parts of the above hypothesis ate subject to test. Plans are 
made for the concentration and possible identification of the factor or fac- 
tors in the liver extract. Factor II preparations entirely free of methionine 
and choline can be prepared so that the possible effects of traces of these 
substances can be determined. As concentration of the active agent or 
agents proceeds tests can be made to determine whether or not more than 
one co-factor iprists which will indicate the relationships between the en- 
zymes controlling steps 1 and 2. 

Stmimry, — 1. Homocystme can replace methionine in the diet of 
Tttmhymem provided some factor or factors found in liver are present. 

2. The liver factor appears not to be a methyl donor as is indicated by 
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the failure of methionine replacement by homocystine in the presence of 
choline. 

3, The liver factor can best be described as a co-transmethylase. 

4. A discussion of the mechanism or mechanisms of transmethylation in 
animals is given, 

* Aided by a grant from the U. S. Public Health Service and a grant recommended . 
by the Committee on Growth acting for the American Cancer Society. 

I The cholineless Neurospora used in this investigation was obtained from Dr. E. L. 
Tatum of Yale University. 

$ Betaine was absent from L.E.L. according to Bennett and Toennies.® 

§ Since this manuscript went to press, we have tested strain 38706 (the methionitie- 
less mutant of Neurospora crassa» referred to as Me-1 by Horowitz**). Several other 
methionineleas strains of Neurospora from the Yale collection (6073 A, 4195u, 6279a, 
4195A(3)) were also tested. All were found to be incapable of utilizing homocysteine, 
even in the presence of L.E.L. All responded to methionine. This indicates that the 
genetic block occurs in the synthesis of the transmethylating enzyme and not in the 
synthesis of the cofactor. We wish to thank Dr. N. H. Horowitz for strain 38700 and 
Drs. E. L. Tatum and S. Simmonds for the other strains and for the sample of homo- 
cysteine used. 
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LINKAGE A MONO GENES CONTROLLING INHIBITION OF L YSIS 
IN A BACTERIAL VIRUS* 

By a. D. Hershey and Raquel RotmanI 

Department of Bacteriology and Immunology, Washington University School 
OF Medicine, St. Louis, Missouri 

Communicated by M. Dcmerec, December 5, 1947 

Experiments in which bacterial cells are simultaneously infected with two 
different viruses of the T2 serological group have suggested tliat l3oth can 
grow in the same cell/ and that interaction between them produces new 
genetic types of vims/* * Further experiments, in which the mixed clones 
of virus coming from single bacterial cells were examined, have confirmed 
these inferences, and indicate that the new types arise only in tliose bacteria 
in which both viruses succeed in growing freely. These experiments are 
being continued in an effort to learn something about the mechanism of 
genetic interaction, and will ijot be reported in further detail at this time. 
In this paper we wish to describe a new series of mutations in the bacterial 
virus T2H/ discovered in connection with the experiments mentioned 
above, which point to the operation in this virus of a system of genetic link- 
age. 

The virus T2H, like all its relatives, exists in the form of a lysis-inhibiting 
wild type (r+) and an r (for rapidly lysing) mutant phenotype, which has 
lost the lysis-inhibiting character/ The principal new finding to be re- 
ported here is that all the independently arising r mutants of T2H that 
we have examined are genetically different. The basic observations may 
be summarized as follows. 

A genetic difference between two r mutants is shown when bacteria in- 
fected with both liberate viral progeny containing a measurable proportion 
of lysis-inhibiting types, whereas bacteria infected with the same number of 
particles of either mutant alone yield only r viral progeny. The experi- 
mental procedure used is the one-step growth experiment of Delbriick and 
Luria, with mixed multiple infection, carried out as described earlier.^ 
For simplicity of language, we shall speak of this experiment as a cross, de- 
scribed as heterologous when new types appear among the yield of virus, 
and homologous when only the parent types are recovered. 

Certain details of the method require mention . First of all, one examines 
by it not the progeny of a genetic cross strictly speaking, but simply a 
mixed population of virus growing in the same community. The crosses re- 
ported in this paper were so arranged that the yield of virus examined came 
from about 40,000 mixedly infected bacteria. Variations in yields from in- 
dividual bacteria^ are thus left out of account. Care was taken to ensure 
adequate and equal multiplicity of infection, with respect both to titers of 
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stocks used and to adsorption to bacteria. Fortunately, all mutants were 
found to be equally well adsorbed in sensitive tests with admixed wild type 
(table 2) . The effect of unequal multiplicity on the yield of segregants was 
also tested. The largest proportion of wild type resulted from equal 
multiplicity of infection with the two parent types, but the yield was not 
markedly affected by variations between 1 : 2 and 2:1. Variations in total 
multiplicity above about 3 of each t 3 q>e per bacterium had no measurable 
effect on'the result. A multiplicity of about o of each type per bacterium 
was habitually used. Attention was also paid to the total yield of virus in 
crosses. In parallel experiments, the yields seldom differed by more than 
15 per cent, and fell between 300 and 600 per bacterium, depending in part 
on variations in the nutrient broth. Because of these variations, difficult 
to control, imi)ortant comparative results were always checked by parallel 
experiments. 

The r mutants so far examined, among which 15 have been named rl, 
r2, etc., in order of isolation, are all identical with respect to type of plaque. 
Their behavior in intercrosses places them in two clearly defined classes, 
called A and B. Crosses between any pair' belonging to the two classes 
yield about 15 per cent of wild type among the total 3 deld of virus, no sig- 
nificant differences having been established. Crosses within classes yield 
proportions of wild type characteristic for each pair, falling between 0.5 
and 8 per cent. The first eleven r mutants to be examined were inter- 
crossed in all combinations, yielding only one example (rl) of class A, and 
no homologous pairs. Six others were examined less completely in a search 
for a second member of class A ; all proved to be class B, and at leart two 
differed from all the others. The second member of class A was finally ob- 
tained from an r mutant of the distinct virus T4, by crossing with T2H.* 
This mutant is called rl4. Three examples of class B were discarded with- 
out numbering. 

The results of the quantitative intercrosses, summarized in table 1, pre- 
sent three significant features. (1 ) The amounts of wild type appearing in 
the three possible crosses among sets of three mutants of class B (e.g., r2, 
r6 and rl) are approximately additive, but generafiy fall noticeably short, 
so that no linear order valid for several loci can be discerned. (2) The re- 
sults of intercrosses among sets of four mutants (e.g., r2, f4, r5 and rl) can- 
not be interpreted in terras of four independent transfer frequencies, but 
indicate some type of linkage. (3) If linkage is assumed, the classes A and 
B are probably to be regarded as independent linkage groups. However, 
the fact that rl of class A gives equal amounts of wild type with all members 
of class B is not adequate proof of this independence, for the same thing is 
seen at a lower level in the crosses between rl3 and the other rnembers of 
class B. 

The different r mutants also differ with reii^i^t to rate of spontaneous 
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TABLE 1 

Pee Cent of Wild Tvpb in VmtTE Yields from Bacteria Infected with Pairs of 

r Mdtants 


^CLAWi A—. 





-CtAM B- 





fl rl4 

rl3 

f2 

r4 

r8 

r9 

r3 

r6 

f7 

f6 

n 0.5 

14 

17 

16 

(16) 

(13) 

14 

15 

15 

15 

rU 

(13) 

X 

X 

X 

X 

X 

X 

15 

X 


rl3 

6 

6 

(7) 

X 

(7) 

(6) 

7 

8 



r2 

1.1 

1,7 

1.6 

2.0 

3.9 • 

3.0 

2.4 




f4 

1.1 

(1.6) 

2.6 

2.9 

3.6 

3.2 





f8 

(0.8) . 

(2.1) 

(2.3) 

(2.3) 

2.7 






f9 

(0.9) 

(1.8) 

(2.2) 

(2.4) 







r3 

(1.2) 

(1.0) 

1.4 


f5 0.8 (1.1) 

r7 (0,5) 

The crosses indicated by X have not been made. Results in parentheses are from 
single experiments ; the others are averages of several. Self-crosses yield less than 0,1% 
wUd type, usually none. 


reversion to lysis-inhibitor during serial passage of the virus. ^ In two or 
more independent tests starting from different single plaques of each of 
several r mutants, the number of passages required to yield lysates contain - 
. ing 10 to 20 per cent of lysis-inhibiting virus varied as follows : for r9, two or 
three; for r5, r6, rll, five; for f2, r3, f4, r8, rlO, r 14, six or seixn; forrT, 
r 13, eight; for rl , ten ; and for rl5, about twenty-two. The lysis-inhibitor 
recovered from r2, rl3, and rl5 differed from authentic wild type in ap- 
pearance of plaques, being of intermediate character between r and wild 
type. On further serial passage, variants apppeared which resembled wild 
type more closely. Both types of lysis-inhibiting virus obtained from these 
three mutants were genetically different from wild type, for when either 
was crossed with wild type, excessive numbers of r mutants were found 
among the progeny. This was true of seven independently arising rever- 
sions from one or another of the mutants named. Presumably the lysis 
inhibiting virus selected in these cases arose by suppressor mutations, 
rather than by back mutation at the respective r loci. On the other hand, 
lysis-inhibiting viruses recoverM from each of the 1 1 remaining r mutant® 
mentioned above were indistinguishable from wild type both phenotypically 
and in back cross. We have not, however, done the careful experiments 
which might reveal suppres^r mutations closely linked to an r locus. 

Two different r loci were found to mutate independently in a double- 
mutant virus obtained as descritied in the following section of this paper. 
In four independ^it serial passages starting from different ringle plaques of 
the double mutant flf5, the reversipn passed through the more stable type 
r 1 in each case. This suggests that the difference in the rate of reversion of 
the two single mutants is due to differences instability of loci, rather than to 
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different selection rates among mutants growing in competition with wild 
type. Direct estimations of selection rates have not been made, however. 

In contrast with the spontaneous reversions, lysis-inhibiting virus arising 
in crosses between r mutants is always homologous with wild type. Tests 
of this point included segregants from the cross r2 X rl3, two mutants 
whose spontaneous reversions are heterologous with wild type. There is, 
furthermore, no correlation between the individual stability of two r mu- 
tants and the amount of wild type they throw in crosses. 

A few of the mutants, including two lines each of r2 and rl3 tnentioncd 
above, were carried tlirough the transfonnations r hr r hy crossing 
with a host-range mutant (A), followred by a cross with wild type. The 
resulting stocks showed the same behavior in crosses as the originals. It is 
unlikely, therefore, that these are multiple-locus mutants. 

In order to compare the ability of the different r mutants to grow com- 
petitively in the bacterial cells, mixed infections with r mutant and wild 
type were made. In only two cases did the proportion of wild type in the 


TABl-B 2 

CoMpETrrroN bbwbkn r Mutants and Wild Tvpe in Mixed Infection 


MVTANT 

WFUT 

•% WILD TVPR- 
A1>»OK8BD 

YIKLD 

MxrrANT 

tmvr 

-% WtLb TYVR' 
ADSOKBBU 

VIRLD 

rl 

54 

69 

63 

f4f7 

52 

55 

53 

r5 

50 

67 

54 

r2 

68 

77 

04 

rlr5 

53 

56 

37 

rS 

68 

58 

60 

rl3 

51 

48 

60 

' r6 

60 

60 

57 

f4 

60 

64 

66 

r2r3 

63 

70 

67 

r7 

59 

54 

01 

r2r6 

60 

66 

64, 

f4r7rl3 

59 

54 

54 

r3f6 

m 

71 

69 


yield differ appreciably from the proportion in the infecting mixture, or 
from the proportion in the fraction adsorbed to bacteria. With the mutant 
rl3 the yield contained a proportion of wild type in excess of that adsorbed 
amounting to about 10 per cent of the total virus (3 experiments). The 
significance of this is not clear. The other exception is easily explained. 
The cross between the double mutant rlrS and wrild type yielded an in- 
creased proportion of r mutant amounting to about 15 per cent of the total 
vims (2 experiments), owing to the segregation of the two r loci described 
below. For other multiple mutants studied, all of class B, the loss of wild 
type was too small to be detected, presumably because of linkage between 
the loci. The data for individual experiments are summarized in table 2. 

Segregation of Loci , — The cross between-any two r mutants yields two new 
viral types: wild type and an r mutant distinguishable from others only by 
back cross to the parental types, in which it proves homologous with l^th. 
This behavior supports the idea that each mutant represents a modification 
at a different genetic locus among mafty^ controlling inhibition of lysis* 
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For any pair X and F, the segr^ation may be written: X (+F);?i 

(+ +) X (AT F) . In testing this hypothesis, it is necessary to prepare single- 
plaque stocksifrom a number of the r progeny of the cross, and test each one 
by back cross to each of the parent types. Tests of this kind have confirmed 
the hypothesis in every case. It was also found, within the limits imposed 
by the small scale of the experiments, that in each cross the two recom- 
bination types appeared in equal numbers, and the two parental types in 
the same proportion with which the bacteria were initially infected. These 
data are shown in table 3. In one experiment, virus yields from single bac- 
teria"* infected with r4 and rl were found to contain a small proportion of 
wild type in nearly every burst, the average being about 4 per cent. From 
one of the yields, tests of a number of r progeny revealed the three ad- 
ditional viral types expected. 


TABLE 3 


Skoreoation of r Loci in Intbrcrossbs 

WILO TVl** 


catoM 

(% o» yisld) 

mStltiaVTlOH 09 TYFSa AMONG f asOGiaMV 

rl X r5 

15 

4rl 

4r6 

2 rlr5 

rl X r7 

16 

9rl 

5r7 

0 rlr7 

rl X rl3 

15 

5rl 

3rl3 

4 rlrl3 

f4 X rl3 

6 

12 r4 

17rl3 

1 r4rl3 

r7 X rl3 

7 

7r7 

7rl3 

1 r7rl3 


f2 X r3 

3.3 

36 

47 r3 

3 r2r3 


r2 X rO 

3.4 

33 r2 

41 rO 

1 r2f6 


r3 X r6 

1.9 

03 r3 

23 rO 

1 r3r6 


4--f- X rlfS 

37 

2rl 

2r5 

GrlrS 


rlrS X rlrl.3 

0.0 

13 rlr5 

13 rlrl3 

2 rlr6rl3. 

2 rl 

r4r7 X r7rl.3 

0.0 

12 r4r7 

15 r7rl3 

3 f4r7fl3 

0f7 


The equality pf numbers of tlie two recombination- progeny, only sug- 
gested by the data of table 3, has been cohfirm^d on a statistically adequate 
scale for crosses betwera host-range and r mutants to be reported elsewhere. 

Multiple Factor Tests . — In an effort to learn something about the nature 
of the linkage, multiple factor crosses have been made. These are of three 
types. 

The first type consists of three factor crosses involving the loci rl, r4, and 
r7, the two latter being rather closely linked but probably independent of the 
first. If this is correct, one would expect the factor rl to distribute itself 
equally between the two types of virus resulting from the enchange of r4 
with respect to r7. The effect should be an equal segregation of wild type 
from the crosses rlr4 X r7 and rlr7 X r4, amounting in either case to about 
half that segregating in the cross r4 X r7. For the cross rl X r4r7, the 
yield of wild type should be nearly as large as that for r 1 X r7, owing to the 
linkage. The data shown in table 4 confirm these expectations very well. 
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TABLE 4 


Sborrgatxon of Wilp Type in Mitltiplb Factor Intercrosses 


CROM 

% WU.D TlfPR 

CROSS 

, % WH.D TYP* 

flf4 X r7 

1.4(3) 

r7rl8 X r4fl3 X r4r7 

0.16 (2) 

rlr7 X r4 

1.4(3) 

r4 X f 7 X fl3 

7.3 (1) 

rl X r4r7 

11 (2) 

f2r3 X f2r6 X r3r6 

0.02 (7) 

n X r7 

15 (4) 

r2 X r3 X f 3 

8.0 (2) 

r4rlZ X r7 

1.8(4) 

f2r3 X fO 

0.8 (7) 

r7rl3 X r4 

0.7 (3) 

r2r6 X f3 

0.3 (6) 

r4r7 X fl3 

5.0 (3) 

rBri) X r2 

1.4 (6) 

r4 X r\3 

6.3 (5) 

f2 X r3 

2.0 (6) 

r7 X rl3 

7.0 (8) 

f2 X r6 

2.4 (6) 

r4 X r7 

3.5 (9) 

r3 X ffi 

1.4 (7) 


The results shown are averages of the number of experiments indicated in parentheses. 
The 22 measurements, including all crosses r4 X f 13, f7 X rl3 and r4 X r7 made during 
several months, show a coefficient of variation of 20%. 


The second type of cross corresponds to the conventional three factor test 
for linkage order. We have used two sets of three factors all belonging to 
the class B. The sets include (r2, r3 and r6) and (rl3, r4 and r7), the 
former being more closely linked than the latter. The data for these 
crosses, also included in table 4, tend to place the factors in the order listed 
above, though the correspondence with expectations for random crossing 
over between linear structures is rather poor. The data for r2, r3 and r6, 
particularly, are compatible with the possibility that a crossover in one 
region tends to be accompanied by a second in the adjacent region . 

The third type of cross, suggested by analogous experiments with bacr 
teria,® was tried for the purpose of estimating the amo^t of repeated ex- 
change (i.e., exchange between recombination progeny and progeny of the 
parental types) taking place under the conditions of the experiments. The 
combinations used were such that segregation of wild type would require 
the interaction (simultaneous or successive) of three different mutants. 
The sets chosen were (r4rl3, f7rl3,r4f7) and (r2r3, r2r6, r3r6). In dif- 
ferent experiments, multiplicities of about three and five per bacterium of 
each of the three mutants of the set were tested, with similar results. The 
data for these crosses, and for the corresponding sets of three single mutants, 
are shown in table 4. It will be seen that repeated exchanges can be de- 
tected by this method; that they are less frequent for the more closely 
linked factors ; and that their number iS too small to be of quantitative im- 
portance in the linkage tests already described. 

It should be noted that repeated exchange of the type detected above 
should not have any effect in two factor crosses, Repeated exchange be- 
tween sister recombination progeny, if such arise, presents a more *serkms 
difficulty. Until effects from this cause can be evaluated , no great quanti- 
tative significance can be attached to the results of ihtercrosses- 
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Discussion . — Differences among the r mutants described in this paper 
indicate that there are anindefinite number of distinct loci controlling lysis 
inhibition in the bacterial virus T2H, The suggestion from the genetic 
data is that the mechanism of lysis-inhibition* may be exceedingly complex* 
On the other hand, the fact that identical mutants are not encountered 
shows that the different r mutations occur with similar frequency. This 
remarkable circumstance tnight be inter|>reted as an indication that the 
different mutations result from a single type of chemical change occurring 
at different points in the genetic material of the viral particle. If this were 
so, the different r mutants might represent alterations of the same biochemi- 
cal property. This argument must be qualified in view of our igtiorance of 
the number of possible r mutations. 

Tlie existence of suppressor mutations noted in this paj>er, and of inter- 
mediate mutant types,® complicates the system somewhat further. 

It is evident that the rather high frequency of r mutations, about 10"^ per 
viral duplication / is at least partly due to the large number of loci involved. 
It is probably not feasible to measure the stability of any given r locus. 
For this reason the test of equa^ rates of r mutation in wild type and in the 
identical phenotype obtained by reversion from r/ is of no value as a test of 
reversibility of mutation. The test by crossing with wild type, reported in 
this paper, shows tliat some reversions are not back mutations, but that 
most of them probably are. 

The situation described for the r mutants does not prevail among viral 
mutants in general. We have examined six independently arising host- 
range mutants of the phenotype,* which proved to be homologous in in- 
tercrosses. This locus can be assigned a position in the linkage class B how- 
ever, and it is for their usefulness in mapping that the r mutants are likely 
to prove most valuable. 

The linkage system itself we shall discuss only briefly, pending the com- 
pletion of experiments of another type. It is clear that the clases A and B 
are independent, or nearly so, and that some kind of linkage exists within 
the classes. Regarding the linkage structure, some of our data suggest 
linear orrangeTtient with crossing over, but others are somewhat contradic- 
tory. Among difficulties which cannot be discussed very intelligently at 
pr^nt, the necessity for reconciling our data with the results of Luria^ 
should be mentioned. It is probably necessary to add that the linkage 
system discerned in the virus may yet prove to have little in common with 
the more familiar links^e systems in cellular organisms. 

Different r tnutants of the virus T2H differ (a) in rate of 
spontaneous reversion to lysis-inhibiting types; (b) in the kind of reversion 
they undergo, either to a form genetically Hke, or to forms unlike, the wild 
type ; (c) in the amount of wild type they throw in intercrosses. With re- 
spect to (c) there are two independent linkage groups of distinct r loci. 
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Analysis of one of these groups by single and multiple factor intercrosses 
has failed to establish or refute the idea of crossing over between linear 
structures. The existence of some kind of linkage system conditioning 
segregation and reassortment of genetic factors among viral particles seems 
quite clear, but it remains to be learned whether reciprocal, or even ma- 
terial, exchanges are involved. 

* Aided by a grant from the United States Public Health Service. 

t On leave from the Institute Bacteriologico de Chile, Santiago, Chile. 
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A THEORY OF MINI MAX* 

By Max Shiffman 
New York Unwersity 

Communicated by S. Lefschetz, January 7, t948 

1. Variational analysis, or the theory of critical points, can be examined 
either analytically or topologically. To furnish the link between these 
two aspects, it is necessary to establish certain basic properties of the 
ftmctional in question beyond what is called for in the case of the pure 
minimum. Lower semi-continuity and compactness are adequate for 
minima . But precisely this semi-continuity, and not continuity, inrixxluces 
new questions in the more general case of minimax. A link between the 
analytic and the topologic is established if the functional can be shown 
to be reducible. This link is completed if it can be shown that the minimax 
type defined topologically is equal to the mimmax type defined analytically. 
Only when these facts are established is it possible to pass between the 
domains of analysis and of tojralogy. 

In the present note, we shall sketch a theory which does not separate 
these two basic questions, redudbility and type, but rather makes an 
organic unity of them (Theorem B). We discuss a single integral problem 
where the functional ranges over curves, but it win be dear that the theory 
is in principle applicable to problems involving surfaces or higher dimen- 
sional varieties. Indeed these latter proUems are the main motive and 



VoL. 34, 1948 


MATHEMATICS: M. SHIFTMAN 


97 


goal of the present work and will be considered in the detailed publication. 
2. Consider the variational problem for 

/[y] = fxTfix, y, y’)dx (i) 

with prescribed end-points y(jico) == 3/01 y{oc^ =*= yi^ Let y ^ (f>{x) be an 
extremal passing through these points. We shall suppose that / is suffi- 
ciently often differentiable in its arguments y, y' and that 

fv'Ax, y, P) >0 (2) 

for all y in a neighborhood of ip(^) and for all i.e., we suppose that (1) is 
a regular variational problem near y = The second variation of 

I[y] is 

mv] - [fvyv^ + (3) 

where the arguments in the terms involving/ are (x, Aix)) and where 

vM == n(^i) == 0. (4) 

The quadratic functional (3) subject to any normalizing condition, say 
y* ri^dx: — 1, has certain successive eigenvalues and the corresponding 
eigenfunctions. Select the first n of them, Xi, X2, ...» X„ and Uiix)^ 

...» Unixf, respectively, where n is chosen so that 

X«+i > 0. (5) 

The eigenfunctions w/jc) satisfy 

Utix^) = Ui{xi) = 0 ( 6 ) 

and are normalized so that 

yr Ui{x)uj{x)dx - his, (7) 

With these preliminaries, the following fundamental theorems of the 
theory can be stated (for Theorems 1, 2 a much weaker hypothesis than (2) 
can be made). 

Theorem 1. There is a family of functions 

y^Ax;cu..,,Cn) ( 8 ) 

depending on the n parameters Ci, . . - » < 1 ^ defined for sufficiently small 

absolute values of these parameters, which He in some neighborhood in the 
{x, y) plane of y ^ which reduces toy ^ for Ci ^ ... at «:„!== 
and which passes through the end-points (xo, yo), {xu yi)> For any curve 
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y «= y{x) passing through the end-points and lying in this neighborhood of 
y « <p(x), determine the values of Cu ,, Cnby 

'4 

y’r b(*) - <f>{x)]Ui(x)dx = Ci, * « 1, « (9) 

Then 

C)]. ' (10) 

Theorem 2. For the family pix; c) we have 

II^(X c)]; « IW{X)] + £?., f (11) 


where the remainder term r is estimated by 



Cl® + . . ‘ + Cf? 


^ 0 as Cl, Q 


uniformly in Ci, . . . , Cn. 

Theorem 3. Make the additional assumption that there are positive 
numbers A, M such that 


Mx, y, P) 


\pfy'{x, y, P) 


g M for all \p\ ^ A 


( 12 ) 


and for all (x, y) in a neighborhood of y ^ tp(x). Consider the quantity 

lit) = I[<pix; c) + «{>>(») - <pix; c ) } ] (13) 

as a function of t in 0 ^ t S 1, where Ci, are determined from (9), 

Then 


dm i m-ijo) 

dt ^2 t. 


and 

m g j(o) + <’^‘i/(i) - 1(0)}. 

3. To prove Theorems 1, 2, consider the problem of mininitr. i«ig /[y(*) ] 
among curves passing through (*o, yo), («i, yi) and satirfying the side condi- 
tions (9) for fixed but small values of ci, . . Cn. The extremals of this new 
variational problem are solutions of 

~ ^ - Tii ^ tnMx ) “0 (14) 

where are constant Lt^range multipliers, and they must also 

satisfy j^). Let . 

Y{x,b,ui, (15) 
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be solutions of (14) with initial conditions 

K(«o, b, m) *= 

6, m) ** & + S?-! (16) 

A particular solution of (14), (16) with /ui » ... « 0 and b » <p^{xo) 

is fp{x). 

We establish first that 

Y^lx, <p'{x^), 0) = “ «,(»), (17) 

Then insert (15) for y{x) in (9) and consider the resulting equations as n 
equations for the determination of • • - , in terms of b, Cu > ^ Cn* 
For b = C] = , , . = Ctt = 0, a solution of these equations is mi 

. . . =» M« » 0. By virtue of (17), we prove that the Jacobean of these 
equations, evaluated for b « ^'(^o), Ci — ... « = 0, is 0. Therefore 

we can solve the equations for in terms of b, Ci, . . . , Cn for b 

sufficiently near <p*ixo) and Cu . . , Cn sufficiently small in absolute value. 
Substituting in (15) gives a function 

Z{x, b,Cu . . Cn) (18) 

which is an extremal and satisfies (9). 

We establish now that the equation 

2ixu b, c) « yi 

has a unique solution for b in terms of ci, . . . , Cn for sufficiently small values 
of these parameters. Substituting in (18) gives the final function 

y ^ <p{x; Cu (19) 

which is an extremal, passes through the given points and satisfies (9), 

For the extremal (19), the second variation of the new variational 
problem is 

(20) 

with 

72,*' ij«, (»)(/* =0, (21) 

and (4). The bar over the quantities involving/in (20) indicate that the 
argument Is (*, c), ip'(x; c)). The quadratic functional (3) subject 

to (21) and (4) is positive definite, and has a value X,+, J'^*dx. Since 
c) and (p'(«; c) are near <?(*), ^'(*), the second variation (20) subject 
to (21) and (4) is also positive definite. The positive-definiteness of the 
second variation implies that the extremal (16) can be imbedded in a 



1(X) 


MA 7'HEMA TICS: M. SHIFFMA N 


Proc, N. a. S. 


suitable field of extremals. Furthermore, by virtue of the condition (2) 
and the fact that the side conditions (9) do not involve the Weierstrass 
E“function for this variational problem is positive. Therefore (19) 
actually minimizes, and this proves Theorem 1. 

Theorem 2 follows from the method of determination of <p{x; c). For 
we prove that 

iPcj(x; 0, . . 0) == uj(x), 
and this will yield Theorem 2. 

Incidentally in (16) we tacitly assumed that none of the \i are zero. If 
some Xi = 0> a suitable modification of (16) can be made. 

4. To prove Theorem 3, consider the integral 

^ iix, o:')dx ■ ( 22 ) 

where 

g(x, CO, co') = 0}fy{x, fp(x; c) + <p'{x; c) + w') 

<p(x; c) + < 0 , <p\x; c) + <o') (23) 

^ix;c) + CO, ^'(x;c) + w') 

and where co(a:) is subject to the side conditions 

wUi(x)dx « 0 , i - u . . . , « ( 24 ) 

and the end conditions 

co(^co) - 0>{xi) - 0. (25) 

The variational problem for /[w] subject to (24), (25), which we shall call 
problem J, has as Euler equation 

d 

^ g«' - £?- 1 « 0. (26) 

But for the curve « = 0, we have 

Su “ */ Su' “ V s/k' 

where the bar over the / indicates that the argument is (*, -^(x; c), v'{x; 
c)). Since c) satisfies (14) for suitable values of m, . . tht, it follows 
that w(«) s 0 satisfies (26) for these constants ni, . . . , M* and so 

u{x) 8E 0 (27) 

is an extremal for problem J. 

Evaluating for the extremal (27), we have 

««'»' “ V»/»v > 0* (28) 

The second variation of J is likewise */» the expression (20), with 
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side conditions (21)* The extremal can therefore be imbedded in a field 
of extremals for the problem J. 

The Weierstrass E-function 

E = gix, u, <t) — g{x, ft), ft)') — («r — ft)')g„'(*, ft), ft)') (29) 

for w, w' in the field, and tr arbitrary, can be shown to be positive in a 
sufficiently small neighborhood of (27). For from (28), there is a constant 
a such that £ > 0 for |(rj ^ a (and <r 5^ wO- By virtue of (2) and (12), 
there is a constant B such that E > 0 for |<r) ^ JS. Finally, in the range 
Cl ^ |cr| g jB we can make £ > 0. In all three cases, sufficiently small 
neighborhoods of (27) in the field must be taken, This establishes the fact 
. that (27) actually minimizes /[w] in the final neighborhood selected. 
Hence 

J[o>{x)] ^ -Va/[^(^; r)]. ' (30) 

Consider the quantity I(i) defined in (13). We have 

( 31 ) 


where 




Inequality (30) yields 


dl{i) 

dt 



This is the first inequality of Theorem 3. The second inequality is an 
immediate consequence of the first. 

5. Theorem 3 can be formulated as a fundamental deformation 
theorem which establishes the reducibility of I\y] and the characterization 
of the minimax type of the extremal y = (pix). Select n so that Xn+i is 
the first positive eigenvalue. There is a neighborhood of y — <p{x) such 
that any curve y{x) in this neighborhood can be deformed into <p{x; c) 
in such a way that the functional I\y] always decreases, and at a rate 
given in a uniform way in Theorem 3. The end family ^{x; c) is an n- 
parametric family for which Theorem 2 holds. This proves reducibility 
and at the same time shows, in case none of the are zero, that the topo- 
logic type of minimax is exactly equal to the number of negative eigen- 
values of the associated boundary value problem (6), 

* Dedicated to Richard Courant on his 60th birthday. 
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ON ALL OF MERSENNE'S NUMBERS PARTICULARLY Mm 

By H. S. Uhler 
Vale Univbrsity 

Communicated by F, D. Murnaghan, January 15, 1948 

On November 27, 1947, the author finished investigating* by application 
of the Lucasian sequence 4, 14, 194, 37634, the factorizability of 
Mersenne^s number Mm == -- 1 « 1255 42034 70773 36152 76715 

78846 41533 28322 04710 88892 80690 25791. The 192nd residue had the 
value 542 45701 25193 90814 13211 43009 56802 04633 04970 79432 42801 
51282 which, being non-zero, shows^ that Mm is composite in character. 
A sufficiently detailed account of the procedure followed and of the under- 
lying basic theorem may be found in the author’s first paper ^ on JNIersenne’s 
numbers. Suffice it to record two facts. After the date given above the 
data of the entire set of original work-strips were checked for the third 
time with an auxiliary modulus in conformity with the condition (J/utg* + 

^ 2) ^ y^--i®(mod 10^ + 1), where g and r denote ‘’quotient” and 
“remainder,” respectively. The approximation to the reciprocal of 
Mm used in the latest work had the value 0. (58 zeros) 79654 59555 66226 
13851 44401 98883 85590 27955 52277 59630 93930 37006 37523 90143 
41987 11093 10854 40700 94876 19334 41734 25085 25958 34273 96290 
7' • • . The check multiplication gave (Mm)i^/Mm)a ^ 1 + 198 X 10^^*^. 

With regard to the 55 numbers of the form 2^—1 (where is a jirime 
not exceeding 257) considered by Mersenne, the following brief report on 
recent progress made in their study and the present state of our knowledge 
may be timely because of its definitive character. In the year 1935 there 
remained® six Mersenne numbers which had not been investigated with 
respect to their prime or composite properties. Tliese corresponded to 
p « 157, 167, 193, mi 227 and 229. 

In leisure hours the present writer began the investigation of Mm iU 
the spring of the year 1944 and finished the entire set with Mm on the 
date given above. These Mp^ were taken up in random order in the 
vain hope of discovering a prime number greater than 2^^ — 1. Mote 
specifically the final residues for Mivt Mm* Mm and Mtti were ob- 
tained, respectively, on Aug. 11, 1944j,»L)cc. 2, 1944, Feb. 9, 1946, July 27/ 

1946, and June 4, 1947. (The manuscript on Mm was accepted for pub- 
lication in the Bulletin of the Amerimn Mathematical Somty on July 17, 

1947. ) Since all six Af/s were found to be composite the earlier status of 
Mersenne's remarks has not been changed but a lacuna in our knowledge 
has been filled. The next extremely difficult step will consist in the dis- 
covery of all of the as yet unknown factors of Mer^nne's numbers. 

Mersenne said* that the only values of p not greater than 257 which 
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make Mp prime are 2, 3, 5, 7, 13, 17, 19, 31, 67, 187 and 257. Comparison 
of this list with the correct data recorded in the top line of the table pre- 
sented below shows that Mersenne made five mistakes, p «» 67 and 257 
do not yield prime values for Mp, and p « 61, 89 and 107 were not included 
in his list of special primes. 

With reference to explicit factoring, attention should be called to a 
valuable paper* by Professor D. H. Lehmer entitled "On the Factors of 
2” 1.” His investigations on 76 numbers unveiled eleven factors 

which fall within Mersenne’s range. Incidentally two of his new factors 
confirmed the present writer's final residues for Mm and 


p 

2. 3, 6, 7, 13, 17, 10, 31, 61. m, 107, 127 
11, 23, 20, 37. 41, 43, 47, 53, 50, 07, 71. 73, 79, 113 
151, m, 173, 179. 181, 223, 2:13. 239. 251 
a3,97, 131, 167, 101. 197,211,220 
101, 103, 109, 137, 139, 149, 157, 193. 190,227.241, 
257 


CHARACtBM OV Mp 

Prime 

Composite and fully factored 
Two or more prime factors found 
Only one prime factor known 
Composite but no factor known 


1 Lehmer, D, H.. Jour, London Math. Soc., 9-10, 162-165 (1034-1035). 
» Uhler, H. S., Proc. Nat. Acad. 5<i., 30, 314-316 (10-14). 

* Archibald, R. C., Scripta MaUumatica^ 3, 112-110 (1035). 
*Uhmer. D. H., Bull. Amer. Math. Soc.. 53, 164-167 (1947). 


NEW TYPES OF CONGRUENCES INVOLVING BERNOULLI 
NUMBERS AND FERMAT’S QUOTIENT 

By H. S. Vandivbr 

Dbfartmbnt of Afflied Mathematics, University of Tbxas 
Communicated January 17, 1948 
In another paper* the writer gave the relation 

M + i)" - Z ([) (-ir-‘ r > n; (1) 

where we define the Bernoulli numbers 6. by means of the recursion formula 
(b + 1)" =<• 6»: » > 1, the left>hand memter being expanded in full and b, 
substituted for b*, and the left-hand member of (1) is interpreted in the 
same way; 

5«(w, k, o) *« 51 + W"/ 0® >■ 1, 

4“0 

m and k are any Integers with m 0, In the present paper we shall employ 
(1) as well as other known relations to obtain various congruences. The 
results proved seem to be (&), (6b), (7) and (20). 
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By the well-known Bernoulli summation formula we also have 

{b -f k)” = nSn-x{k) + b„ (2) 

where 

5,_:(*) = S,_i(l,0.A)., 

Set in (1), r = — 1 we have, iin< p — 1,p being an odd prime, 


{mb + = 2 (‘ 

0-1 \ 

P ( 2\a~l*S'n(Wi kf (l) 

a J ^ a ' 

(a) 

» 

It is known that 




s (-l)‘'(mod p). 

■ (3a) 

so that from (8) we obtain 



{mb 4- k)- s 

a«l ^ 

(4) 


For a particular a = i, tlie corresponding term on the right may be written 
_ ^” + (^ + w)" -I- ■ . ■ -f (t - l)w)" ^ ^ 

imi i 

Now collect the terms in the right-hand member of (4) involving each 
particular nth power, we find • 

c - (* + „sr + ■ ■ ■ + jr --{)• 


But also 
, ■ ' 


1 


+ 2 + • • • + ^ITi ^ 1 + 2'“® +••• + (/>- 1)^“^ ^ 0 (mod P), 

(4a) 

since p is odd. The last result gives 

’0 


\s -f 1 j ■+ 


+ 2+ 


‘ + I+-+? 


SO that (4) may be written, w < ^ — 1, 


^-3 


{mb + kY ^ 21) {tna + ^)”i?a(mod p)^ 

ami 


( 5 ) 


i?« » 1 + rt + • • • + ^'4 

^ a 


where 
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For = 0, w «= 1, this becomes 


^ S <3t^i?a(n30d p), 

a**l 


(5a) 


Also, (5) gives for g any integer, 0 < g < />, for + ife 5^ 0 (mod />), 
^jl{mg + k)-''^^'\mb + kT 

(nta 4- kritng + 

a <*• 1 n *“ 0 

+ tr- K + E's.i^+ 


a- 1 


m{a - g) 


or 


/.-2 


E («*« + kr'‘-^‘’-\mb + hT ^ -(mg + k)*-^R,. (5b) 

« -0 


modulo pf by Fermat’s theorem, provided mg + k ^ 0 (mod p). For 
w » 1, ^ = 0 this reduces to 


E ^ -R,{mod p), 

«»0 

(6) 

which for g ~ 1 becomes^ 


bti + bi + . . , 4* bp^z 2 SE — 1 (mod p). 

(6a) 

Taking the relation (5a) for « = 0, 1, — 2 in turn introducing 

powers of the integers w, prime to />, similarly to the procedure in the proof 
of (5b) we obtain 

J2 g^'^tn'^bn ^ -i?a(mod p). 

(6b) 

where am (mod p); a < />. 

Now take (5a) again and let » 1 + cw and put «, » + c, . . 
{m — l)c, in turn in this congruence, and add, we obtain if n < c 

., « + 

w*-l 

E) 6n+<c m E>’’‘^r(®od ^), 

imO r 

(7) 

where r ranges over the distinct solutions in the set 1, 2, . , p — 1 of 
x” m 1 (mod p). The relation (7) has a type of angdogy with the relation* 

btc4^n 

(8) 
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with c and n even. Set fxu ^ k/m (mod />) ; 0 < /4 a < />, Then 

(mb + k)” = = m”(b + m*)" 

s + 1"~* + ... + (m* ~ (mod p), 

on applying (2), This gives 

— — ^ ^ »n"(0"-‘ + 1"“* + . . . + (m* - 1)“'*). 

n 

modulo p, vSetting « « 1, 2, — 1. in turn we obtain by adding* 

since 


1 + (tna) + {tmy + . . • + (ma) 
unless wu — 1 3s 0 (mod p), 




(ma)^"^ - 1 
ma ““ 1 


(mod p), 


2j ^ ! — ■; ^ ^ w or 0 (mod p), 

i»i 


( 9 ) 


according as nx ^ At* or fix < ix^. In particular the right-hand member is 
m if ^ = 1. Using the known relations, 

Snip) ^ />6«(mod p)^ 

0 < g < pt th^ first congruence following involving p terms on thjp left, we 
have 

+ 1 + 1 + ... + 1 ) ^ pbt^^~^ (mod p*), 

g^-®(l 4- 2 + . , . + p -- I) za p6,g^~*(mod p*), 


1*~® + . . . + (p - 1)^ ® aa pb,^t(mod p*), 
and we obtain by addition 




Pg'' ^ ^ - — — ~ p?^ (mod p*), 

g 


«-i a — g 


employing (6), and if we write, with (a, p) * 1, 


S(o) 


then the above gives 


+ gg( gl ^ g(g> * --^(mod p). 


«•.! a — g 

ef*l ‘ 
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Now modulo p, 


+ E 


«(«) 




= E* - g(g)g^-^ + 


using 


hence - 


a»i a ^ £ 0-ia “• e a«i a — e 

a9*t * apifi ^ 


E S 53 (a - g)^"® ES g*- *(mod p), 

a- la — g a- 1 


I ”• g( g) ^ g(^) 


a« 1 a - g 


g 


(mod p). 


which for g = 1 gives 


^ Y' 


0-2 a — 1 


— 2(mod />). 


(9a) 


We now obtain another formula related to (.^b). Employing* (relation 

( 4 )) 

(6(ot, k) + - bn+i(m, k) = m(« + 


and setting « = ^ — 2, we have after employing (3a), 

E (— l)*Mw, ^ 

imQ 

modulo p, where {mb + kY “ b,{m, k). 


We shall now modify some of the ideas in a certain proof* of (8) to 
obtain new types of congruences involving the Bernoulli numbers and 
Fermat's quotient. We have* 


(1 -• m*)bn 

flfn 


— 1 {kp/m\ 

« E E t“~*(mod p), 

*-a •-! 


( 10 ) 


where [*] is the greatest integer in «, m > 1, n > 1, (m, ^) »« 1. For 
M ■« 1 we shall now show that 

w - 1 [*>A] 

{m — l)fti M E E ^"'"‘(niod p). 

k-i <-i 

We have .for (k, m) •• 1, (m, p) ■= 1. 

i» r* + »« 0<r»<w. 


(10a) 
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Set A I, 2, 3, . . . , m — I in turn and add we have since pki ^ pkii(mod m) 

only if kx ^ k% and therefore the r’s range in some order over 1 , 2 , . . 
w — 1, 

m — 1 1 


m 


fct'i L w ^ 


^ m s 0 (mod p). 


or 


fe - 1 L w J 


(w — 1) (mod p). 


Now take (10) with (10a), put n ^ 1, 2, . . . , p “* 1, in turn and add, after 
multiplying each relation in tuni by we find 

(S - 1) + gV--, ^ 


m' 


Jp^X 


2 


5 «* 2 


sm' 


-g^~^ a(£,m){mod p), (11) 

since in (10) and (10a) when we add we have on the right 

m — l ipk/fti] 

Z Z + iY-* + ■■■+ 

i-l 

or, if 0 < g < pt 

m-I [kp/m\ ’p^l p--\ 

*-i t~g 

where g^”*^ occurs a{g, m) times in the right-hand member of (10) and 
(10a). Now (11) is satisfied identically for w — L It may also be 
written 

2m j-a 5 

gp-s 

- «(!-, m) (mod p) (11a) 

fit 

Set g=» l,m = 1,2, p — 1 and add, we have, since for m < p, that 
a(l, m) »s m — 1, - 


{Sv-\.{p) — p + l)6p-i + E ~ ^ 0 (mod p), 

1 S 


( 12 ) 


since 


Syiip) HE 0 (mod p) 
iot a < p — 1. Now we can write 

St-lip) s ^J,_i(mod p'). 


( 13 ) 
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Using (13) and pbp-i s — l(raod p), together with* 

bp^i ss 1 + —- ----(mod p), 

P 

we obtain the known* formula 

'z - ^ W(mod p), (14) 

where M^is the Wilson quotient 

(P - 1) 1 + 1 , 

On using this in connection with (1 la) for m < p wc have another known® 
result 

-g(w) + XI “c l^(mod p). (15) 

1 sm 

Multiplying this last congruence through by a* gives,® if t is in the range 
1,2, 3, ...,p -- 2, 

XI afq{a) mB — -*(inod p). (16) 

' a*« 1 t 

The relation (15) is an analogous theorem to (6). If w > 1, (m, />) = 1, 
p prime and odd, then it is known that’ 

(w l)&n y — 1 /«'~l(p)/ j /1'7^ 

is X ('-'!) : “'>(mod p) (17) 

w 1 — p 

where 

/*(*) » 0* + + 2**» +... + (/> - 1)V~‘ 


with 0® *» 1. In this relation set n = 2, 3, . . . , ^ — 1, together with the 
relation 


0 mr 


,, p + p» + ... +p^ 


and add these p — I congruences, we obtain, if r < p, the symbol Z' 
indicating summation over all the distinct wth roots of unity excepting 
unity, • 
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__ i\ r p-l jf-l _ 

r yp ^ i)p ^ ^ f 

1 — #i«-i 5i — r 

^y“V 


-E'V“. 

— 1 

modulo p, so we obtain, if we set 


(1 - P*) 


. i3(ot, ») “ 


for iw > 1, 0 < r < p, 


*g(w) + YL ^ ^ i^(w. r)(mod />). (18) 

„^2 W 


But by (15) we also have 


/>-*2 p-a-»t 

$(r) + E ^ ^ ^^(niod p). 

m -2 n 


Now (Is) may be written 


r t?n tn T Ofi ^*-2 


«**2 n«»2 ” 


ss r), 


modulo p, which with (19) gives, if w > 1, 0 < r < />, 


,P*“2 P-2 

i Ti/ m r t>n 


•qifn) + q{r) + ^ W - Z 

A z, w 2 ^ 


! r), (20) 


modulo For r =» 1 in particular this takes the form 

-9{m) + W + l-Z^ ^ p{m. 1). (21) 

Note that there is a certain type of analogy between (6b) and (20) with 
bn corresponding to bn/n. 


‘ Duke Math. Jour., 8, 576 (1941). 

* This relation is certainly one of the simplest the author has ever noted concerning the 
Bernoulli numbers* I have failed to find it in the literature, but do not imagine it 
could be new. Another proof may be obtaihed of it by the use of (2) by setting n «» 
p — h and A » p — 1 therein; 

* These Proceedings, 31, 69, 312-314 (1946). 

* Annals Math., 1$, 114 (1917); Duke Math. Jour., 3, 671, relation (7) (1937). 

* This relation is well known; for a recent proof, cf*, Vandiver , I>«Ae Math. Jour., 6, 
578 (1941). 

« Lerch, Math. Annalen^ 60, 471-490 (1905); Nielsen, Ovmigt Danske Vidensk, Selsk, 
Porfklnd^^ng<^^ 519, 177-180 tm^ 

^ Included in a result due to Frobenius, Berlin SitsungsherUhte, 827 (1910). The 
latter theorem was generalized by Vandiver, Trdns. Amer, Math. Sac,, 51, 615 (1942). 
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CRITICAL POINTS OF HARMONIC FUNCTIONS AS POSITIONS 
OF EQUILIBRIUM IN A FIELD OF FORCE 

By J. L, Walsh 

Department of MATHBMAtics, Harvard University 
CotniDunicated January 29. 1948 

The first mechanical interpretation of the critical points {zeros of the 
derivative) of a polynomial p(z) is due to Gauss, ^ who showed that the 
critical points not multiple zeros of p{z) are the positions of equilibrium in 
the field of force due to unit particles situated at the zeros of ^(s), where 
each particle repels with a force equal to the mass divided by the distance. 
B6cher (1904) showed that the zeros of the Jacobian of two binary forms 
and of certain other algebraic invariants can be expressed as the positions 
of equilibrium in a similar field of force due to positive and negative particles 
situated at the zeros of the ground forms. BAcher’s results can be applied 
in the study of the critical points of rational functions. 

A given harmonic function can frequently be expressed as the uniform 
limit of the logarithm of the modulus of a variable polynomial or more 
general rational function; the critical points of the harmonic function are 
the limits of those of the rational functions; the present writer (1933 and 
later) has thus applied the extensive theory of the location of the critical 
points of a rational function to the study of the critical points of a harmonic 
function. It is the object of the present note to show that the latter critical 
points can be conveniently and effectively studied directly as positions 
of equilibrium in a suitably chosen field of force, due to matter spread over 
Jordan curves or other point sets. The advantages of the present method 
are a closer analogy between the theory for hannouic functions and that 
for rational functions, mth simpler proofs and stronger theorems, and 
in addition a systematic method for the enumeration of critical points of 
harmonic functions. We include also the means for studying various new 
harmonic functions. 

A finite critical point of an analytic function f{z) is a zero of the derivative 
/'(e); the order of the critical point is the order of the zero of/'( 2 ). The 
point at infinity is a critical point of an analytic function /(s), and of order 
A, if E » 0 is a critical point of /(1/e), and of order k . If /(e) has a pole at 
infinity, that point is not a critical point; if /(e) is analjrtic there, the point 
at infinity is a critical potot of order k if and only if f{z) has a zero there 
of ofder + 2. A point z « yc iy is a critical point of a harmonic func- 
tion «(X| y)i and of order k, if it is a critical point of the analytic function 
u 4- where r is conjugate to and of order k. 

We 5 fhall consider critical points as positions of equilibrium in a field 
where the force is the conjugate of the derivative /'( e) of an analytic func- 
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tion/(«). Corresponding to the convention just introduced, we consider 
the point at infinity to be a position of equilibrium if and only if it is a 
critical point of/(j5). 

1. We use the term Jordan configuration (of the extended plane) to 
denote either a continuum composed of a finite number of Jordan arcs or 
a finite number of such continua, mutually disjoint. Various integrals of 
potential theory representing a harmonic function u{Xy y) in a region R 
may be taken over the boimdary B of J? if 5 is a finite Jordan configuration ; 
ordinarily such an integral is first taken over a level locus L with no multiple 
points, say u(xy y) *= const interior to i?, and on L involves (du/dv)ds ^ 
—dvt where v{Xy y) is conjugate (locally single valued) to u{Xy y) in R, 
and V represents interior normal. If u{Xy y) is constant on a Jordan 
configuration J belonging to By by allowing L to approach J the corre- 
sponding integral can perhaps be taken over J itself, on which v{xy y) is 
continuous. Theorems 1, 5 and 11 below are all proved by this method 
from the formula 

u{x, y) * ^ ds, (x, y) in R. (1) 

after making suitable simplifications. 

Theorem 1. Let the boundary B of an infinite region R be a finite Jordan 
configuration, and let G(Xy y) be Green* s function for R with pole at infinity. 
Then we have 

Gix, ;y) = 7 b log r dff 4- g, 0 S <r S 1, 

where da ■= —dH/2T on B, J^da <= 1, H(x, y) is conjugate to G(x, y) in R, 

and g is a constant. 

The function 

H{x, y) ^ Jl arg (« - t)da{t), 2 = x + ty, 
is conjugate to G{Xy y) in R, locally single valuedy and the function 
F{£) ^ G{x, y) + mix, y) - y, log (« - t)dait) + g 
is analytic in R, 

The critical points of G{x, y) in R are the zeros in R of the analytic function 



and thus are the positions of equilibrium in the field of force due to the spread 
a of positive matter on B, where the matter repds with a force proportional to 
the mass and inversely proportional to the distance. 

The last part of Theorem 1 follows by taking the conjugate of ^'(a), for 
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the vector 1/(1 “ t) represents the force at s due to a particle of unit mass 
at 

Consideration of the direction of the field of force leads to an analog 
of Lucas' Theorem : 

Theorem 2. Under the conditions of Theorem 1, all critical points of 
G{x, y) in R lie in the smallest convex point set n containing B, No boundary 
point z^ofUinR is a critical point ofG(x, y) unless B lies on a line through zo. 

The latter part of Theorem 2 is difficult if not impossible to prove by 
previously published methods, as is the latter part of Theorem 3 below. 

2, If in Theorem 1 the boundary 5 is symmetric in the axis of reals, 
the element of mass do is equal at symmetric points of B, The integral 
expressing F'(s) can be taken over one half of iJ, using a suitable con- 
vention for any part of B that may lie on the axis, with the integrand 


If z is not real and lies exterior to the Jensen circle constructed on the 
segment (/, 1) as diameter, the conjugate of (2) is the force at z due to 
unit particles at / and Z, and whether or not t is real has a non-zero vertical 
component directed away from the axis; we have the first part of 

Theorem 3. Under the conditions of Theorem I, let B be symmetric in 
the axis of reals, and let Jensen circles be constructed with diameters the segments 
joining all pairs of symmetric points of B. Then all critical points of G{x, y) 
in R lie in the closed interiors of these Jensen circles. 

A critiml point 2o in R not interior to a Jensen circle cannot lie on such a 
circle unless it lies on all Jensen circles for B, that is to say, unless B lies 
wholly on the equilateral hyperbola with vertices Zo and zo* 

The latter part of Theorem 3 follows from the fact that a point z on the 
Jensen circle for t and I, the force represented by the conjugate of (2) is 
horizontal. 

At any point So Xq + fyo of R not a critical point, the force in the field 
described in Theorem 1 is orthogonal to the locus G(x, y) = G(xo, yo) ; for 
if we compute dF/dz, where ds » < dv{\e\ » 1) is taken in the direction 
of the normal to this locus in the sense of increasing G, we have dF/dz “ 
{dG/i>v)/f, bG/dp > 0, bH/dv 0, whence arg [P'(z)] « —arg so the 
direction of the force is that of p; the conjugate of F'(s) is the gradient of 
G. This remark obviously applies generally to the^field defined by the 
conjugate of an analytic function F'(s), where F ^ G + iH. 

By study of the variation in the direction of the force as z traces a level 
locus near B, and also traces a suitably chosen auxiliary Jordan curve in 
R containing K, we study the variation of arg [F'(s)] on these curves, 
and obtain 

THttORBM 4. Under the conditions of Theorem Ski K be a configuration 
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consisting of a segment a ^ z ^13 plus the closed interiors hf ail Jensen circles 
intersecting that segment. Let a and lie in R and not be critical points of 
G{x^ y). Let K contain k components of B, Then K contains k — It k, 
or k + 1 critical points of G in R according as the forces at a and p are both 
directed ouhvardt one outward and one inwardt or both directed inward, 

3. For forces of the kind described, we prove the 

Lemma. The force at a point P due to a distribution of positive matter 
in a circular region C not containing P is equal to the force at P due to the 
same total mass concentrated at a suitably chosen point of C, 

A circular region is the closed interior or exterior of a circle, or a half- 
plane. 

This Lemma may be proved by inversion in P; the force at P due to a 
particle at Q is in magnitude, direction and sense the vector Q'P, where 
Q' is the inverse of Q; the proposition is equivalent to the fact that if a 
distribution of positive mass lies in the closed interior of a given circle, 
so does its center of gravity. This Lemma enables us to prove many 
further results, here omitted, from Theorem 1. 

The method of proof of Theorem 1 als^3 yields 

Theorem 5. Let R be a region of the extended plane whose boundary B 
is finite and consists of disjoint Jordan configurations C and D, Let the 
function w(x, y) be harmonic in R, continuous on R + B, zero on C and unity 
on D, Then in R we have 

u{x,y) « S(!\ogrd<T- X)'^o%rda + u^, fide, (3) 

d<T ^ '-dvl2'K on Ct do ^ dv/2Tr on D, where Uo is a constant and v{x, y) is 
conjugate to «(x, y) in R. We also have 

v{x, y) ^ f c arg (z - t)do - arg (z - t)d<r, 
f{z} ^ u + iv ^ fc log (z - t)d<T - log {z - t)d(x + Uq. 

The finite critical points of u{x, y) in R are the finite zeros in R of 



Consequently the critical points of u(x, y) in R are precisely the positions 
of equilibrium in the field of force due to a spread o of positive matter on C 
and a spread of negative matter on P, where the matter repels with a force 
proportional to the mass and inversely to the distance. 

If R is finite the constant «« is zero or unity according as R is separated 
from the point at infinity by C or D; if R is infinite, wo 
As an analog of a theorem due to B6cher we prove 
Theorem 6 . Under the conditions of Theorem 5, lei C and D lie, re* 
spectivdy, %n disjoint circular repons S and T. Then all critical points of 
u{x, y) in R He in S and T, If C and D consisti respectively, of m and n 



VoL. 34, 1948 


MATHEMATICS: J. L, WALSH 


116 


components^ then S and T contain, respectivdy, m -- 1 and n -- 1 critical 
paints. 

At a point z exterior to S and T the force due to the positive mass on 
C is equal to the force at z due to the same mass concentrated at some point 
Qi of 5, by the I^mma» and the force at z due to the negative mass on D is 
equal to the force at z due to the same mass (numerically equal to the total 
positive mass) concentrated at a point Q% of T; the field due to these two 
masses at and Qz has as lines of force the circles through Qi and so 
the total force at z is not zero. Study of the variation in the direction of 
the force as z traces a circle separating 5 and T, and traces loci u(x, y) - e 
and 1 — € in R, where e is small but positive, completes the proof. 

4* In Theorems 5 and 6 the constant values zero and unity on C and D 
may be replaced by any other divStinct constant values; such a change 
may modify u(x, y) by an additive constant, which alters Uo in (3) but 
leaves (4) unchanged, and may modify u(x, y) by a multiplicative constant, 
which multiplies Wo, r(x, y), and hence da by this same constant, and 
leaves (3) and (4) formally unchanged ; even if the multiplicative constant 
is negative the conclusion of Theorem 5 persists. This remark will be 
useful in the proof of 

Theorem 7. Let u(x, y) be harfnonic in a region R bounded by a Jordan 
curve J and a Jordan configuration B disjoint from J, continuous i? + 
J + B, zero on J and unity on B. Let the region Ri bounded by J and 
containing R be provided with non-euclidean {NE) geometry by mapping 
Ri conformally onto the interior of a circle, and let IT be the srmllest NE 
convex set in Ri containing B. Then all critical points of u{x, y) in R lie 
in IT. 

We make the permissible assumption that J is the unit circle and that 
the origin is a point of R. We extend u{x, y) hannonically across J so 
that u(x, y) is harmonic in the region J?' bounded by B and the reflection 
B' of B in J; then ^Cx;, y) is continuous on i?' + B + B', equal to unity 
on B and minus unity on B', Both B and B' are finite. The values of 
da are equal in corresponding points of B and B', so the integral corre- 
sponding to (4) for R^ can be taken merely over B, with the integrand 


1 I 

« — f z — l/l* 


(5) 


The conjugate of (6) is the force at z due to unit positive and negative 
masses at t and 1/?, and this force has the direction of the circle through 
z, t and l/l, in the sense from t toward z. If s is a point of jf? exterior to 
n, there exists a NE line L through z disjoint from U, and each vector 
represented by the conjugate of (5) with / on B has a non-zero component 
oi^gonal to £ directed toward the side of L on which n does not lie. 
Thus z is not a lotion of equilibrium and Theorem 7 is established. It 
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follows also that no boundary |x>int of il is a critical point unless II reduces 
to a segment of a NE line. 

If jB in Theorem 7 is symmetric in a NE line L, there exist precise 
analogs of Theorems 3 and 4, where now the Jensen circles are to be taken 
a*s NE circles with NE centers on £. Still another related result is 

Tukokbm 8. Let w(.t, y) be harmonic in a region R bounded by a Jordan 
curve J and two Jordan configurations Bi and disjoint mutually and from 
Jy continuous on R J Bi + B%^ zero on J, unity on Bu minus unity on 
Bg. Let the region Ri bounded by J and containing R be provided with a 
NE geometry. If there exists a NE line L separating Bi and B% in i?, then 
the totality of such lines L separates a NE convex set Hi containing B\ from 
a NE convex set Ilg containing B%; all critical points of u(x, y) in R lie in 
III and Hg- 

5. For a region R we denote generically by G(s, Zo) Green's function 
with pole in 0o, and we study 

u{z) = Z \,G(Z, a,), X» > 0. ;(6) 

J 

Theorem 9. Let R he a Jordan region^ and let the points ai, ag, ...» 

of R lie in a smallest NE convex set 11. Then all critical points of u{z) 
defined by (6) also lie in Tl, 

Theorem 9 can be proved by remarking that for large positive M the 
level locus u(z) = M in R consists of m curves, one about each point an; 
Theorem 7 then applies; as M becomes infinite the smallest NE convex 
set containing the locus approaches H. 

In a similar manner, by considering the level loci u{z) — 'M and u{z) 

— M, there may be proved 

Theorem 10, Let R be a Jordan region, and let a\, . . fin 
be points of R which lie in two NE convex sets lIi and Ilg separated by every 
NE line separating the affront the j3*. Then all critical points of 

m n 

«(«) “ E XtG(z, a*) - £ m*G(2, /3*), X* > 0, M* > 0, (7) 

in R lie in 111 arul Ilg. 

The situation of Theorem 9 can be studied directly even under a more 
general hypothesis. In Theorem. 1 let «o be a finite point of JR; choose 
u{xy y) in (3) as G{z, Zo), with C as B and D as the locus G{z, Zo) « M, 
When M varies, v(Xf y) does not change, and we have do «= 1, so as M 
becomes infinite we obtain 

Gie, «o) - y; logV dcr - log Is - 8»1 + ««, s dff ^ I, 

F(z) - G(z, So) + ill(z, So) - y* log (z - t)d(r - log^ - ao) + «o, 
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F{z) 




1. 


Theorem 1 1 . Let R be a region bounded by a finite Jordan configuration 
Bt and let au . . a»i be finite points of R. Then the critical points of u{z) 
defined by ( 6 ) are the positicnis of equUihrium in afield offeree due to a sprexid 
cr of positive matter of total fnass SX* on B, and to negative particles of re- 
spective masses at the a*. 

One of many consequences of Theorem 11 is 

Theorem 12. Under the conditions of Theorem 11 let B lie in a ciretdar 
region S and the a* in a circular region T disjoint from S. Then all critical 
points of u{z) in R lie in S and T, 

6. As is well known, equation (1) expresses w(x, y) as the sum of a 
simple potential and a double layer potential; in any case we may write 
from (1) at least formally ^ 


u{x, y) 


m 


log r dv + 


1 


ud[aTg (s ~ /)] 


log r * + 1 1. org (. - 1)1. - iy": 


arg (z — t)du, 


— u + iv = 


J' log (z - t)dv ~ f" lo? (2 ~ 0]b + 

r ji- _ + -i r ' (s) 

JgZ — t 2r[.z — Ijb " ~ ^ 


The gradient of u{x, y) is the conjugate of f'(z), for which there is an 
obvious interpretation as a field of force due to spreads a and iu of matter 
over jB and particles at the end-points of B. Theorems 1, 5 and 11 reduce 
this general configuration to simpler manageable situations for suitable 
«(*, y), and those theorems by no means exhaust the possibilities. For 
instance, if u(x, y) has the constant value unity on an arc A: (a, 0) of B, 
the corresponding last two terms of (8) reduce to 


zi (■_!__ 

2ir Ls - 



( 9 ) 


the conjugate of (9) is a field of force due to skew particles at /3 and a, of 
inasses +1 and —1, respectively; these particles exert forces at z equal 
to tlje ihverse distance, in the directions arg (z — /9) + re/2 and arg (z — 
a) — v/2. The lines of force in this field are the circles of the coaxial 
family determined by a and /9 as null circles. Such fields of force may be 
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combined with similar ones, or with such fields as occur in Theorems 3, 
5 and 11, 

Moreover, if w(x, y) is harmonic interior to a circle C and is extended 
harmonically across an arc of C on which n(.v, y) vanishes, bu/bv has equal 
and opposite values on the two sides of the complementary arc of C, so 
over the latter arc the first part of the integral in (1) or (8) vanishes. 
Several results are consequences of these remarks : 

Theorem 13, Let the points ai, ft, a?, ft, ,..,««=« ao, fin «= ft He on 
the unit circle C: z ^ ^ in the counterclockwise order indicated, and let the 
function u{z) harmonic and hounded interior to C take a positive constant 
value ytt on each arc ak< 0 < d* cind the value zero on each arc ft < ^ < 

Let NE lines Aa, Ai, . . An-\ he so chosen that A k is an arc of a circle be- 
longing both to the coaxial family determined by a* and fikand to that determined 
by and dn-i. Then the NE^ convex set interior to C hounded by the Ak 
contains all critical points of u(z). 

These arcs Ajc are special cases of W-curves, which are of importance in 
the entire study of critical points, namely, the locus of points at which the 
forces due to two groups of particles have the same direction but opposite 
senses; the groups of particles (here the n groups a*, fik) have relations of 
equality of mass between the elements of a group, but between groups^ all 
possible relative masses of constant sign are considered. As in Theorem 
13, the W“Curves form the boundaries of regions necessarily containing the 
critical jKnnts. A double layer distribution on an arbitrary curve C is 
the limit of a double layer distribution piect‘wise constant on C as in 
Theorem 1 3 ; the lines of force for the original distribution are the circles 
normal to C, and the W-curves are the circles normal to C in two points 
plus the locus of points So from which two circles tangent at Zo and normal 
to C can be drawn. 

.Theorem 14. Lei R be a region bounded by the unit circle C and by a 
Jordan configuration B interior to C. Let the function u{x, y) be harmonic 
and bounded in R, continuous on R + B + C except in the end-points of an 
arc A of C, unity on B and the interior points of A, zero on the interior points 
of C A. Let II be a NE convex set containing B, and let the set Hi consist 
of n plus all points of arcs joining A and lli of circles of the coaxial family 
determined by the end-points of A as null circles* Then all critical points of 
u{x, y) in R lie in IIi. 

The conclusion of Theorem 14 applies also to an arbitrary linear combina- 
tion with positive coefficients of the two hannonic measures « (a, ^4, | z | < 1) 
and o}{z, B, R). 

Theorem 14 is a sharpened analog of Theorem 7; a similar sharpened 
analog of Theorem 8 also exists, and as in Theorem 13 we may replace a 
single arc of C by a sum of arcs of C; both positive and negative values of 
u{x, v) on B and C may be admitted* Indeed^ all the results formulated 
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in the present note are intended only as illustrations of an extensive theory 
which the writer plans to develop elsewhere. 

* For detailed references to the Uterature, the reader may consult a forthcoming 
book: Marden. M., Geometry of the Zeros of a Polynomial, to be published as a volume 
of Mathematical Surveys by the American Mathematical Society, 

• Equation (8) is Cauchy's integral formula for /'(»), involving an unusual term to 
include discontinuous y). 


SOMP: properties of rotational flow of a PPIRFECT 

GAS 

By P. NemSnyi and R. Prim 
Naval Ordnance Laboratory, White Oak, Maryland 
Communicated by S. Lefschetx, January 14, 1948 


i. Introduction . — Complete analytic solutions of definite boundary 
value problems of compressible rotational flow are extremely difficult to 
obtain. Therefore, in the present stage of study of rotational gas flow the 
inverse, or semi-inverse, approach promises to prove fruitful. We propose 
to deduce and to study flow patterns satisfying the differential equations 
of gas flow and having throughout the field certain prescribed geometric, 
kinematic or physical properties; but will not make them obey any pre- 
scribed boundary conditions. 

Usually entire systems of flow patterns, rather than individual solutions, 
result from this type of approach. If an imposed condition is proved not 
to be satisfied by any possible flow pattern, then this negative result is of 
significance, as it establishes a general property of all flows satisfying the 
equations of the problem. 

In various fields of fluid mechanics the semi-inverse approach has been 
used with considerable success. It is sufficient to recall the contributions 
of Beltrami, Massotti, Jeffreys, Hamel, Oseen, Kamp^ de Fdriet,^ Bateman 
and Tollmien.^ None of these investigations deals however with the rota- 
tional flow of a perfect gas. 

The reason for tliis is probably that such an investigation — unless re- 
stricted to cases of unifonn stagnation enthalpy— requires complicated 
and difficult eliminations if based on the familiar equations of the problem. 

In the recent investigations of Munk and Prim** ^ this elimination is 
accomphshed with complete generality as far as steady flow of a perfect 
gas is concerned. This makes the application of the semi-inverse ap- 
proach to rotational gas flow practicable. Therefore the results of Munk 
and Prim are used throughout the present paper. The present paper is 
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a general preliminary report on our investigations, parts of which will be 
published in detail elsewhere. 

2. Some Properties of the Plane Flow of a Perfect Gas . — A natural 
codrdinate system for the analysis of problems of plane fluid motion employs 
as coordinate curves the streamlines ({ = const) and tlieir orthogonal 
trajectories (t? — const). In this coordinate system the vorticity of the 
reduced velocity field is expressed by 

curl — — ' - {D 

gigs 

(gj di and g'>d7) are components of the vector element of arc length). 

The vorticity equation andthe continuity equation* take on the.following 
form : 


d ■ 

d In 

0) 

Hv. 

__ — — — = 0 

.1 — w- d? J 


[gl(l — 0. 

(3) 


These equations enable us to settle certain general questions coTicerning 
plane gas flows. 

We ask first under what conditions the velocity is constant along each 
streamline. Since the ultimate velocity is in every case constant along 
each streamline, our question is equivalent to asking under what conditions 
the reduced velocity is constant along each streamline. 

Introduction of the requirement w = w(£) into equations (2) and (3) 
yields the geometric conditions: 


2»_ln gi 




= 0 


or gi = c(J). 


An analysis of this geometric limitation leads to the following theorem : 

Theorem 1 . In plane steady flow of a perfect gas, in absence of an external 
field of mass force, the velocity magnitude can have a constant value along each 
streamline only if the streamlines are concentric circles or parallel straight lines. 

Obviously, in these cases in which w = const (and hence alst) v =* const) 
along each streamline, curl ® and curl v also have a constant magnitude 
along the same liftes. The question arises whether the converse theorem 
is also true, tliat is, whether the only two dimensional flow patterns possible 
in a perfect gas such that the streamlines are lines of equal vorticity are 
those in which they are also lines of equal velocity magnitude. 
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To vSettle this question we consider first flow with constant reduced 
vorticity magnitude along each streamline. Crocco s pressure theorem as 
reformulated^ for a general distribution of stagnation enthalpy requires 
that the pressure remaiti constant along each streamline if the reduced 
vorticity does s<^; that is, p — p{X). On the other hand, according to a 
familiar relation 


pod) 


(1 - 


(pi) denotes the stagnation pressure, which remains constant along each 
streamline between shock fronts). Hence I curl f{^) implies that 

U' must be also a functi<m of f alone. 

A very similar argumenl shows that if the lines of equal velocity magni- 
tude (isovels) and the lines -of equal vorticity (isocurls) of the reduced 
velocity field coincide, Hum they coincule also with the streamlines. 

Starting fnmi the vector identity 

curl V = curl ib + grad a(X) X 


we have transformed the above statements relating to the reduced velocity 
field into analogous statements concerning the actual velocity field and 
proved the follownng theorems: 

Theorkm 2. In plane steady fl^ow of a perfect gas^ in absence of an external 
field of mass forces, constant vorticity along each streamline implies constant 
velocity along the same lines. 

Theorem 3, In plane steady flow of a perfect gas^ in absence of an external 
field of mass forces, the coincidence of the isovels and live isocurh implies that 
they coincide also with the streamlines. 

Our three theorems prove that all flow fields having coincident isovels 
and streamlines, or coincident isoctirls and streamlines, or coincident 
isovels and isocurls are restricted to flows the streamlines of which are 
concentric circles or parallel straight lines. 

In a paper by R. Prim® the question is investigated whether the stream- 
line pattern can form, with its ortliogonal trajectories, an isotliennal net, 
that is a net in which gi = gs. The following theorem is established. 

Theorem 4. In plane steady flow of a perfect gas in absence of an external 
field of mass forces, the streamlines and their orthogonal trajectories can form 
an isothermal nM only if the streamlines are concentric circles, parallel straight 
lines or radial straight lines: the last case being possible only if the reduced 
velocity field is irrotatiomL 

It will be instructive to compare the geometric restrictions imposed by 
the above four conditions upon the pattern of gas flow with the corre- 
sponding restrictions imposed upon incompressible non-viscous and in- 
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compressible viscous flow. (For all three types of idealized fluids absence 
of an external field of moss forces is assumed.) 


Streamlines coin- 
cide with isovels 


Isocurls coincide 
with streamlines 


Isocn rls coincide 
with isovels 


Streamlines and 
their orthogonal 
trajectories form 
isothermal net 

(«i “ 


NON-Vl8COOa 

XKCOMFRKSSHiLB FLUID 
(*'IDBAL fluid") 

Streamlines concen- 
tric circles or 

parallel straight 
lines 

Any rotational plane 
flow has this 

I)roi>erty (Helm- 
holtz) 


Streamlines concen- 
tric circles or 
parallel straight 
lines 

(1) Any irrotational 
flow 

(2) Rotational flow 
only if streamlines 
concentric circles 
or parallel straight 
lines 


VISCOUS 

ikcomfrbssidlb fluid 
Answer is not 
known 


(1) Any flow which 
has a constant curl 
throughout the 
field 

(2) Streamlines con- 
centric circles or 
parallel straight 
lines .(Kamp^ de 
F6riet) 

Answer is not 
known 


(1) Any irrotational 
flow 

(2) Rotational flow 
only if streanilines 
logarithmic spirals 
or their limiting 
cases (concentric 
circles, radial 
straight lines, par- 
allel straight lines 
(Jeffreys, Hamel) 


FERFKCT OiLE 

Streamliner concen- 
tric circles or 

parallel straight 
lines 

Streamlines concen- 
tric circles or 

parallel straight 
lines 


Streamlines concen- 
tric circles or 
parallel straight 
lines 

(1) Irrotational flow : 
streamlines con- 
centric circles 
parallel straight 
lines or radial 
straight lines 

(2) Rotational flow: 
streamlines con- 
centric circles or 
parallel straight 
lines 


3. On Flow Fields for Whichf in 'a Cylindriail Isothermal Coordinate 
System All Three Velocity Components Depend Only on One Coordinate . — 
For irrotational, plane gas flow this question was investigated by Toll- 
mien,^ We have extended the study to rotational flow, at the same time 
allowing an additional velocity component parallel to the elements of the 
cylindric codrdinate surfaces. In one resi^ect, however, our investigation 
is less general than that of Tollmien: we have investigated only systems 
of such cylindrical coordinate surfaces which in the xy plane form an 
isothermal net, while Tollmien admitted orthogonal nets of any kind. 

The main result of the investigation can be summarized in the theorem: 

Theorem 5. The only isothermal cylindrical system of coordinates for 
which the reduced velocity components of any steady non-parallel flow of a ^ 
perfect gas^ in absence of an external field of mass forces, are functions of one 
of the isothermal coordinates only are formed by logarithmic spirals and their 
limiting cases. Thus the coordinate systems satisfying our kinematical 
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conditions are exactly the same as those found by Tollmien for plane 
potential flows. With reference to this spiral-cylindric coordinate system 
the differential equations can be reduced to a pair of ordinary non-linear 
differential equations of the first order. 

4, MassoUi Flow . — !Massotti sought incompressible, non-viscous flow 
patterns for which Vx = 0, and for which at the same time (curl 5), = 0. 

There is a wide variety of compressible flow patterns the reduced velocity 
vector of which satisfies the corresponding relations te, « 0 and (curl — 
0. We satisfy the latter equation by setting 


Ws « — ; 

ox 




i><t> 

dy 


Hence 



and the continuity equation takes on the form: 








dip dw- d^ 
dx dx dy 


d^n 

dyj 


Our vorticity equation, — J =-: o, is automatically satisfied 

as X curl iO is obviously perpendicular to the jc, y plane and equal to 

Hence the only condition imposed upon <p is the continuity equation 
which is identical with that of irrotational plane compressible flow. We 
can immediately see that a wide variety of Massotti flows can be built from 
families of plane irrotational flows in the following way. Assume <p{x, y, 
Cit , . . Cj,) is the potential of the reduced field of an n-parameter family 
of irrotational flows. Replace each of these parameters by an arbitrary 
function of z; the d thus obtained can be considered as the potential from 
which the x and y components of families of reduced velocity fields of the 
Massotti type can be derived. 

For example, we have based upon the simple irrotational Prandtl-Meyer 
flow a pseudo-plane rotational flow past a developable surface, 

5. Beltrami Flows and Other Investigations. — Beltrami’ was the first 
to investigate velocity fields which satisfy the condition v X curl v ^ 0. 
In recent memoranda** the present writers investigate flows of perfect 
gases wWch satisfy this relation (Beltrami Flow Proper). They found it 
frttitful to study also the broader family of flows for which X curl 0 
(Ocneralisised Beltrami Flow). 

Further semi-inverse investigations tinder way include the study of gas 
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flow pattenis for which all streamlines are straight lines or for which the 
hodograph space degenerates into a surface or a curve. In addition, the 
basis of these semi-inverse methods, the equations of Munk and Prim, are 
being generalized to include certain classes of non -steady flow and of com- 
pressible substances with a more general state equation. 

* Sec, for example, Berker, A. Ratib, “Sur quelqucs cas trintegration dcs equation du 
niouvement d’lin fluide visquenx incompressible/’ Paris et Lille, 1936. 

^ Sec Tolhiiicn, W., ”Zuin Pbergang von Unterschall — in Obcrschallstromungcn/* 
Z. f. Angeivandte Mathematik und Mcchanik^ 17, 117-136 (1937). 

* Munk. M. M., and Prim, R., “On the Multiplicity of Steady Gas Flows Having 
the Same Streamline Pattern/' Proc. Nat. Acad. Sci., 33, 137-141 (1047). 

^ Munk, M. M., and Prim, R., “On the Canonical Form of the Kquation.s of .Steady 
Motion of a Perfect Cias,” Naval Ordnance Laboratory Memorandum No. 0160 (June, 
1047). 

^ Prim, K., '‘Fxleusion of Crocco\s Theorems to Flows Having Non-Uniform Stagna- 
tion Knthalpy," Naval Ordnance Laboratory Memorandum No. 9286 (August, 1947); 
Phys. AVr„ Jan. 15. 1948. 

• Prim, R., “On the Kristence of Steady Cias Flow in Plane Isothermal Streamline 
Patterns/' Naval Ordnance Laboratory Memorandum No. 9267 (August, 1947); Bull. 
Anier. Math. Soc. (forthcoming). 

’ Beltrami, K., “Considerazioni idrodiuamiche,'' Rendiconli Jstituto Lombardo, 22, 
121-130 (1889). 

* Neinenyi, P., and Prim, R., "Some Patterns of Vorticose Flow of a Perfect Gas,” 
Naval Ordnance Laboratory Memorandum No. 9219 (June, 1947). 

* NcmCriyi, P., and Prim, R.. “Some General Properties of Beltrami Flows of a 
Perfect Gas,” Naval Ordnance Laboratory Memorandum No. 9397 (Otolx^r, 1947). 

Nemi*nyt, P., and Prim, R., “Some Interesting Cases of Stearly Hclicoidal Beltrami 
Flow of a Perfect Gas,*^ Naval Ordnance Laboratory Memorandum No. 9426 (No- 
vember, 1947). 


REPRODUCTIVE DIAPAUSE IN DROSOPHILA ROBUSTA 
By Hampton L. Carson and Harrison D. Stalker 
Oepartmbnt of Zoology, Washington University, St. Louis, Mo. 

Communicated by Th. Dobzhansky, January 19, 1948 

Introduction . — Studies of microevolutionary processes in natural popu- 
lations of Drosophila have been hampered by a lack of ecological data. For 
most species of the genus, the basic facts concerning population size, mi- 
gration, longevity, specific breeding sites, length of breeding season and 
nature of overwintering populations are unknown. Workers in this field 
have not ignored these subjects^* *, but it is clear that preoccupation with 
otlier basic problems has generally held up experiments specifically plaimed 
to answer these questions. It is, nevertheless, true that a full understand- 
ing of natural selection, genetic drift and other processes, as they are oper- 



VoL. 34, 1948 


ZOOLOGY: CARSON A ND STALKER 


125 


ative in natural populations of Drosophila, will not be attained until the 
ecology of the various species concerned is better known. The data pre- 
sented in this paper are based largely on observations which were incidental 
to a sttidy of the gene arrangements and morphology of Drosophila robusta, 
throughout the wann seasons of the year in a single locality near St. Louis, 
Missouri. 

Although of a preliminary nature, these data show that a striking repro- 
ductive arrest, or diapause, sets in during the late summer and early au- 
tumn in the natural population, despite the fact that temperatures ap- 
parently favorable for the breeding of the flies in nature continue ordinarily 
until the middle of October. The. importance of this fact for the interx)re- 
tation of population dynamics in this species is obviously great, and further, 
more detailed investigations of this and similar subjects are planned. 

Observations. The specimeiivS of Drosophila robusla on which the following 
observations were made were collected from pai)er cups baited with ripe 
banana mash and set in a x)articular deciduous woods, supporting consider- 
able undergrowth, near Olivette, St. Louis County, Missouri. In 1946, 
flies were collected over nine periods of variable length between March 5 
and December 10 (see first column of table 1). As the offspring of tliese 

TABLK 1 

Fertilitv of Maturk Wild-Caught Fkmalics ok Drosophila robusta. 1946 Collection 

FKMALBa PKODUCINO OFFSPRlNa 


COIXKCTION PBIRIOP 

NO. OP MATURh* 
FBMAI.H9 COI.I.ItCTUn 

WITHIN 

NO. 

KtX DAYS 

FBR CENT 

L 

Mar. 5“Apr. 6 

38 

27 

71.1 

n. 

Apr. 13-May 15 

99 

m 

69.7 

in. 

May l^Jun, 1 

153 

120 . 

* 78,4 

IV. 

Jun. 17-JinL 19 

203 

171 

84.2 

V. 

Jul, 3-Jul. 9 

108 

84 

77.8 

VI. 

Jul. 23-Aug. 0 

75 

04 

85.3 

vn. 

Aug. 15-Sept. 3 

42 

29 

09.0 

VIII. 

Sept. 13-Sept. 24 

52 

2 

3.9 

IX. 

Oct. H-Dec, 10 

45 

0 

0.0 


* Wild-caught females which had obviously only recently emerged from the pupal 
case are not included in thLs table. 


wild flies were to be used for the determination of the frequencies of the 
various gene arrangements and an Fi generation from the majority of the 
wild flies obtained, the foUpwing procedure was adapted. Each wild- 
caught female was placed individually into a separate culture vial soon after 
capture; after three days it was transferred to a fresh culture vial and at 
the end of six days both vials were examined for the presence of larvae. If 
larvae were present, the female was recorded as having been inseminated 
in nature and the larvae were raised, some being used for the cytological 
determination of the salivary gland chromosome sequences and the re- 
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mainder saved as a mass Fx from the original wild female. If no larvae 
were observed in six days, the female was mated to a male captured on or 
about the same date and the Fx handled in a similar manner. From the 
middle of June on, a considerable number of females were captured which, 
because of their light coloration, had obviously only recently emerged from 
the pupal case. These were separated from the “mature'" ones, aged for 
ten days en masse and then mated individually to males captured on the 
same day. 

Table 1 shows the total number of females, judged as relatively mature, 
which were caught during the nine collection periods and the per cent of 
these which were found to have been inseminated in nature, as indicated by 
the production of offspring in the laboratory within six days. It will be 
seen that this percentage remains high from March 5 through August 6, 
drops in the next period (August 15 through September 3) and falls abruptly 
to a very low figure for females collected after September 13, It is prob- 
able, from the 1947 data given below, that most of the flies failing to pro- 
duce offspring within six days were virgin, although from the 1946 data 
alone, the possibility of some sort of slowing-down of egg production by in- 
seminated females cannot be excluded. With a few exceptions, however, 
all the females collected on or after September 13 produced offspring after 
being mated to males captured at the same time, although in many cases the 
production of fertile eggs by these females was delayed for a week or more 
after being placed with a male. 


TABLK 2 


Elapsed Time between Emergence and the First Appearance of F % Larvae for 
Fi Vlies*from Wild-Cauoiit Drosophila robusia, 1946 Collection 


COLLECTJON HSIUOD OF 

NO. OF FlS 

NO. OF tfAYB BLAFAfMG FJtOM EUEKOKNCU 
fl FLUES UNTIL LAKVAS WS»» PEODUC 


Pi wao FU»R 

OBTAtNKO 

MEAN 

MODE 

RANGE 

IV. 

Jun. IT-Jun. 19 

146 ' 

14.5 

13 

7-31 

V. 

Jul. 3-Jul. 9 

150 

17.2 

14 

8-50 

VI. 

Jul. 23-Aug. 6 

106 

19.5 

15 

7-51 

VTI. 

Aug. 15“Sept. 3 

94 

25.4 

21 

10-56 

VlII. 

Sept. 13-Sept. 24 

109 

33.5 

27 

11-65 

IX. 

Oct. 14»Dec. 10 

31 

33.0 

34 

13-65 


Fa generations were obtained in tlie following manner from most of the 
above wild-caught females or pairs of wild flies. Fi flies of both sexes were 
maintained in mass culture in vials and changed eveiy three days until F® 
larvae were observed. For each of these FiS, the date of the latter event, as 
well as that of the emergence of Fj flies was recorded as a matter of routine. 
These data are thus useful for an analysis of the speed with which the Fi 
flies reached a condition of active r^roduction as indicated by the pio- 
duction of offspring. Table 2 shows that the FiS from wild flies caught 
from August 15 on attained this condition much more slowly than those 
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collected in June, July and the first week in August, Correspondence be- 
tween these data and those for the fertility of the wild-caught parental flies 
(table 1 ) is striking, and it is clear that the reproductive delay manifested 
by the parental flies caught on or after August 15 is reflected in their off- 
spring, despite the fact that the latter were kept under unifonn laboratory 
conditions of temperature (25.5‘^C.). 

The above data appear to be significant in view of the fact that in old 
laboratory stocks of Drosophila robustat sexual maturity (as indicated by 
willingness to mate) is attained ab<iut four days after emergence for females 
and about eight days for males. In this species, mating appears to occur 
several days before the females produce offspring, although further study 
of this characteristic in laboratory stocks is desirable, 

TABl.K 3 

Insemination of Wild Female Drosophila robusta CArruRicn During September 

AND October, 1947 

NO OP FBMAtnS 

TOTAL NO. OP INSHMINATBO IN 

OATK OP CAPTURK FHMALBS NATURE 


1. Insemination determined by observation of hatching eggs: 


Sept. 2M)cl. 2 

14 

0 

Oct. 3~5 

30 

8 

Oct. 7-9 

27 

1 

Oct. 10-12 

49 

1 

Oct. 13-15 

28 

0 

2. Insemination determined by dissection: 



Oct. 14-15 

18 

1 

Oct. 16-18 

25 

I 

Oct, 20-22 

21 

1 

Oct. 23-24 

17 

0 

Oct. 25-27 

26 

0 

Total 

250 

13 

Per cent in.seminated in iiatiin^ 


5.1 


In 1947, collections were made during two periods from the same locality 
in the same woods. These periods extended from May 19 through June 7 
and from September 28 through October 27, respectively. In order to re- 
duce the lal)or involved and to expedite analysis of the chromosomes, each 
wild-caught female in the spring collection was placed with a male immedi- 
ately upon capture. For this reason, the spring data arc of no use in the 
analysis of fertility in nature. All but very few pairs produced offspring in 
six days; no Fj generations were raised in 1947. 

The fall (1947) collection was analyzed as follows. Females were placed 
individually into culture vials shortly after capture. At three-day inter- 
vals, each was changed to a fresh vial and the surface of the food closely 
examined under the binocular microscope for the presence of eggs or larvae. 
The date of the appearance of eggs was recorded, and if no larvae hatched 
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from these in the six days following, the female was considered to be virgin 
and was mated to a wild-caught male. In addition to these, 107 females 
caught between October 14 and October 27 (when the collecting season was 
ended by the abrupt onset of cold weather) were dissected immediately on 
being brought to the laboratory. For each of these, notes were made on the 
size of the ovary, the character and amount of body fat and whether the fe- 
male had been inseminated in nature, as indicated by the presence of sperm 
in the ventral receptacles or spermathecae. 

Table 3 shows that approximately 95% of the females caught during this 
period were virgin, as determined either by watching the fate of eggs laid 
in the laboratory (upper part of table) or by dissection (lower part of table). 
Of the 107 females which were dissected, furthermore, none had functional 
ovaries as indicated by the presence of large filamented ovarian eggs, 
although in two of them the ovaries were medium in size and contained 
filamented eggs approximately two-thirds matxire size. In almost all the 
females, the ovaries were very small and rounded (approximately 380 ju in 
length), similar to those of newly emerged flies. A high percentage of the 
flies, furthermore, had heavy sheets of body fat, sometimes almost com- 
pletely filling the abdomen. Such a condition is quite unlike that in a 
newly emerged fly in which the residual pupal fat, in the form of spherical 
“nodules' ’ is easily recognized. In 13 of the females, nodular fat was 
foimd; tliis was taken as indicative of relative youth, although, in some of 
these, fat was also present in small sheets. 

Of particular interest were the three dissected flies which had been in- 
seminated in nature. Like most of the virgins, these flies had abundant 
body fat present in sheets and very small ovaries. The latter, however, 
were peculiarly elongated and flattened apically , while proximally they pre- 
sented a slightly swollen appearance. This swollen area contained small 
ovarian ova of a distinct yellowish-brown color, quite unlike the colorless or 
whitish ova usually encountered. Ovaries of this unusual type were also 
found in one of the virgin flies. 

Of the 148 females collected between September 28 and October 15, 10 
had been inseminated in nature and 138 were virgin. The elapsed time be- 
tween capture and the laying of the first infertile eggs by the virgins was 
recorded. This was extremely variable, ranging from 2--25 days, lie mean 
number of days elapsing being 10.3. The 10 inseminated females, further- 
more, required a similar mean number of days (9.1) before fertile eggs were 
laid. One of these females showed an elapsed time of 25 days from the time 
of capture xmtil the first eggs Were laid. 

Condiisions . — The 1946 data show clearly that, beginning as early ^ 
August, wild females of DrosophUa robusia captured in the fall reproduce 
much more slowly than those collected in ^rin'g and early summer. A 
similar delay is manifested in the offspring (rf these flies. The 1947 data 



VoL. 34, 1948 


ZOOLOGY: CAKSON AND STALKER 


129 


support this conclusion and suggest that the fall population of females, at 
least, consists principally of virgin flies with undeveloped ovaries and large 
quantities of body fat. At least some of the inseminated females have very 
small, peculiar ovaries which suggest regression from a fonner more higlily 
developed imd possibly functional condition. This relationship between 
the size of the ovary and the amount of body fat closely resembles the con- 
dition in the reproductive diapause which has been shown to occur in other 
insects in the fall (e.g., “dissociation gono-trophique“ in Anopheles mnculi- 
pennis^). 

A somewhat similar diapause has been described for Drosophila nitens} 
Laboratory strains of this species, despite the fact that they were kept at 
25*^C., suspended reproduction from November to March for two consecu- 
tive years. Bertani® has shown that this reproductive diapause can be 
broken by subjecting the adult flies to tem|>erature8 from 2-5 °C- for 10 
days. In Drosophila robusla^ on the other hand, no interruption or delay of 
breeding in old laboratory stocks has been observed and a mean of ten days 
of laboratory conditions appears to be sufficient to break the diapause in 
wild-caught females. 

Biologically, the inference to be drawn is that Drosophila robusta over- 
winters as an adult and that this hibeniation period is preceded by a physio- 
logical change-over from egg production to the deiwsition of body fat. 
The factors, whether genetic or environmental or Ix^th, which may be re- 
sponsible for the initiation of the diapause are unknown and will be the ob- 
ject of further investigation. From the point of view of population dy- 
namics, however, the central fact which emerges from these observations is 
that the fall population of this species consists largely of non-breeding 
individuals. 

' Dobzhansky, Th., and EpUng, C., Carnegie Inst. Wash. Tubl. No. 554, pp. 1“'46 
(1944). 

.* Dobzhansky, Th., and Wright, S., Genetics, 28, 304-340 (1943). 

> Spencer, W. P., Ohio Jour. Sci, 41, 190-2(X) (1941). 

^ Swellengrebel, N. H., Ann. Inst. Pasteur, 43, 1370-1389 (1929). 

* Buzzati-Tra verso, A., Istituto Lomfmdo di Science e Letlere, Rendiconti, 77* 37 49 

( 1944 ). 

* Bertani, G., Nature, 159. 309 (1947). 
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THE PROTEIN OF THE SALVARY GLAND SECRETION IN DRO- 
SOPHILA 

Bv Masuo Kodani 

Departmbmt of Botany, Univkrsity of Wisconsin 
CoTJunitiiicatcd by R. B. Goldschmidt, January 26, 1948 

At the beginning of tlie prepupal stage, the salivary gland of Drosophila 
becomes enormously inflated. This inflation is due to the appearance of a 
large amoimt of material in the lumen of the glatid. Prior to the prepupal 
stage this material is in the cytoplasm of the gland cells but not in the 
lumen of the gland. It is undoubtedly the secretion releast^d from the cells 
into the lumen soon after the larval stage terminates. The origin and 
movements of this material will be described in detail elsewhere. 

If an inflated gland is isolated from the prepupa and its tissue is broken 
in waiter, the secretion flows out, and unless the water is distinctly acid it 
dissolves quickly, forming a viscous solution. If, on the other hand, an in- 
flated gland isolated from a prepupa is placed in 95% alcohol, the secretion 
immediately hardens and becomes opaque while the tissue remains trans- 
parent. The secretion can be easily isolated in this condition by removing 
the tissue with needles under the dissecting microscope. The isfdated 
secretion retains the same solubility in water as before alcohol treatment 
provided it is not kept too long in alcohol. If an isolated secretion is trans- 
ferred to absolute alcohol, it immediately becomes brittle and loses its 
solubility in water except at high pH's. In its native state, i.e., before 
alcohol treatment, most of this material does not dissolve in common lipid 
solvents. 

By separating the inflated glands from about 800 prepupae of BrdsopjhUa 
me^nogasier in isotonic saline and isolating the secretions as completely as 
possible from the tissues in 95% alcohol, about 1600 pieces of secretion were 
coilected These were transferred to ether as soon as isolated from the 
tissues Olid exhaustively extracted, and tlie residue was thoroughly dried. 
From ikt weight of 600 pieces of the residue, the average wei^t of one 
piece of secretion was found to be approximately 4 The ether-soluble 
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fraction of the secretion was found to be very small in proportion to the 
residue. Its chemical nature will be described elsewhere and only that of 
the residue will be reported here. 

The residue is insoluble in all common organic solvents and even in dilute 
or concentrated mineral acids unless heated, but it dissolves readily in weak 
or strong alkali solutions without heating. A sample of residue was dis- 
solved in dilute NaOH solution and the solution was neutralized with HCl 
and tested for various color reactions with the following results : }K)sitive for 
ninhydrin and biuret reactions; slightly positive for Molisch reaction; and 
negative for Millon’g, Hopkins-Qole and xanthoproteic reactions. These 
results suggested that the substance is a protein containing an unusually 
small amount, if any, of aromatic amino acids. The ultra-violet absori)tion 
spectra showed no selective absorption between 210 m and 310 ju* The 
absence of selective absorption at about 290 ^ agrees with the negative color 
reactions for aromatic amino acids. The absence of selective absorption at 
260 M indicates absence of nucleic acids in the residue. These tests were re- 
peated with several samples with consistently the >same results. The resi- 
due is, therefore, not significantly contaminated with the gland tissue, for 
otherwise the nucleic acid would be detected. In fact, microscopic exam- 
inations revealed that the number of cells present in tlie residue was so ex- 
tremely small that they can be entirely neglected. It may be added that 
the dissolved residue is precipitated by phosphotungstic acid but not by 
trichloroacetic acid. 

The nitrogen content of the substance was found by micro-Kjeldahl analy- 
sis to be 1 0.K%. This figui e was obtained from one sample of 4.8 mg, and it 
is unusually low for a protein. When samples of the residue were hydrolyzed 
with 10% HCl for 24 hours with constant boiling of the acid and when the 
acid was evaporated on a steam bath, a substantial amount of crystalline 
inorganic salt was found in the dry residue. Although the proportion of the 
salt in the samples was not determined, it seems that the unusually low 
figure for the N content found in the above analysis can well be accounted 
for by the presence of the inorganic salt, and a large amount of glutamic acid 
and some glucosamine, both of which have low nitrogen content (see below) . 

As a preUminary to the two-dimensional chromatogram analysis, three 
samples of small quantities of the residue were hydrolyzed with 10% HCl 
for 24 hours with constant boiling of the acid and the hydrolyzates were 
analyzed on filter paper strips, one with collidine and two with phenol as the 
solvent. For the principle and technique of the partition chromatogram 
method of protein analysis, the reader is referred to Consden, Gordon 
and Martin (1044)^ and to Dent (194(5)^ In one of the phenol stripsan in- 
tensely colored band was present at Rf « 0.21. In the control strip in 
which glutamic acid was used, the Rf of the band was 0.20. In the other 
phenol strip a strongly colored band was alsc) present at about the same 
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jX)sition, In the collidine strip also an intensely colored band was present 
at Rf » 0.12. In the control strip in which glutamic acid alone was used, 
the Rf of the band was 0. 15. These bands in the experimental and control 
strips are sufficiently close to each other to indicate that the band in the ex- 
perimental strip rc;presents glutamic acid. I.^ss intenstdy colored bands 
were ftmnd at various otlier tK)sitions on all three strips. 



FI GURU 1 

The result of a two*ditnciisional chromatogram analysis of the acid hydrolyzatc of 
the protein in the secretion of the salivary gland in Drosophila is shown. Each circle 
represents one amino acid or an oxidation product of an amino acid. The hydrolyzate 
was put at the position of the cross at the lower right and phenol and collidine 
were run in the respective directions indicated by tlie arrows. cysteic acid; B, 
aspartic acid; C, glutamic acid; D, serine; £, glycine; F. tlireonine; (7, alanine; 
//, tyrosine; /, glucosamine; /, methionine sulfoxide; K, valine; L, lysine; Af, arginine; 
N, proline: 0, leucine; F, phenylalanine. 

Since most of the bands on the strips represented mixtures of two or more 
amino ^^ds, a two-dimensional analysis was made to separate all the amino 
acids contained in the residue in order to identify them individually. 
Eight hundred pg, of the residue was taken for this purpose. This is about 
ten times as much as the amount required for an adequate analysis of an 
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ordinary protein by the chromatogram method. The residue was hydro- 
lyzed with 10% HCi for 24 hours in a sealed glass tube placed in boiling 
water and the hydrolyzate was analyzed on a square filter paper with phenol 
and collidine as solvents. The result is shown in figure 1. Sixteen ninhy- 
drin-positive spots are recognized, fifteen of which are identified as amino 
acids. The color of these spots is, on the original paper, only about half 
as intense as would be exj)ected if the sample consisted entirely of a protein 
of usual N content. This indicates the presence in the residue of a consider- 
able amount of ninhydrin-negative substance. The presence of a large 
quantity of inorganic salt in the residue could account also for this result. 

One spot (/) is at a position which no known amino acid occupies. 
This spot corresponds exactly to that of glucosiimine. A very weak, positive 
Molisch reaction indicates the presence of a small quantity of carbohydrate 
in the residue and supports the chromatogram analysis for the presence ot 
glucosamine. 

The central fading of the aspartic acid (3), glutamic acid (C), glycine 
(£) and arginine (Af ) spots denotes very great strengths of color of tliese 
sjwts. From the areas and color intensities glutamic acid appears to be 
the largest in proportion and threonine (F) next to it. Phenylalanine (P) 
and tyrosine ( //) are of negligible proportion as indicated by the extreme 
faintness of the spots. Tryptophane is absent on the paper. These facts 
agree well with the absence of selective absorption at 290 m and the negative 
aromatic amino acid color reactions. Methionine sulfoxide (7) and cysteic 
acid (A) seem to be artefacts produced by oxidation of the protein and these 
are probably parts of methionine and cystine, respectively, in the original 
protein. 

The presence of glutamic acid in the largest proportion in this protein is a 
noteworthy characteristic, but not unusual as a number of proteins are 
known to contain a disproportionately large quantity of this amino acid* 
The unique feature, however, is the unusually large proportion of threonine 
(F) and serine (D ) . Dr. Dent informs me that he knows of no other protein 
so far analyzed by the chromatogram method which shows such an intensely 
colored and broad spot of tlireonine in relation to the other spots. Al- 
though an accurate quantitative determination is not possible, the fact that 
this spot is so unusually out of proportion indicates an extraordinarily high 
content of threonine in the protein of the residue. The serine spot is like- 
wise unusually high in intensity in proportion to the other spots, indicating 
also an extraordinarily large content of this amino add in the protein. 

As pointed out already, this protein together with the ether-soluble sub- 
stance is secreted into the lumen of the gland as soon m the animal begins to 
pupate. The secretion remains in the lumen lor a short time and disap- 
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pears. Where it goes and what it is used for is now being investigated. 
Although no evidence has yet been obtained, the fact that it disappears from 
the gland at an early pupal stage suggests a possibility tliat it either enters 
into the formation of a part of the pupal body or participates in the chemical 
processes of histogenesis. One possible function it may have would 
be to provide through digestion a very large amount of glutamine. Glu- 
tamine readily enters into transamination reactions and its presence thus 
would provide an ample source of a variety of amino acids which must be 
required for the rapid rate of protein synthesis occurring at this stage of 
development. Similarly, serine which is present in an unusually large pro- 
portion in the secretion protein may, after being freed from the protein, be- 
come an abundant source of precursors of other amino acids such as glycine 
and cystine (Stetten, 1942) .* As to threonine, which is contained also in an 
extraordinarily large amount in this protein, its possible use in histogene- 
sis cannot be surmised, since only relatively little is known concerning the 
metabolism of this amino acid. 

I am gratefully indebted to Professor Alexander Dounce for his invaluable 
suggestions, advice and criticism and to Dr. C. E. Dent for the chromato- 
gram analyses. This investigation was undertaken in Professor Curt 
vStern's former laboratory at the University of Rochester. My hearty 
thanks are due to Professor Stem for advice and suggestions throughout 
this work. 

1 Consden, R., Gordon, A. H., and Martin, A. J. P., Biochem. 38, 224 (1944), 

* Dent, C. E., The Lancet ^ Nov, 2, 1946. 

* Stetten, A,, J. Biok Chem,^ 144f 501 (1942). 


LINKAGE STUDIES OF THE RAT. IX. CATARACT 
By W. E. Castle and Helen Dean Kino 
Division or Genetics, University of California, and Wistar Instititte 
Communicated February 20, 1948 

Cataract is a dominant character discovered in an albino strain of rats 
by Smith and Barrantine, and described by them in the Journal of HeredUyt 
34 , 8^10, 1943. A stock of cataractous individuals, 3 females and 2 males, 
was kindly supplied to us for linkage studies in September, '1943. 

No indications have been foimd of linkage between the gene for cataract 
and any other gene of the rat. The tests made and their results are sum- 
marized in table 1. The progress of the tests has been slow because the 
caiaract is recognizable only in individuals which have unpigmented eyes 
albinos or pink-eyed yellows. Colored individuals must subjected to 
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a breeding test in order to asciertain whether or not tliey are carriers of 
the gene for cataract. 

The test procedure is as follows. A cross is made between a cataractous 
individual and an individual carrying the other gene to be tested, as for 
example, Cataract X Curly. An Fj individual will carry Ca and Cu in 
the repulsion relationship. 

Such an Fj animal, if crossed to normal albinos, will produce four classes 
of ofifspring, of which the first and fourth will be crossover combinations, 
Ca Cu, Ca, Cu, and 0 (neither Ca nor Cu). If the sum of the crossover 
classes is significantly less than that of the other two classes, linkage will 
be indicated. In no cross made has such an indication been found. See 
table 1. 

We conclude that the gene for cataract does not lie in any of the four 
known linkage systems, nor in chromosomes tagged by the genes, Cmj, 
j, d, A and h\ This indicates that it will serve as marker of a tenth chromo- 
some. 

TABLE I 

Tests for Linkage Between the Dominant Gene Cataract (Ca) and Other 
Genes of the Rat. Known Linkage Systems Involved in the Tests Are In- 
dicated BY Roman Nm«KRALs. Frequencies of Crossover Classes Are Shown 

IN Italic Numerals 






A Ilia 

TOTAL 

TOTAL 





N Y 



Pi N * wK UoH 

ORAJKI} 

OKV./p.E. 


onNna 

KKPULSIOM 

COUPLINO 

OVKHa 

ovKita 

TOTAL 

1 

Ca X p 

Cap Ca 

99 109 


90 

109 

208 

5.0/4. 8 

TI 

Ca X Cu 

CaCu Ca Cu 0* 

CaCu Ca Cu 0 

94 

95 

189 

0.6/4. 6 



12 20 28 34 

19 21 27 28 





III 

Ca X k 

Cak Ca k 0 


8 

7 

16 

0.5/1. 3 



7 5 21 






IV 

CaX hr 

Cahr Ca 


32 

26 

68 

3. 0/2. 6 



32 26 






IV 

Ca X wo 

Cawo wo 


6 

6 

12 

O/l.l 



6 6 







Ca X Cut 

CaCut Ca Cu^ 0 


269 

296 

664 

13.0/8.0 



111 136 160156 







Ca XJ 

Caj Ca j 0 

Caj Ca j 0 

64 

48 

102 

3. 0/3. 4 



13 5 QS 

17 16 17 20 






CaXd 

Cad Ca d 0 

11 17 6 6 


17 

23 

40 

3.0/2. 1 


CaX A 

, CaA Ca A 0 

CaA Ca A 0 

37 

41 

78 

2. 0/2. 9 



13 4 ns 

14 10 11 12 






CaXh 

Cah Ca h 0 

Cah Ca h 0 

21 

13 

34 

4. 0/1. 9 


i 2 3 6 3 3 115 


• Showing neither gene. 
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THE SUPPRESSION OF CROSSING OVER IN INVERSION 
HETERDZ YGOTES OF DROSOPHILA PSE UDOOBSCURA 

By Theodosius Dobziiansky and Carl Eplimg 
Columbia University, New York and Univbrsitv of California, Los Angeles 
Communicated February 23, 1948 

Observations and experiments on natural and artificial populations of 
Drosophila pseudoobscura have shown that within a given population 
flies of which the third chromosomes differ in gene arrangement (inversion 
heterozygotes) often posseas higher adaptive values than those of which 
the homologous pair has the same arrangement in both chromosomes 
(inversion homozygotes). * In many localities the inversion hetero- 
zygotes outnumber the homozygotes. The welfare of the populations 
of these localities, therefore, seems to depend upon the maintenance of a 
high adaptive level in the inversion heterozygotes relative to the homo- 
zygotes. In other localities, however, the populations consist mainly 
or entirely of inversion homozygotes. In these the adaptive level of the 
homozygotes must be at least tolerably high. 

In theory, two genetic mechanisms could bring alx)ut adaptive differences 
between and among the inversion homozygotes and heterozygotes. First, 
the action of genes in development may be altered simply by differences 
in their order within the chromosome (position effect). Second, chromo- 
somes with different gene arrangements may be essentially alike but may 
cany different complexes of genes which make their possessors physio- 
logically and adaptively different. At the same time they might be co- 
adapted in such a way as to produce the liigher adaptive level of the 
inversion heteroz3rgotes. Of these two mechanisms the first, position 
effect, may or may not play a r61e in the evolution of the third chromosome 
inversions of this fly. However this may be, the second is both effective 
and important. For if the superior adaptiveness of inversion heterozygotes 
were due to position effect alone, then each arrangement would be expected 
to have the same relative suxieriority regardless of the geographic origin 
of the chromosomes csoncenSwed, This is not the case. The evidence shows 
that inversion heterozyjJS^ are adaptively superior to the corresponding 
homozygotes only if the Chromosome pair has been drawn from the same 
or neighboring localities. ^They are no longer superior when each member 
of the pair i's^awn fro^'ifiiliinnt populations (as for examiile, from southern 
California and the cenfcHal Sierra Nevada). The gene contents of the 
chromosomes from these populations are not co-adapted to each other 
in sudi a way as to produce adaptively superior heterozygotes when 
combined,^ 

The biological function of inversions in the natural populations of 
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Drosophila and their principal r6le in the evolution of these insects might 
be conceived to be the suppression crossing over between gene complexes 
which have reached an adaptive equilibrium. Crossing over would 
destroy these complexes and would result in gene combinations of dijfferent 
adaptive values, but would be prevented by the binding effect of the 
inversions. Any inversion which is intrinsically neutral, that is, which 
produces no position effects, would accordingly spread through a population 
provided that it would guard from disintegration a gene complex well 
adapted to the habitat concerned. This would be particularly important 
where the highest adaptive values are found in heterozygotes. The degree 
to which such gene complexes are maintained by the binding effect of 
inversions would accordingly depend upon the degree to which crossing 
over is suppressed. The present study was designed to secure this in- 
formation. 


TABLE 1 

Recombination Obbervbp in the Cross Sc pr c v 9 X or Sc pr cv & 

WILD 



IBTAltDAlID 

ARKOWHKAD 

CaiMICAHUA 

TRftB LINK 

/wild type 
^ \or pr cv 

2a36 

769 

4473 

1251 

3748 

873 

2708 

558 

\pr cv 

1781 

175 

14 

3 

738 

62 

1 

2 

2 

\cv 

357 

425 

2 

7 


’ ' 


260 

, , 

, . 


311 

4 



Total 

6676 

5974 

4636 

8271 


Three wild strains of Drosophila pseudoohscura carrying Standard, 
Arrowhead and Chiricahua gene arrangements, respectively, and a strain 
carrying the Tree Line arrangement were employed. The former were 
originally collected at Piflon Flat, San Jacinto Mountains, California, 
the latter was collected at Mather, California, in the Sierra Nevada. The 
inversion heterozygotes of both localities are known to be adaptively 
superior to the homozygotes. The third chromosomes bearing the gene 
arrangements designated have been described previously.^ Flies of each 
strain were outcrossed to a strain homozygous for the third chromosome 
recessives orange (pr), purple (pr), crossveinkss (cv) and the dominant 
Scute (Sc), The or Sc ^ cv chromosome is known to have the Standard 
arrangement. Fi females resulting from this cross, were then testcrossed 
Xi:> or Sc prev males. The progeny counts of the testcrosses are summarized 
in table 1. The gene Sc was disregarded in the counts because its mahU 
festation in heterozygous condition is variable in different strains/ 
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The observed percentages of recombinations are as follows: 

XKTBRVAL BTAKDARO AmJtOWMBAI) CHIRXCABUA T&BB LtNS 

or-pr 46,3 4.0 0,3 0.15 

pr-cv 20.3 0.2 0 0 

Because the distance in the chromosome between the genes or and pr 
is so great that considerable double crossing over must take place in the 
flies with Standard chromosomes, another experiment was arranged. 
The four wild type strains were crossed to flies which carried a third 
chromosome with the recessives or and pr and the dominants Blade {Bl) 
and Sc, Fi females showing Bl and Sc were selected from the progeny 
and testcrossed to homozygous or pr males. The progeny counts of this 
testcross are shown in table 2. 


TABLE 2 


Recomiiination 

Obswrvbu in the 

Cross or 

Bl Sc pr <f X 

WILD 

or pr cT 


STANDARD 

ARROWBKAD CIIIRICAHUA 

TR»R LINR 

/wild type 
\or Bl Sc pr 

1933 

3655 

7483 

2218 

1U7 

1954 

3046 

725 

X for 
\Bl Sc pr 

313 

99 

27 

7 

220 

54 

21 


„ lorBl 
\Sc pr 

562 

17 

1 


408 

9 

2 


„ forBlSc 

^ \pr 

892 

6 



922 

11 



1 2 

' \or Sc pr 

3 




6 




2,3 

\of pr 

81 




88 

1 

2 


2 3 

' \or Bl pr 

84 




105 





— 


— 



Total 

6764 

5706 

10582 

2950 


The following percentages of recombination have been computed from 
the data in table 2. 


tHTimVAC 

orBl 

Bl-Sc 

SC’pr 


STANDARD 

10.5 

17.3 

32.1 


ARSOWHBAn 

- 2.7 
0.6 
0.3 


CHlRTCAHtlA 

0.6 

0.03 

0.02 


TRKB LINB 
0.2 
0 
0 


The standard map distance obtained in our experiments between the 
loci furthest apart, or and ct;, is 80.2 units, or slightly higher than the 
figure 68.4 units, obtained by Tan® from somewhat less extensive data. 
It may also be noted that Tan's experiments were conducted at 25'^C., 
oms at The location in the C 3 rtologicaUy visible chromosome of 
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the genes used in our experiments can be inferred from the chromosome 
map published by Tan.^ As seen in the salivary gland cells, the third 
chromosome is a ribbon-like structure which for purposes of description 
has been subdivided into nineteen more or less equally long sections 
numbered ()3 to 81, inclusively. The gene or lies in section 05 at a distance 
from the centromere of about one-tenth the length of the whole cliromo- 
somes. The centromere is in section 03. The gene cv lies somewhere 
in sections TO-Sl, close to the free end of the chrotiiOvSome. The map 
distance of 80 units between or and cv therefore represents most of the 
genetic length of the third chromosome. Taking into account the fact 
that some double crossing-over has remained undetected, and also that 
between one-tenth and one-fifth of the cytological chromosc)nie contains 
no known genetic markers, the linkage map of this chromosome is iirobably 
less than 100 units long. 

The total frequency of recombination found in Standard /Arrowhead 
heterozygotes is about 4.0 per cent, in vStandard/Chtricahua 0.5 i>er cent 
and in Standard/Tree Line only 0.2 per cent. Arrowhead differs from 
Standard by a single inversion which includes sections 70-76 or about 
one-third the length of the chromosome.’* Tan’ places the gene Sc within, 
and pr outside and distal to the Arrowhead inversion, but his data regarding 
pr are inconclusive. Bl and or certainly lie between the inversion and the 
c'eutromere. In Standard /Arrowhead heterozygote.s less than one-fiftieth 
of the recombination normally taking place in the pr-cv interval is per- 
mitted, and about one-fifteenth of recombination between or and pr, most 
of it in the or-Bl interval. In other words, an inversion exerts a relatively 
greater suppressive effect on recombination in the part of the chromosome 
which lies distal to it (between the inversion and the free end of the chromo- 
some) than it does on recombination between the centromere, and the 
inversion. This agrees with the dat;i of Stimtevant® for Drosophila melano- 
gaster. 

The Chiricahua and Tree Line arrangements differ from the Standard 
each by a triple inversion which extends from about the middle of section 
()8 to section 79, inclusive, or alx>ut six-tenths of the length of the chromo- 
some as seen in the salivary gland cells.^ Our data show that recombina- 
tion in Chiricahua/Standard and Tree Line/Standard is almost wholly 
suppressed in the whole of the third chromosome. The small amount 
still permitted, less than six-tenths per cent, is concentrated between the 
genes or and Bl, a negligible amount being found elsewhere. Particularly 
noteworthy is the fact that crossing-over is very strongly suppressed 
between the centromere and the inversions, the result, probably, of inter- 
ference by the inversions with meiotic pairing.** No recombination 
whatsoever is detectable in the inverted part of the chromosome. (The 
three or pr flies recorded in table 3 among Standard/Chiricahua and 
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Standard/Tree Line heterozygotes are most likely the result of contami- 
nation; otherwise^ they must represent triple crossovers, one between 
or and the inversion and a double, to include the locus of pr; the individuals 
concerned were not tested further.) 

The amount of crossing over within the inverted parts of the chromosome 
cannot be determined from our data, since single crossing-over in para- 
centric inversions does not result in detectable recombination.^^ However, 
single crossing-over in multiple inversions may result in deficiencies and 
dujdications which produce unviable zygotes. The Standard/Tree Line 
heterozygotes, for example, h^-ve a long paired region which extends from 
section 68 to 74. (see Fig. 3 in Dobzhansky^). Crossing-over in this region 
would result in chromosomes which would act as lethals in zygotes. 
Whether such crossing over actually takes place is unknown; in neither 
case would viable chromosomes carrying gene recombinations normally 
borne in Standard and in Tree Line (or Chiricahua) ap|>ear. The possi- 
bility cannot l:>e excluded that in inversion heterozygotes cliiasmata may 
be localized in the immediate vicinity of the centromere, but crossing-over 
at the centromere would give no recombinations of the genes in Standard, 
Tree Line and Chiricahua chromosomes. 

Summary . — Heterozygosis for inversions found in the third chromosome 
in natural populations of Drosophila psemloobscura reduces the frequency 
of recombination of genes located in the chromosome to a small fraction of 
the normal value. Recombination is strongly prevented not only for 
genes within the inverted sections, but also for those which lie between 
the centromere and the inversion, and between the inversion and the 
free end of the chromosome. Inversion is therefore a powerful means of 
holding together gene combinations which confer U[)on tlieir carriers 
sufieridr adaptive properties. 

1 Dobzhansky, Th., Evolution, 1, 1 -lO (1947). 

* Dobzbansky, Th., and Levene, H. Unpublished data, 

* Unpublished data. 

* Dobzhausky, Th., in Dobzhansky and Epling, Carnegie Inst. Washington, Publ. 
554, 47-144 (3944). 

Hclfex, R, G., Genetics, 24 , 278 -301 (1939). 

» Tan, C, C., Ibid., 21, 796-807 (1936). 

’ Tan, C. C., Z. Zellforsch. u. mikrosevp. Anat,, 26, 439-401 (1937), 

« vSturtevant, A, H., Carnegie Inst. Washington, Publ. 421, 1-27 (1931). 

» Dobzhansky, Th., Am. Nat,, 65, 214-232 (1931). 

« Sturtevant, A. H., and Beadle, G. W., Genetics, 21, 554-604 (1936). 
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THE ROLE of mutation AND OF SELECTION IN THE FRE~ 
QUENCY OF MUTANTS AMONG MICROORGANISMS GROWN 
ON IRRADIA TED SUBSTRA TE 

Bv Wilson S. Stone, Felix Haas, J. Bennett Clark, and Orville Wvss 

Laboratories of Genetics ano Bactbriou)Gy, The University of Texas, Austin, 

Texas 

Communicated by J, T. Patterson, February 20, 1048 

The mutation rate in microorganisms is. increased by irradiation or 
chemical treatment of the substrate.** - The problem of differentiating 
between the selection of spontaneous mutants and the induction of addi- 
tional mutants is difficult, especially as the mutation rates are low and the 
growth rate of bacteria on treated substrate may be slower than normal. 
If selection is to explain the increase in frequency of mutants found in 
irradiated broth over that found in normal broth, it must increase the 
reproductive rate of mutants or inhibit it less than it inhibits the growth of 
normal cells. The increased number of mutants found in irradiated broth 
must be explained by induced mutation if selection is neutral or against 
the mutants. 

ExperimentaL — The procetiures for irradiating the medium with ultra- 
violet light and determining the drug resistant mutants are essentially 
those employed in our earlier reports**' ^ In addition to the stock strain 
of Staphylococcus aureus (F*D.A. #209) the first experiments reported 
here involved a penicillin resistant strain and a streptomycin resistant 
strain which arose as mutants when the stock strain was grown in irradiated 
broth. Identical inocula from 4-hour log phase cultures and also from 
24-hour cultmes (older cultures do not give consistent results) of each 
strain were planted in plain nutrient broth (control) and in irradiated 
nutrient broth* Immediately after inoculation and again after five hours, 
samples from each bottle were withdrawn for plating to determine the 
total count and the number of drug-resistant individuals in each population. 

In table 1 are given the number of mutants per million organisms which 
are resistant to the indicated concentrations of the antibiotics, except for 
the figures in italics which show the total plate counts. The age of the 
inocula appeared to have little effect on the behavior of the organisms and 
the two portions of the table may be regarded as replicate experiments. 
Since these cultmes produce a maximum of about 300 million cells per ml. 
under the conditions employed, it is evident that all cultures were still 
in the rapid growth phase at the 5-hour plating. The amount of radiation 
to which the broth was exposed was such that in no case did the culture 
growing in the irradiated broth fall behind the replicate growing in the 
control broth by as much as one division during the 5-hour growth period. 
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TABLE 1 

Effect of Irradiation ok the Broth on the Growth and Mutation Rate of 
Normal and Drug-Resistant 5. aureus 

, — *'24 llfc. INOCULUM 4-H». inoculum — -N , 



CONTROL 

0 5 

iitRAmATnn 

0 6 

Normal Strain 

CONTROL 

0 5 

tMIlADlATBD 

0 & HDa. 

Total count, 
millions* 

2 A 

7C> 

l.S 52 

0,86 

65 

1.1 

47 

PeuicUUn, 

0.07 u/ml. 

13 

19 

17 344 

7.0 

4.6 

9.3 

40 

Streptomycin, 
3.0 u./ml. 

65 

41 

79 310 

48 

23 

46 

185 

Streptomycin, 
0.0 u,/ml. 

42 

12 36 12.3 10 

Penicillin Resistant Strain 

1 

2.8 

40 

Total count, 
millions* 

7.5 

60 

1.7 41 

O.TH 

SO 

1,1 

54 

Penicillin, 

0.07 u./ml. 

1ST 

999T 

17T 850T 

14. 5T 

1.8T 

6T 

14T 

Streptomycin, 
3,0 u./ml. 

49 

40 

40 215 

53 

10 


196 

Streptomycin, 
0.0 u./ml. 

19 

32 12 98 5.5 

Streptomycin Resi.stant Strain 

6,3 

3.5 

21 

Total count, 
millions* 

4>.7S 

6S 

OSS 53 

1.8 

67 

IJ) 

60 

Penicillin, 

0.07 u./ml. 

5.1 

6.5 

16 70 

9.2 

3.9 

21 

85 

Streptomycin, 
3.0 u./ml. 

500T 

280T 

330T 226T 

302T 

78T 

260T 

180T 

Streptomycin, 
6,0 u./ml. 

94T 

66T 

7.3T 12. 8T 

80 

30 

180 

775 


* FiKures in italics arc total count in millions detennineil by plating on nutrient agan 
Other figures the number of mutants (per railUou of the total count) which grew on 
the indicated antibiotic concentration. (T » thousand) 


Yet during this period the proportion of mutants in the normal population 
grown in the irradiated broth increased many-fold. 

It is clear that the penicillin resistant mutant resembles the normal 
strain in its rate of mutation to streptomycin resistance under the several 
test conditions, Likewise, the normal and streptomycin resistant strains 
have similar mutation rates to penicillin resistance . These rates, measured 
by rate of occurrence of organisms which grow at the indicated antibiotic 
concentrations, vary considerably but give a fairly consistent pattern. 
There is an increase in the number of resistant cells after growth on irra- 
diated broth. However, when the changes in penicillin renstance in the 
penictllin resistant strain and of streptomycin resistance in the streptomycin 
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resistant strain under the several test conditions are compared^ there is 
no consistent relation. In only a few instances did all the cells in the 
so-called resistant strains actually grow in the concentration of the anti- 
biotic employed. Sometimes more appeared under control conditions, 
sometimes more from the irradiated broth. This is not in harmony with 
the idea that irradiated broth either additions or selects for resistant 
organisms. 

Selection could account for the increase in numbers of mutants in the 
irradiated broth only if the normal bacteria were slowed down in repro- 
ductive rate or killed, while the multiplication of the resistant mutants was 
speeded up or at least not retarded to the same extent. The number of 
times that the populations increased during the 5 hours was computed 
from the data on table 1. These figures for the total population and for 
those fractions which grew in the presence of 0.07 unit per ml. penicillin 
or 3 units per ml. streptomycin are recorded in table 2. 

TABLE 2 

Increase in 5 Hours of the Total Cell Count and of the Mutants Expressed 
AS Multiples of Those Present in the Inoculum 


24-hr. XKoct;t.uic ^ 

/- — 4'H 

R. INOCW-UM 

CONTHOLr IItRADIATItl> RATIO 

Normal Strain 

COMTROl. 

XRRAmATKD RATIO 


Total count* 

31 (5.0) 

28(4,8) 

0.9 

76(6.2) 

43 (5.4) 

0.6 

Penicillin mutants 

45 (5.5) 

575 (9.2) 

13 

50(5.7) 

185(7.6) 

3.7 

Streptomycin mu- 

20 (4,2) 

no (6.8) 

5.5 

36(6.2) 

176 (7.4) 

5 

tants (3.0) 








Penicillin Resistant Strain 


• 

Total count 

40 (6.4) 

24 (4.6) 

0.6 

110 (6.8) 

49(6.6) 

0.4 

Streptomycin mu- 

33 (6,1) 

128 (7.0) 

4 

21 (4.4) 

181 (7.5) 

8.6 

tants (3.0) 








Streptomycin Resistant Strain 



Total count 

87 (6.6) 

66(6.0) 

0.7 

37 (5.2) 

37(6.2) 

1 

Penicillin mutants 

112 (6.8) 

286 (8.2) 

2.6 

16 (4.0) 

160 (7.2) 

9.4 


* Figures in parentheses give number of bacterial generations required to produce 
6-hour population from inoculum. 


Growth of the normal and the streptomycin resistant strains in irradiated 
broth was only slightly less than in control broth but the penicillin mutant 
was inhibited to a greater extent. Both the penicillin resistant mutant 
and the streptomycin resistant mutant were originally isolated from 
irradiated broth. If selection is to account for the increase in number of 
organisms resistant to antibiotics in irradiated broth, these mutants should 
have a positive selection value in irradiated broth. This is not the case. 
Therefore, selection fails to explain the increase in numbers of organisms 
resistant to antibiotics in the irradiated broth. 



voL. 34, mn 


GENETICS: STONE, HAAS, CLAKK, WVSS 


145 


Table 2 shows the differential increase in resistant organisms in irra- 
diated broth during the five-hour growtli period. This is expressed both 
as multiplication of the original cells (normal and resistant) during that 

TABLIi 3 

Growth amd Mutations in a Mixed Culture of Normal and Mutant Cells 




. - — CONTROL — ^ — — IRRADI/ 

MUTANTS PB» TOTAL IN MlfTANTH TER 

iT»n 

TOTAL IN 


HKS. 

MILLION 

MILLIONS 

MILLION 

MILLIONS 



Nonnul Strain 




Penicillin, 0.07 u./ml. 

0 

20 

1.3 

16.7 

0,7 


2 

16.8 

38 

372 

7,8 


5 

9.8 

102 

316 

38 

Penicillin, 0.20 u./tnl. 

0 

0 

1.3 

0 

0.7 


2 

0 

38 

8.6 

7.8 


r> 

0.4 

102 

4.7 

38 


Penicillin Resistant Strain 



Penicillin, 0.07 u./ml. 

0 

826T 

0.58 

1(K)0T 

0.5 


2 

lOOOT 

16.3 

992T 

] .4 


5 

895T 

67 

lOOOT 

13 

Penicillin, 0.20 u./tnl. 

0 

0 

0.68 

0 

0.5 


2 

0 

16.3 

203 

1.4 


5 

0.0 

67 

238 

13 

MixeO Culture (0.0 Nortnal -h 01 Resistant) 



Penicillin, 0.07 u./ml. 

0 

58T 

1.7 

48T 

1.2 


2 

41T 

40 

6()T 

5.3 


6 

42T 

90 

58T 

72 



TABLE 4 




Growth and Mutatioks 

IN A 

Mixed Culture 

OF Normal and Mutani' Cells 



CONTROL- . — IHKADIATRD 



MUTANTS l»«ll 

TOTAL IN MUTANT® PER 

TOTAL IN 


HHS. 

MILLION 

MILLIONS 

MILLION 

MILLIONS 



Normal Strain 




Streptomycin, 3,0 u./ml. 

0 

25.3 

0.8 

29.8 

0.8 


3 

22.2 

35 

210 

5.3 

Streptomycin, 10 u./ml. 

0 

0 

0.8 

0 

0.8 


3 

0.6 

35 

5.x 

5.3 

* 

Streptomycin Resistant Strain 



Streptomycin, 3.0 u./ml. 

0 

925T 

0.8 

966T 

0.6 


3 

385T 

19.4 

429T 

3.1 

Streptomycin, K) u./ml. 

0 

210 

0.8 

165 

0.6 


3 

66.8 

19.4 

935 

3,1 

Mixed Culture (0.9 Normal 4* 0.1 Resistant) 



Streptomycin, 3.0 u./ml. 

0 

itxrr 

1.2 

mr 

1:0 


3 

66T 

36.0 

104T 

7.2 


period and as cell divisions necessary to give the net increase in numbers. 
The increase in number of resistant cells is of a consistently different order 
of magnitude from the differentia! increase in number of cells present in 
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irradiated aad control media. Furthermore, the resistant mutants are 
similar to the normal strain in giving a differential increase in num- 
ber of mutants resistant to the second antibiotic. These differences 
are expected if some substance in the irradiated broth causes' an increase 
in the mutation rate. They are not in agreement with an explanation of 
the increase of resistant organisms based on selection. 

Since it may be suggested that population dynamics in mixed cultures 
sometimes gives an unexpected advantage to one component, artificial 
mixtures of the normal and mutant organisms were prepared. The 
inoculum of the mixed cultures, which consisted of 9 times as many organ- 
isms from the normal strain as from the mutant strain, was planted in both 
irradiated and plain broth as were the requisite pure culture controls. At 
the time of inoculation and again 2 and 5 hours, or 3 hours later, the total 
count and the numbers of the mutants were determined (tables 3 and 4) . 
It is evident that the mutants enjoyed no selective advantage in the 
irradiated broth. However, there was a definite and greater increase in 
the resistant strain of the mutants which grew in the higher concentration 
of antibiotics. 

Another line of evidence is derived from experiments in which organisms 
were left in contact with the irradiated broth for varying periods of time 
and then washed and removed to normal broth to eliminate the possible 
selective action of inhibitory principles derived from the radiations. The 
procedure which included controls to test the effect of the washing and 
transferring pr<Kess is described below and is outlined in the footnote 
of table 5. 

Bottles of sterile unirradiated and irradiated nutrient brotJi (I A and 
II A) were inoculated witli about 2 X 10® organisms per ml. from a log 
phase culture of 5. aureus. After one-half hour a 10-ml. sample was 
withdrawn aseptically from each inoculated broth and placed in a sterile 
centrifuge tube; the bottles were incubated at The samples were 

centrifuged and the sedimented organisms were washed with unirradiated 
broth and recentrifuged. The washed organisms were inoculated into 
bottles of unirradiated broth (I B and II B) from which samples were 
immediately withdrawn and plated in appropriate dilutions to determine 
the total numbers and the incidence of mutants. Further platings were 
made after 2- and 5-hour incubation at 37°C. • 

When the cultures in bottles I A and II A had been incubated V/^ 
hours, another 10-ml. sample was withdrawn from each and the centrifuging 
and washing process performed as above. The washed organisms from 
the iVrhour cultures were inoculated into bottles of unirradiated broth 
(I C and II C) from which platings were made as before at 0, 2 and 5 hours 
after inoculation. In a like manner, a third sample was withdrawn from 
bottles I A and II A after they had been incubated 4 hours, but due to 
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TABtB 5 

Efphct of the Time op Contact with Imiadiatbo Broth on StrBSBCUBNT Growth 

AND MiTTATIONS IN UnIRRADIATBD BROTH 


jiOVM AfTIca INOCVtATlOM— — 

,0 . . 2 . 5 ' 


BOTTl-lt 

a 

b 

c 

a h 

Experiment 1 

c 

a 

b 

£ 

I A 

2 

6 

32 




66 

88 

in 

11 A 

3 

4 

22 




83 

7 

11 

1 B 

0.0 

16 

48 

6 

66 

158 

S3 

46 

67 

II B 

0,7 

6 

25 

10 

6 

13 

79 

6 

9 

IC 

0.8 

69 

169 

24 

50 

115 

63 

103 

374 

lie 

5.8 

4 

U 

32 

3 

21 

84 

8 

17 

I D 

0.8 

100 

186 

12 

82 

262 

63 

35 

145 

II D 

1.0 

7 

30 

8 7 

Experiment 2 

38 

51 

6 

16 

I A 

2 

17 

43 



. . . 

65 

300 

102 

It A 

2 

12 

20 




96 

1 

8 

1 B 

0.3 

39 

48 

15 

46 

31 

47 

no 

58 

11 B 

0.4 

12 

31 

19 

8 

6 

56 

2 

8 

1C 

0.6 

59 

26 

14 

19 

57 

42 

255 

472 

lie 

2 

15 

20 

33 

1 

6 

87 

4 

14 

I D 

1 

78 

152 

23 

148 

267 




II D 

2 

2 

11 

26 

6 

14 



. t , 


a *■ total count per ml. in millions, b «= mutants per million on 0.07 unit per ml. 
penicillin, c ■■ mutants per million on 3 units per ml. streptomycin. 

I A. Bottle of irradiated broth inoculated with log phase culture of S. aureus, 

I B. Battle of unirradiated broth inoculated with washed centrifuged cells which 
had grown in I A for Vs hour. 

I C. As X B but inoculum grown in I A for IVa hours. 

ID. As I B but inoculum grown in I A for 4 hours. 

II A, B, C, D. Same as the I series except that II A was unirradiated broth control. 

growth of the culture the washed sedimented cells were diluted before 
inoculating into the bottles of unirradiated broth (I D and II D) so that 
the inoculum was about 10® cells per ml. The total count and the incidence 
of mutants in bottles I A and II A were determined immediately after 
inoculation and again after 5 hours' incubation. 

The restilts of replicate experiments are given in table 5. 

It should be emphasized that the value of these tests lies in the fact that 
bacteria were exposed first to irradiated broth and then transferred to 
normal broth. The table shows that the technique of centrifuging the 
bacteria did not modify the results appreciably, for the two controls are 
essentially alike. Further, the same increase in number of mutants present 
is apparent in bacteria grown in irradiated broth whether or not they were 
centrifuged and then grown in unirradiated broth. Also this table shows 
that if a ‘'high'' percentage of mutants were present when the bacteria were 
transferred into normal broth (i.e., after four hours in irradiated broth) 
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this frequency was retained as the bacteria grew in normal broth. Further, 
if the bacteria remained in the irradiated broth for only a short period 
(IV2 hours or sometimes even V2“hour), tlie number of mutants present 
after growth in normal media increased quite markedly. The irradiated 
media had affected the bacteria so that the mutation rate, measured in 
their descendants grown in normal broth, was markedly higher after several 
cell divisions. Demerec® observed a similar effect from direct irradiation. 
These results are in agreement with the hypothesis that some material in 
the media, when utilized in the cell, causes mutations which can show in 
the descendants of the cell. The increase in number of mutants after 
transfer into normal broth is not in agreement with an explanation based 
on selection for resistant organisms by irradiated broth. 

TABLE 0 

Effect of Irradiated Broth on the Occurrence of Biochemical Mutants 

From mannitol 4* to — 

/ CONTROl. — IHRADIATBli ^ 


STRAIN or 

S\ aureus 

NO. 

TBRTan 

MUTANTS 

NO. CBL.LS 

PHR 

MlfTANT 

NO. 

TBBTBn 

MUTANTS 

NO. CELLS 
PER 

MUTANT 

Rosenbach 

4,000 

0 


349 

1 

349 


m 

1 

8C.)1 

328 

0 



3,976 

2 

1988 

1,064 

3 

355 





3,477 

9 

386 


6,816 

2 

3408 

10,974 

15 

731 


465 

0 


4,350 

1 

4350 

Subtotal 

16,058 

5 

3210 

30,542 

29 

1073 

Strain A 

1,800 

0 


2,160 

3 

720 

Strain B 

4,600 

1 

4600 

7,000 

6 

1400 

Strain C 

2,100 

0 

•• 

4,32t) 

4 

1080 

Subtotal 

8,500 

1 

S!m 

13,480 

12 

1123 

Total 

24,558 

6 

4093 

44,022 

41 

1074 



From mannitol — to 





1,403 

0 


3,066 

18 



542 

0 


6,750 

1 



7,448 

0 


4,000 

3 



3,666 

0 






15,660 

0 


.... 



Total 

28,719 

0 


14,416 

22 

055 


The third scries of experiments concern a different property of the 
organism, the ability to utilize mannitol. The normal strain of 5. aureus 
used can ferment mannitol; it produces mutants which cannot. The% 
mannitol negative organisms can in turn give rise to mannitol positive 
atirains, presumably by reverse mutation. Table 6 shows that both the 
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direct and reverse mutation rate are increased by treatment with irra* 
diated broth. The several diJfFerent strains tested acted essentially alike. 
Grown in normal media, the combined mutation rate from mannitol + 
to — is one mutation in 4093; on irradiated media one in 1074; or roughly 
four times as great. No reverse mutation from — to + was discovered in 
28,719 tested organisms grown on unirradiated broth, but 22 were found 
in 14,416 (1 in 655) among organisms grown in irradiated broth. The 
tables show the fluctuations in frequency of mutants in the several samples 
as would be expected from a mutation phenomenon. Although it was 
not proved that these to + were reverse mutations, this theory is con- 
sistent witli the situation in higher organisms. Whatever may be the truth 
of that matter, it is exceedingly difficult to explain how irradiated broth 
could select both for and against the ability to ferment mannitol. 

Summary . — If selection is to explain the increased occurrence of mutants 
when 5. aureus is grown in irradiated broth, the following conditions should 
be met: (1) Quantitative experiments should show that the mutants have 
a selective advantage over the normal strain under these conditions. This 
should be especially evident in a mixed culUire. (2) When organisms 
are centrifuged from irradiated broth after a short exposure period and in- 
oculated into unirradiated broth, the increase in the number of mutants 
should cease. (3) Both forward and reverse mutations should not be 
differentially increa.sed by growth in irradiated broth. The results of our 
experiments do not fulfill any of the.se conditions. The results are in agree- 
ment with the hypothesis that mutations are induced by some factor in 
the irradiated broth, 

i Stone, W. S., Wyss, O., and Haas. F.. these Proceedings, 3^, 59-166 (1947). 

* Wyss, O., Stone, W. S., and Clark. J. B., J, BncL, 54 , 767-772 (1947). 

* Demerec, M., these Proceedings, 32, 36 “46 (1946). 


ON THE A VERAGE VALUE OF ARITHMETIC FUNCTIONS 
By Richard Bellman 

Department of MATHEMATres, Princeton ITniversitv 
Communicated by S, Lefschetz, February 13, 1948 

The purpose of this note is to introduce a new method of estimating 
sums of the form 

5 - L /(«(«)), (1) 

. I & n SN 

where /(») is an arithmetic function such as the Euler totient function, 
^(»), or the Dirichlet divisor function, d(n), and f(«) is either a polynomid 
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in n, a linear term of the form apn + b, where pn is the «th prime» or an 
exponential term of the form ak^ + J. 

We shall sketch the method in outline and then give the essential par- 


ticulars for, the sum 

5* E <r(Pk(n)), 

(2) 


I ft S AT 

• 

where 

<r(n) = E 

(3) 


d\n 


and Pjt(n) is a polynomial of degree k with integer coefficients. A general 
investigation of results of this type will be presented subsequently. 

The illustrious Indian mathematician, Ramanujan, was the first to appre- 
ciate the importance of the function 

c,(n) » S exp(2iripn/q), l<p<q, (4) 

in the analytic theory of numbers. He gave many interesting expansions 
involving these functions, pf which the following are a sample: 

(5) 

n O Q m t 


d(n) =* E <^»(«) log s/s 

^ m I 

The formulas seem to constitute an important link between the additive 
and multiplicative properties of numbers. There are several ways of 
deriving these striking formulas following methods of Hardy, Estermann, 
or Ramanujan himself. The author has derived another method which 
was used to state sufficient conditions for the expansion of a function in 
such a series. These results have been applied to estimation of the gener- 
alized Ingham sums of the form,^ 

E /(«)/(« + *). (6) 

1 s: ft sJ JV 

Returning to (1), we see that if 

/(«) - E (7) 

a « 1 

then 
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Sums of the form 

g. S) = E exp(2«/)g(«)/g) (9) 

K * 1 

have been the subject of considerable research in connection with Waring’s 
problem* They are also of great intrinsic interest. The following result, 
due to Hua,^ is fundamental. 

* k 

Lemma 1. Let g{n) ~ (ao, ai, . . a*) — /. Then 

I 0 

E{N, g, q) - t 1 = Otf-*'* + *), (10) 

/Ae constant implied by 0 is independent of N, p, and q, depending only 
on k and €. 

The estimate is most useful fur q < N, Hence, the sum for f{g{n)) is 
broken into two parts, (I, N), and {N +!,<»). The .sum from + 1 to 
00 is estimated trivially, if \ag\ is small enough as g For tlic case 

of d{n) where the series is no longer absolutely convergent, difficulties arise. 
We now use the above Lemma to prove 

k 

Theorem. Let g{n) ~ acsd, (a-o, ai, . a*) — 1. Then iV — > <» 

/ »■ 0 

E .(f (.)) ~ f J £ ( t (11) 

n - I « + 1 5 - I 1 - 1 1 

The case where (oo, Oi «t) > I may be treated similarly, requiring 

only slight attention to details. 

Proof: We treat E>*'(s(”))/s(”) first and then use partial summation. 

oi&iv)) _ -y £«(|(”)) + V' 
g(n) " 6 

= Pin) + Pin). 

Let us estimatie 2?(«). It is known, elementarily, that 

c,(n) 1 = E 

*l(«. ») 

Hence 

k.(«)| ^ E * “ <f((5f. «)) ^ (ff» «)) 

«!(«* n) 

since 

<r(») - 'E S<n E 1< ndin). 


( 12 ) 

(13) 

(14) 

(15) 
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Thus 


li?| < 7 - E (?. gin))d((g, «(«))/?* (16) 

(> AT 4- 1 


E <^dic) E ‘M iV + 1 < g < 00. 
o »!«(») (a. s 

< '• s 2 v.-t 

fr]gin) CT ([N -h i/ff] 4 2 S tf < «» ) 

Considering separately the two cases <r > \/Nf <r < \/^, we see that 
\R\ is less than 


cid^isin)) 

y/N 


= n(l). 


(17) 


since d{n) « 0{n*) for any e > 0. Thus it is clear that 

I: R(n) * oiN). (18) 

« - I 


Using Hua’s theorem, Lemma 1, in connection with X) -P(w), and then 

« *» 1 

summation by parts, we obtain the result stated in Theorem 1 . 

To obtain results for primes, we require estimates for trigonometric 
sums involving primes. For exponential terms, results concerning primi- 
tive roots are needed. 

’ Bcllmati, R,, “Oti Ingham Sums and flamanujan Expansions,” unpublished. 

2 Hua, I... an Exponential Sum,” J. Chin. Math. Soc., 2, 301 -^12 (1940). 


AN INVERSION AND REPRESENTATION THEORY FOR CON^ 
VOLUTION TRANSFORMS WITH TOTALLY POSITIVE KERNELS 

By 1. 1. Hirsciiman, Jr., and D. V, Widder 
DEPARTME^^r OF Mathematics, Harvard UmvERsirv 
Communicated by Hassler Whitney, Fel>ruary 7, 1048 
Let b, be real constants subject to the sole restriction that 

u> 

52 (i/o*)* < » . It is easily verified that the formula, 
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defines G{t) as a real- valued function of / for (— «> < / < oo), and that 
G{t) t C*” . The problem of inverting the convolution transform with 
G{t) as kernel, 

f{x) = /I" G{x - t)^(Jt)dt, (2) 

has been considered by I). V. Widder.' In a note* in these Proceedings 
he announced that if </>(/) t L and if is a point of continuity of ^(/) then 

liin P„(Z>)/(a:) = (3) 

where 

i\{D) = n f 1 ~ -'l 

the bn being any real constants such that lim = 0. Here the symbol 

*-00 

D represents the o^^eration of difTerentiatiou and the operation of 
translation through a distance 1/a. In preparing the detailed proof of 
this result the authors discovered it could be much improved. It is the 
purpose of the present note to state these more general results. We have 
succeeded in removing all restrictions from <;►(/) except those required to 
make the integral (2) converge. We have also been able to treat the 
Stieltjes case, 

Ax) = /Jl G{x - t)e^\la{t), (4) 

where c is an arbitrary real constant, which is inverted, as was to be ex- 
pected, by 

lim X*’ e~‘’’P%{D)fix)dx = aC-rj) - a!(aci). (5) 

n— ►<» 

I. J. Schoenberg* has studied tlie functions G{l) in considerable detail* 
and some few of our results, although obtained by different methods, over- 
lap with his. When this is the case the priority is his. The functions 
G{t) defined in (1) are examples of what he has called “totally positive” 
functions. They do not constitute all such functions, but they virtually 
do* so, and we have therefore borrowed his suggestive terminology. 

A kernel G{t) belongs to Class I if there are both positive and liegative 

00 

o*'s: G(t) belongs to Class II if there are only positive a*’s and if S(l/o*) 

1 

» ; G(,t) belongs to Class III if there are only positive a^’s and if 2 (l/«t) < 

. 1 

» . Either G(f) or (?(—<) belongs to one of these classes. 

.We shall briefly indicate the new properties of G{t) which we have 
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established. Theorem 1 may be obtained as a special case of more general 
results due to Schoenberg. 

Theorem 1, If G{t) is defined as in equation (i), then G{t) is a frequency 

«0 

function with mean b and variance moreover, G{i) is bell shaped, 

I 

i.e,, {d/dlYG(t) has precisely n changes of sign. 

Theorem 2. If G\{t) and Gt{t) are defined as in equation {!) with con- 
stants b, and c, {di\\^ respectively, and if the area subset of the 

{aiK*” , then Gi{t) — G^it) has at most two changes of sign. 

Theorem 3. If G{t) is defined by equation (i) and if G{t)t Class II then 
for L w= L{t) defined as a function of t by the equation, 

^ ^ V 

r + D ' 

we have for all t sufficiently large, t > T, 

^dt + 6 + o(l)), 

where o{l) represents a function of t which approaches zero as t becomes 
positively infinite. 

Using these theorems and other results familiar in specific cases from the 
theory of the Laplace* and Stieltjes^ transforms we have been able to prove 
Theorem 4. If G{t)€ Class!, then if the iran,sform {4) converges for any 
one" value of x it converges for all values of x. Moreover, if X\ ami Xi are 
points of continuity of a{t), then the inversion formula (5) is valid. If 
c > Min [Ok], then «(+<») exists and x^ may be taken as + If c ^ , 

ajk > 0 

Max [ok], then a( — <») exists and Xi may be taken a5 — «> . 

Theorem 5. If G{t)t Class II, then if the transform (4) converges for any 
one value of x, it converges for aU larger values of x so that its region of con- 
vergence is of the form jc < x < «> . [The transform may or may not con- 
verge at the abscissa of convergence ye.] Moreover, if Xi and are points of 
continuity of a(t), then the inversion formula (5) is valid. If Min [a^t], 
k — 1,2, , , ,, then a(+ ) exists and Xi may be taken + « . 

Theorem 6. If G{t)i Class III, 'if a{f) is of bounded variation in every 
closed finite subinterval of T < t < <» , and if the transform {4) converges for 

ai 

some one value of x > 7’ + 6 + converges for all suck x. 

Moreover, if xi and x, are points of continuity of a(t), then the inversion 
formula (3) is valid. If c > Min [a,], * 1, 2, . . then «{+ ») exists 

and X, may be taken as 

Analogous theorems may be stated for the convolution transform (2), 
which is inverted by the operator (3) for every point of continuity * of <k. . 
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We may further improve these results. Let us list some conditions on 
the a^'s and 

OD 

E 

If + 1 

r ® y/t 

B. = » 

r » I'/t 

If cx{i) is supposed to be normalized, a(t) = 2"“'[o:(^4-) + «(/-*)], and if 
conditions A and B are satisfied, then (5) holds even for points of dis- 
continuity. If condition C is satisfied, then (3) holds for all t in the Le- 
besgue set of </>(/) and hence almost ever>"where. 

These results include as special cases, and in a few instances go beyond, 
the results obtained for the Laplace and Stieltjes transforms, their 
iterates,*' ^ the Meijcr transform,* etc. They are substantially best 
possible results. 

The autliors have further constructed a comprehensive representation 
theory. Such theories have been constructed for tlie Laplace and Stieltjes 
transforms by D, V. Widder,*' ® for the iterated Stieltjes transform by 
R. P. Boas, Jr., and D. V, Widder*^ and for the third iterate of the Laplace 
keniel by .E. J. Akutowioz.**^ Dr. Boas* has further announced but not 
published a similar theoiy^ associated with tlie Meijer transform. The 
present theory includes all these results as special cases. Since the state- 
ments of the theorems arc rather long, and since they can be readily sur- 
mised by anyone familiar with the foregoing particular theories, we shall 
state only one typical result. 

Thkorrm 7. If G{t)t Class If then the conditions 

1. f{x)tC^ {yc<X< cp), 

2. f{x) ^ 0 (e"^) <»), 

where at “ Min [ajb] , k »= 1, 2, . . 

3. Pn{D)f{x) '^0 (7, -- 6 + - E l/«* < *< “)« “ 1, 2, . . . 

are necessary and sufficient that 

f{x) «■ J'JU C{x — t)da{t), 

with aQ) non-decreasing and with abscissa of convergence less than or equal 
to y,. 

‘ Widder, D. V., Duke Math. J>, 14, 217-261 (1947). 

* Widder, D. V,, Proc. Nat. Acad. Sci., M, 295-297 (1947). 
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» Schoenberg, I. J.. Ibid., 33, 11-17 (IW). 

* Wulder, 1). V., Trans, Am, Math, iioc,, 36, 107 206 (1934). 

* Widder, D. V,. Ibid,, 43, 7-60 (1938), 

» Pollard, H., Duke Math. J., 14, 129-142 (1047). 

^ Pollard, H., Ibid., 14, 669-675 (1947). 

« Boas, R. P., Jr., pROC. Nat. Acad. Sci.. 28 , 21-24 (1942). 

» Boa.s, R. P., Jr., and Widder. IX V., Trans. Am. Math. Sac., 45 , 1 72 (1939). 
Akutowicz, E. J., '"The Third Iterate of the Laplace Transform,’' Thesis, Harvard 
(1947). 


THE LAPLACE TRANSFORM FOR LOCALL Y COMPACT ABELIAN 

GROUPS 

By George W. Mackey 
Department of Mathematics, Harvard IJNivBRsnY 
Communicated by Oscar Zarj.ski, February 13, 1948 

Introduction, — As has been shown by A. WeiP and others the classical 
theory of the Fourier transfonn for functions defined on the real line has 
a natural generalization to a theory of a transform taking functions defined 
on a locally compact Abelian group G into functions defined on the charac- 
ter group d of G. This theory includes as special cases the theory of 
»-tuple P'ourier series and the theory of n dimensional Fourier transforms. 
It is based upon the very simple idea of replacing the function exp (ity) 
which occurs in the classical one-dimensional Fourier transfonn by the 
character function {t, y) whose value for each t in G and each y in G is the 
value at t of the character y; and thus defining the Fourier transform of a 
suitably restricted f{t) as J^f{t){t, y)dt where integration is with respect 
to the Haar measure in G. 

It is the purpose of the present note to describe how this idea may be 
further exploited so as to generalize the Laplace transform and tlie Laurent 
series in an analogous fashion and thus to connect certain aspects of 
complex variable analysis with thje theory of topological groups in the same 
way that this is done for real variable analysis by the generalized Fourier 
transform. It is hoped that ultimately such considerations will throw 
light on the theory of functions of several complex variables. 

At the present time we are in a position only to describe the basic notions 
and state a few preliminary results. We expect to publish later in another 
journal a paper giving detailed proofs of the theorems stated here as well 
as those of others which we hope to obtain. 

Real Characters, Linear Functionals and One Parameter Subgroups * — 
We shall call a continuous complex valued function z, defined on the 
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locally compact Abelian group G, a generalized character if zQik) =* 
z{h)s{t 2 ) for all U and in G, It is evident that every generalized character 
has a unique representation as the product of two generalized characters, 
one of which takes its values on the positive real axis and the other on the 
unit circle. The generalized characters of the latter sort are clearly identi- 
cal with the characters of the Pontrjagin-van Kampen duality theory and 
will be referred to as ordinary characters. Generalized characters of the 
former sort will be called real characters. If r is a real character then the 
function x obtained by setting = log {r{t)) has the property* that 
+ xik) for all /i, to in G, A continuous real valued function 
with this property will be called a linear functional. Clearly the above- 
described mapping sets up a one-to-one correspondence between the real 
characters and the linear functionals on G, Now let x be any linear func- 
tional on G, For each real number u the function taking t in G into the 
complex number exp {iux{ty) is clearly an ordinary character y(«). More- 
over yiui + and y is a continuous function of u. Thus 

y{u) is a continuous homomorphism of the additive group of the real line 
into 6. Such a homomorphivsm is called a one-parameter subgroup of 
It may be proved without great difficulty tlmt every one-parameter 
subgroup of G may be obtained from a linear functional in the manner 
just described and that tliere is thus obtained a one-to-one correspondence 
between linear functionals on G and one-parameter subgroups in G. We 
shall find it convenient to use the same symbol to denote a linear functional 
and the corresponding one-parameter subgroup and to call the compound 
object so denoted a vector. If x is a vector, i a member of G and u a real 
number, then x{t) will denote the value at t of the linear functional asso- 
ciated with X and x[tt] will denote the member of G assigned to u by the 
one-parameter subgroup associated with x. We convert the set of vectors 
into a real vector space by carrying over the obvious vector space operations 
in the set of linear functionals. We note that (xi + X 2 )[u] = Xi[u]x 2 lu] 
and whenever x, Xi and Xt are vectors and w, Ui and Ut are 

real numbers. The natural question concerning the existence of vectors 
is answered by the 

Theorem. Let G be a locally compad Abelian group and lei G be Us 
character group* Then thefolUming statements about G and G are equivalent, 

(a) For each / in G distinct from the identity e there exists a linear 

functional x with x(/) 0. 

(b) For each t in G distinct from e there exists a real character r with 
r(t) 9^ 1. 

(c) The union of the images of all one-parameter subgroups of G is 
dense in G* 

(d) G is connected. 
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(f) G is the direct product of a discrete torsion free group and the 
additive group of an n dimensional vector space. 

The Laplace 7Va»s/orm.— We define the generalized Laplace transform 
by replacing the ordinary characters of the Fourier transform theory by 
the generalized characters described above. The Laplace transform of a 
suitably restricted function^ / defined on G is then /*/(/)(/, z)dt where 
z) is the value at I of the generalized character z. In view of the re- 
marks of the preceding section we may write tliis as Sf{t) exp {x{t)){tt 
y)di where y is an ordinary character and x is a vector. The result may 
be regarded as a function defined in the direct product of the space G of 

A 

all vectors with G. If G is taken to be the additive group of integers then 
G IS the multiplicative group of complex numbers of modulus one and 
G may be put in to one-to-one correspondence with the positive real 
numbers in such a way that the positive real number r corresponds to tlie 
linear functional which carries n into n log (r) and hence to the real charac- 
ter which carries n into r”. Thus the Laplace transform in this case may be 
regarded as mapping doubly infinite sequences la„!,n = =** 1» 2, . . into 

functions defined in the complex plane with the origin removed. It is 
readily seen to coincide with the corresponding mapping defined by the 
Laurent series. If G is taken to be the additive group of real numbers, 
G X G turns out to be isomorphic to the additive group of all complex 
numbers and the transform considered here reduces to the classical doubly 
infinite Laplace transform. Taking finite direct products of these groups 
with themselves we obtain multiple. Laplace transforms and Laurent series 
in several complex variables. It follows from the theorem of the’ pre- 
ceding section that there is little if any point in considering groups for 
which G is not connected. With this in mind we may say that roughly 
speaking the generalized Laplace transform defined above is the '‘direct 
product’^ of the classical «-fold doubly infinite Laplace transform and a 
transform which generalizes a multiple Laurent series to the same extent 
that a general discrete torsion free group generalizes a direct product of 
finitely many replicas of the additive- grotjp of the integers. 

There are many questions that may be asked about the nature of the 
subset of 5 X G in which fj{i) exp y)dt is defined. The answers 

to these depend, of course, upon the sense in which the integral is to exist. 
We shall remark here only that if the integral is required to be absolutely 
convergent then the region of existence is the direct product of a convex 
subset of G with the whole of G. This, of course, implies at once the well- 
known facts about the regions of absolute convergence of Laurent series 
and doubly infinite Laplace transforms, 

Analyticiiy of the Laplace Transform, — Partial differentiation of functions 
defined on a topological group may be defined by means of one-parameter 
subgroups. If / is a function defined on G and x is any member of 5 the 
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partial derivative /r of / with respect to x may be defined as tlie limit as 
u tends to zero of {I /u){fiyx[u]) f{y)) provided that this limit exists in 
some appropriate sense. If / is the Fourier transform of a suitably re- 
stricted function konG then will be the Fourier transform of the function 
g on G such that g{t) = x{t)k(() for all I in G. 

Since G is a real vector space it is clear that when it is provided with 
any reasonable topology tliere will be a natural one-to-one correspondence 
between its elements and its one-parameter subgroups and, accordingly, 
such a correspondence between the elements of G X Gand theone-pararri- 
eter subgroups of G X G. Thus if {xu x^) is a member of G X G and 
F a suitably restricted function defined in G X (5 we may speak of the 
partial derivative of F with resj>ect to (xj, X 2 )^ It is clear that 

if u is any real number then the partial derivative of F with respect to 
«(xi, Xi) — {tiXu is equal to the product of u and the partial derivative 
of F with respect to (xu Xt). Now G X ^ may be converted into a complex 
vector space by defining (w -f ^^* 2 ) to be the element (waci — vxz, 

vxi + UX 2 ) but it will, of course, not always be true that the above homo- 
geneity relationship will continue to hold for complex multipliers. Given 
any class of differentiable functions those members F for which F(xj, xd 
is a complex homogeneous® function of (.ri, x^) will be referred to as the 
analytic functions in that class. 

As is to be expected there are tlieorems coruiecting the properties of being 
analytic and of being a Laplace transform. We shall close tliis section by 
describing such a theorem. Let / be any function in on G. Then, 
as may be proved without difficulty, the set of all x in G for which /(/) exp 
(jr(/)) is in L* on C is a convex subset X^of G and contains the zero eleinent. 
We shall call a convex subset of 5 large if it contains the zero element 
and the smallest linear subspace of G containing it is the whole of G. 
We shall call a point x in a large convex subset of G an interior ix>int if, 
for some real number u greater than one, the point ux is also in the convex 
subset. A function / for which K/ is large will be said to be strongly in 
LK If f is strongly in then the function on Kf X G which for each x 
in is defined for almost all y in C as the Fourier transform of /(/)exp(jc(i() ) 
we shall call the Laplace transform of /. Now let K be any large convex 
subset of 5 and let F be a function defined .on K X <2 so as to be in on 
G for each x in X. Then for each x in the interior of X the expression 
(1/w) {F{x + uxu yx^W) - Fix, y)) may for each {xu x^) be regarded as a one- 
parameter family of elements of TJ on G defined for u sufficiently small. 
If this family tends to a limit os u approaches zero for all x interior to X 
and all \xx, x%) in G X 6 and if this limit F^^xv *,> is complex homogeneous 
as a function of (xu xt) we shall say that F is L* analytic interior to X X 6. 
These definitions having been made, our theorem may be stated as 
follows. 
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Theorem, Let F be defined- on K Y. G where K is a hirge convex subset 
of G* Then F is analytic interior to K X G if and only if there exists a 
function f strongly in on G such that Kf contains the interior of K and F 
coincides^ interior to K X G with the L® Laplace transform of /. If f does 
exist it is unique {modulo functions zero almost everywhere) and 
is also analytic and is the IJ LapUice transform of the function g such that 

g{l) ^ f{t){xx{t) + ix^it)). 

Complex Integration and the Cauchy Formula . — If F is the Laplace 
transform of a fmiction / on G then for each in G it is the Fourier transform 
of f{i) exp (3c(0). Thus (formally) f{F{x, y)/{t, y))dy = f{i) exp (.r(/)) 
so that J'{F{Xy y)/(exp {x{t))(ty y)))dy = fit). In other words, for suitably 
restricted functions, / may be recovered from F by integrating F(x, y)/ 
(exp (x(i))(^ y)) over any subset of G X which lies in the region of 
definition of F and is of the form Xo X 0; the measure being the Haar 
measure in G transferred by the one-to-one mapping y ^ Xo, y. It follows 
that F is determined by its values on any subset of the form xo X G and 
we are led to expect a formula giving F(x, y) in terms of F(X(), y). If we 
follow through the formal work of finding /from F(X(), y) and F(x, y) from 
/ and replacing the Fourier transform of a product by the convolution of 
the Fourier transforms we get the formula F(x, y) =« y*F(xo, yi)A^(x — xo, 
yyi“^)dyi where K (x, y) is the Fourier transform of exp (x(/)). Un- 
fortunately, this formalism cannot be made to lead to a theorem since the 
Fourier transform of exp (x(0) does not exist. Suppose, however, that 
(t> is the characteristic function of a set so small that exp (x(/)) does 
have a Fourier transform for all x in a suitably large subset of G, Then 
if / vanishes outside of this set so that f ^ <l>f the procedure described 
above leads to the formula F(x, y) = fF{x^, yi)K^{x — Xo, yyi"'^)dyi 
where K^{x, y) is the Fourier transform ofs ^{t) exp (x(/)). This formula 
may be proved rigorously for suitably restricted functions F. In the case 
in which G is the additive group of the integers and 4> is the characteristic 
function of the non-negative integers it reduces to the classical Cauchy 
integral formula for the special case in which the closed curve is a circle 
with center at the origin. 

If G is finite dimensional (and probably with even a weaker restriction) 
it is possible to extend the above considerations to the case in which the 
integration is performed over a much more general subset (rf G X ^ than 
one of the form xo X G. Let ^ be a suitably differentiable function de- 
fined throughout G and having values in G. Let Q be the set of all points 
of G X G of the form ^{y)t y for y e G. Then a complex valued measure 
may be introduced into C^ which is of such a nature that tiieorems 
can be proved establishing the formulae: 

/(O “ Jc,^ iF{x, y)/(exp ix{t)){t, y)))dn^ 
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and 

Pix, y) = Fixi, yx)K(x — a-i, yyr^)df*ii, 

where, in the second integration, x and y are regarded as fixed. As the 
work necessary to remove obviously too restrictive conditions from the 
statements of such theorems has not yet been done we shall confine our- 
selves here to a description of the measure jUf • ^ be the function taking 

y in 0 into ^(y), y in G X 0. Then B is a one-to-one map of G onto Q 
and hence ix^ is completely determined by the measure in G defined by the 
equation When ^ is sufficiently differentiable will 

be absolutely continuous with respect to the Haar measure in G and hence 
will be comi)letely described by its Radon Nikodym derivative with re- 
spect to this Htiar measure. This derivative may be computed from 
^f/ as follows. For each x in G the partial derivative of ^ with respect 
to X may be defined in a manner strictly analogous to that used for complex 
valued functions. The result will be linear in .r and will be for each y 
in ^ a member of G. Thus for each y in G, ^x(y) defines a linear trans- 
formation T^{y) of the vector space G into itself. It may be extended to 
a complex linear transformation of G X G into itself in a unique and obvious 
fashion. The sought for Radon Nikodym derivative r is defined by the 
equation: r(y) «= determinant (z7 T^piy)), Here I represents 

the identity transformation and n is the dimension of G- Presumably a 
measure with similar properties may be introduced into Q when ^ is only 
assumed to have some property analogous to being of bounded variation. 
How this is to be done is a matter which we expect to investigate. 

Concluding Remarks. Among other results in our possession at the 

moment is a generalization to functions on G X 6 of Hadamard's three 
circles theorem. Its proof may be carried out using the same device used 
by Zygniund and Tamarkin* in proving Thorin's generalization of tlie M. 
Riesz convexity theorem. This is not surprising once one has observed 
that Thorin’s theorem is essentially the Hadamard three circles theorem 
for functions of n complex variables. We have also inve4>tigated the 
extension to groups of the Hilbert transform and have used this extension 
to obtain formulae giving F(jc, y) in terms of its values on a set of the form 
Xo X G which are different from those discussed in the preceding section. 
These and other matters we intend to discuss in full in the more detailed 
paper promised in the introduction. 

^ Weil, A., *T'int6gration dam les groupes topologiques etses applicatiom/' ActualitSs 
ScAenlifiques et Industfielhs^ No. 869, Paris, 1940. -* 

* Functions mentioned in this note are complex valued except when the contrary is 
explicitly assumed. 

^ This particular way of formulating analyticity was suggested to the author by the 
treatment of complex manifolds in an unpublished manuscript of C. Chcvalley. 

* Coincidence here means, of course, having the same value for almost all y for each x. 
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* Cf. Bochner, S., Group Invariance of Cauchy’s Formula in Several Variable*/ ' 
Ann, Math,, 45, 68f5 (1944). 

« Tamarkin, J. 1)., and Zy^mund A,, *’?roof of a Theorem of Thorin, Bull, Ant, Math. 
Soc„ 50, 279 (1944). - ‘ 


ON THE ASYMPTOTIC DISTRIBUTION OF THE SUM OF A 
RANDOM NUMBER OF RANDOM VARIABLES 

By Herbert Robbins 

Department of Mathematical Statistics, University of North Carolina 
Communicated by Marslon Morse, January 9, 1948 

We shall state without proof some results on the asymptotic distribution 
as X 00 f>f the sum 

Y ^ + ,,, + Xs 

of a random number of independent random variables, where the X^ have 
the same fixed distribution function F{x) - ^ x] and where N is 

a non-negative integer- valued random variable independent of the Xy, 
whose distribution function depends on a parameter We shall use 
the notation • 

a « E{Xi), - Var{Xi){Q < ® ), 

a - E{N\ 7"* - VariN){0 ^ 7 ' < <»), M ^ {N - a)/y. 

B{i) = = 0 !C^ + 7 *a^, S *« {ya)/(r, 

Z » (F - E(Y))/VVar(Y) = (F - aa)/ff, " 


Theorem 1. If as \ 


g.!! 00, -y-a* 0(«r*y, 

(1) 

then for any t, as \ » 


vit) = + 0(1). 

(2) 

Corollary 1 . If (i) holds and if ash-* » 


0*7* as o(a), 

(3) 

then for cmy't, 


lim ip{t) *> 

(4) 


X— ^ CO 


so that Y is asymptotically normal. 

Corollary 2. If {!) holds and if M has a non-normal limiting distribu- 
tion function G{x), so that ‘ 

lim 9(0 *» g(f) (6) 
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and if 

CCC^ 

I". = 5(0 ^ 5< ®), (6) 

X-*- « 

then 

SO Quit Z has a non^normal limiting distribution function. 

It is easy to show that if M has a limiting distribution function G(a:) 
such that G{x) >0 for every x, then as A — > or «j and y — o{a), 

so that ( 1 ) holds. 

Corollary 3. If N is asymptotically normal then V is asymplolically 
normal. 

An example in which ( 1 ) does not hold ivS the following: for any positive 
integer X let N have the values X, 2X with P(A' X] = P[iV = 2X] = Vai 
and let a == 0, Then = (3Xc®)/2, y = X/2, y 4= Here we may 

show directly that 

lira v>(<) = + 

X—*- «) 

which is the characteristic function of a mixture of two different normal 
distributions. This is a sjiecial case of the following theorem. 

Theorem 2. If 

a — 0 , lira 7 /a = r( 0 < r <]“>). ( 8 ) 

X— ♦ « 

and if M has a limiting distribution function G{x) {necessarily such that 
G{x) = 0 for some x), then 

lira (9) 

x-.» 

where 

= (10) 

It foUows that Z has the limiting distribution function 

im « ( 11 ) 

where 

is the normal distribuiion function with means 0 and variance 1, 

A full account of these results will be. published elsewhere. 
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ON VARIATION^DIMINISHING INTEGRAL OPERATORS OF 
THE CONVOLUTION TYPE 

By I. J. Schoenberg 

Department of Mathematics, University of Pennsylvania 
Communicated by Oswald Veblen, February 20, 1944 

A real matrix A = (i =“ w/ ft ~ 1> ...» tw), is said to be 

totally positive if all its minors, of any order, are non-negative. The 
algebraic properties of totally positive matrices have been intensively 
studied by F. Gantmakher and M. Krein in 1937.^ In 1930 the author* 
showed that if A is totally positive, then the linear transformation, 


m 

yi = S (i == 1 n), (1) 

*«•! 

is variation-diminishing in the sense that if v{xl) denotes the number of 
variations of sign in the sequence {.v*} and v(yi) the corrCvSponding number 
in the sequence ly*), then we always have the inequality 

viyt) S vixl). ( 2 ) 


In a previous note* the author has defined the class P of the so-called 
Polya frequency functions as the class of functions A(a:), — «> < x: < 
satisfying the following three characteristic conditions: 

1. A(.v) is measurable. 

2. If < .V 2 < . . . < Xn and ti< kK , . . < int then the determinant of 
order w, whose element in the ith row and jth column is A(iCi — /;), should 
be non-negative, i.e., 

det||A(:C- <,)|| ^ 0. (3) 

This inequality should be verified for » = 1. 2, 3, .... 

3. Finally 

0 < A(x)dx < + ® . 


All Polya frequency functions A{x) turn out to be everywhere continuous 
with the single exception of the so-called truncated exponential 



if * ^ 0 
if * < 0, 


and all functions arising from it by a change of scale and origin. As stated 
in the same note, a function A(*) is equivalent (or equal almost eveaywhere) 
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to a Polya frequency function if and only if it has a bilateral I^place 
transform of the form 



e ^'^A{x)dx 


^ 1 

^Is) 


(—a < Rs < a. for some a > 0), 


(4) 


where ^(a) is an entire function of the tyf)e II of Laj^erre, Polya and 
Schur^ 


'I'(.t) = n (1 + (4') 

(where C > 0, 7 ^ 0, 6 , 6 ,, real, 0 < 7 ® + the relation (4 ) holding 

in a certain open vertical strip of the 5-plane containing the imaginary axis. 
Accordingly 

A(%) = 1/cosh X, 

are a few examples of Polya frequency functions because their bilateral 
Laplace transforms are readily found to be of the form (4), (4'). 

The analogy between the property (3) of a Polya frequency function 
and the definition of a totally positive matrix -4, as given in the first 
paragraph, would suggest that the convolution transformation, 

gix) = (5) 

should be variation-diminishing, provided A(x)6P. For this purpose we 
require the following two definitions. 

1. Let f{x) be a real function defined for all real x. The number v{f), 
of variations of sign o[ f{x) in the range (— 00 , 00 ), is defined as follows: 
U S : Xi< X 2 < , . . < Xn is an arbitrary finite increasing sequence of real 
numbers, then 

v(J) = sup f (/(*«)), (Og v(f) g 00 ). 

5 

II. Let A(x) be real and measurable for all real x. We say that the 
transformation (5) is variation-diminishing if and only if A(x) enjoys the 
foUovTing two properties: 

1 . 

0< yi”* |A(x:)|dji: < <». 

2. If /(<) is bounded and measurable, then (5) should always imply the 
inequality 

»(*) ^ »(/). (6) 

The following theorem holds. 

Thborbm. The conwdulion transformation 
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g{x) » A{x omdi ( 6 ), 

is variation-diminishing if and only if the function A(x) admits of a bilateral 
Laplace transform of the form 

(!) 

where e =*=i and ^( 5 ) is an entire function of the Laguerre-Polya-Schur 
type (4^), the relation (7) being valid in a certain open vertical strip of the 
s-plane containing the imaginary axis. An equivalent formulation is as 
follows: (5) is variation-diminishing if and only if eA(5c)(e »= +1 or else =» 
—i) is almost everywhere eqml to a Polya frequency function. ^ 

If (5) is variation-diminishing, we always have v{g) ^ v{f), even if f{t) is 
not bounded, provided f{t) is summable in every finite range and such that the 
improper integral (5) converges for every value of x. In particular, this is 
always the case iff{f) is a polynomial. 

The variation-diminishing property of the classical transformation, 


has previously been established by Polya* in connection with related 
work of La^erre. 


In the case of the "rectangular” frequency function 
A(*) 


/ l/(2h) if —h ^ X ^ h 
( 0 if X > A, or ar < —h, 


(5) turns into the familiar “integral«mean” transformation 

1- 


g(x) 


2h 


fm 


( 8 ) 


(9) 


which is often used for practical or theoretical smoothing purposes, a fact 
which may justify the following remarks. The transformation (9) is nol 
variation-diminishing, because (8) is not a Polya frequency fimction. 
Indeed, the transform of (8) is 


1 r 

2hJ.H 


•dx 


sinh(sA) 

sh 


which is certainly not of the necessary form (7) because it has (infinitely 
many) zeros. An example when (9) increases the number p(/) is easily 
constructed as follows. Let « be an integer, n ^ and let 



1 + cos* 
1 + cos * 


if * < —ST or* > w, 

(« + Vj) if “w S « S r. 



VoL. 84, 1848 MA THEM A TICS; I. J. SCHOENBERG 187 

Evidently v(f) «= 2. However, with 2A = (2» + l)ir, we find that (9) 
transforms our f(x) into g{x), where 

g{x) - ~~ cos X in the range — (« — ^ (« — */»)*•. 

Thus v{g) S 2(n - 1) > v(f). 

The term “Polya frequency functions” for the functions of our class P 
seems justified for the following reasons. Let 

be the power scries expansion of the raeromorphic function (4). Evidently 

H, = - A{x)x''dx, (v = 0, 1, 2, . . .). (11) 

If /(/), of (i5), is a polynomial of degree n, then (5) may be evaluated as 
follows: 

g{x) * y" A(t)f(x -t)(U=J' A(<) S 


or 

g{x) = w/(x) - jj w/'(x) + • • • * “| * ^:^ /(*)•* (12) 

In this connection Polya proved in 191.') the following remarkable result^: 
“Let (10) be a formal power series {formal means that no convergence is 
assumed) with the following property (5) : If f(x) is an arbitrary real 
polynomial, then the number of real zeros of the transformed polynomial 
g(x), given by (12), should never exceed the number of real zeros of the given 
polynomial /(x). A power series (10) enjoys the property (5) if and only 
if it is the Taylor expansion of the reciprocal * l/’^(5) of an entire function 
’if(s) of the form (4').” Thus our Theorem was discovered by Polya in 
1916 for the case when /(x) and g(x) are i)olynomials,* the convolution 
transformation (5) being replaced by the differential operator relation (12). 
These remarks show that the Polya frequency functions A(x) appear im- 
plicitly in Polya's work of 1915 in terms of their moments (11), 

In concluding we wish to mention a result of Th. Motzkin which is 
used in the proof of our Theorem. In 1930 the author showed that the 
linear transformation (1) is certainly variation-diminishing if the matrix 
A does not i)OSse8S two minors of equal orders and of opposite signs. He 
also iihowed that conversely, if (1) is variation-diminishing, then A cannot 
have two minors of equal orders and of opposite signs, provided the rank of 
A is nt. The necessary and sufficient conditions in orda- that (1) be 
ydriation-dimiaiahing were discovered* in 1933 by lii. Motzkin.» They 
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are as follows : Let r be the rank of A ; then A should not have two minors 
of equal orders and of opi.>osite signs if their common order is <r, while 
if their common order is =*= r then again they should never be of opposite 
signs if they belong to the same combination of r columns of A, 

In his contribution to the Courant Antiivcrsary Volume*" the author 
has recently discussed the discrete analog of the probfem of the present 
note, namely, the variation-diminishing (sequence) convolution trans- 
formations 


yn ““ — (n • * Ij 0, 1, . , (Id) 

ym. — OD 

in their relation to the sequences {Lnl satisfying the following two condi- 
tions: (1) The 4-way infinite matrix has only non-negative minors; 

go 

(2) 0 < L, < These sequences are the discrete analogs of the 

— •» 

Polya frequency functions* 

‘ Gantmakher, F., and Knnn, M,, “Sur les matrices compl^tement non negatives et 
oscillatoires,** Componiio Math., 4, 445-476 (1937). 

* Schoenberg, 1. J., "Ubtir variationsvcrniindernde lineare Transformationen/’ 
Math. Z., 32, 321-:i28 (1930). 

® Schoenberg, I. J., "On Totally Positive Functions, Laplace Integrals and EtUire 
Functions of the I^guerre-Polya-Sehur Type,” Proc, Nat. Acad. Set., 33, 11-17 (1947). 

* Polya, G., and Scluir, I., “Uber zwei Arten von Faktorenfolgen in der Theorie dcr 
algebraischeii Gleichungen,” J. Math., 144, 89-113 (1914). 

* Polya, G., ‘'Qualilatives iiber Wiinneausglcich,” Z. anjiew, Math. u. Meek., 13, 
125-128 (1933); and also Polya, G., “Sur un th^ordme de Laguerre,” Cimpi. rend., 
156, 996 999 (1913). 

® In the present case when f{x), and therefore also g{x), is a polynomial, we may invert 
the relation (12) by means of the relation f{x) » 4^(i?)g(r). Thus we obtain the in- 
version of the convolution transformation (5) by the relation /(x) » provided 

A(jc) i.s a Polya frequency function. Polya frequency functions play an important r61e 
also in Widder’s recent work; indeed, he shows that if A{x) is a Polya frequency function 
then (5) is again inverted by fix) ^ ^{D)f{x), provided f{x) is merely assumed to be 
continuous and absolutely integrable in (— », » ) and the relation /(a?) ■» ‘^{D)f{x) is 
suitably interpreted. See Widder, D. V., "The Inversion of a Generalized Laplace 
Transform,” Proc. Nat, Acad, Sci,. 33, 295-297 (1947). 

’ Polya, Vr., " Algcbraische Untersuchungen tifocr ganze Funktionen vom Geschlechte 
Null und Eins,” J. Math., 14S, 224-249 (1915), especially page 231. 

* Polyaks statement in terms of the numbers of real zeros of the polynomials f{x) and 
g(3t:) is really equivalent to our statement in terms of the numbers ol variations of si^n 
of these functions, as we may easily show the equivalence of these two statements as 
far as polynomials are concerned . 

* Motzkin, Th., Beilrdxe zur 7'keorie der linearen Un^kichungen, (Doctoral disserta- 
tion, Basel 1933), Jerusalem, 1936, 69 pp., especially Chap. IV. 

Schoenberg, I. J., "Some Analytical Aspects of the Problem' of Smoothing,” Courant 
A nniversary Volume, New York, 1948, 351-370, especially $2, On page i362 {he. cit.) the 
transformation (13) is said to be variation*-<liminishtng if: (1) 0 exponentially 
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if « CO ; (2) for every bounded sequence I j , (13) implies the inequalil y v(y) S t>(A*)* 
The first condition is unnecessarily restrictive; indeed, it is readily seen that Theorem 2 
Hoc, cil,, page 36^i) and its proof remain valid if we. define a variation-diminishing trans- 
formation (13) by the following two conditions: (1^) t) < X\Lf] < oo, > 0 for some 
«; (2^) e(y) ^ r(a:) for bounded |x„j. 


PHYSICAL CURVES IN GENE:RALIZED FIELDS OF FORCE^ 

By Howard Kasner and John De Cicco 

Dkpartmicnts of Mathematics, Culumiiia University, New York, New York, and 
Illinois Jnstitutk of Technolooy, Chicago, Illinois 

Communicated March 1, 1948 

1 . The dilTeretitial geometry of the dynamical trajectories and certain 
important physical systems of curves of general positional fields of force 
has been developed by Kasner in his Princeton Colloquium I>ectures.^ 
Recently we have introduced the concept of generalized fields of force 
which depe.nd not only on the position of the point but also upon the 
direction through the point. Positional fields may be described as iso- 
tropic and generalized fields as anisotropic,'^ 

If {<t>t are the rectangular compements of a generalized field of force 
in the plane^ the corresp<.)nding equations of motion of a particle are 

,/2v (Pv 

dU "" dP "" 

The cartesian coi'irdinates of a point are denoted by (x, y), the slope through 
the point hy p — dy/dx, and the time by L We assume that the slope of 
the force vector is not identical with p. For otherwise, the trajectories 
are all straight lines and the field of force is of no interest. In a generalized 
field of force, there are co ^ trajectories, just as in the positional case. 

Upon eliminating the time t from the differential'cquations (1) of motion 
of a particle, we find that the differentied equation of third order defining a 
generalized dynamical family of * curves is 

d^v d^y 

— p<F) — = [yj/x + <l>x) “* P'*<t>y ] + bPp “ P<t>p “ 34^] • 

( 2 ) 

2. A system 5, of curves in a generalized field of force consists of curves 
along which a constrained motion is ix>ssible so that the pressure P is 
proportional to the normal component N of the force vector. Thus 
P » kN. There are » * curves in a given system 5* for a fixed k. 

The differential equation of third order defining any system 5* is 
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(.4' ~ P4>) [V'x + p(.4y - <i>T) 


P\ 


dsr* 


+ [Pp —• PPp ~ 30 


(n — 2)(0 4- PP)~\ {d^yS? 


1 +/»* 


■ J \dx\ 


:)■ 


( 3 ) 


The relation between k and n is 


n 


2 

ife + 1 ‘ 


(4) 


The system 5* is undefined fox k — -- 1 or » = «» , 

The important systems of physical interest are: 

The system So of trajectories defined by ^ = 0 or » « 2» 

The system Si of general catenaries defined by ife == 1 or » = 1. 

The system S^ ^ of general brachistochrones defined by ^ — 2 or w = 2. 

The system 5e, of velocity curves defined by ^ = «> or » « 0, 


3. Every system 5* of oo * curves is of the type (G), that is, it is defined 
by a differential equation of third order of the form 


<Dy_ 


(;(x. y, P)^~,-^ II{x,y,p) 



(5) 


Conversely we have proved that except for the velocity systems St ^ , any 
family o/ co » curves of the type (G) always represents a system 5* in a general- 
ized field offeree* There are such fields of force. 

On the other hand, we have shown tliat a family of curves of the type 
(G) is a velocity system if and only if it is a system of curvature trajectories* 
Thus the differential equation of third order defining any velocity system 
So, is 

+ ( 6 ) 

This system of « * curves consists of the curvature trajectories of the 
family of curves: (i*y/d** = e“^*’ 

For the positional case, the functions G and H need to be specialized 
further. A characteristic set of fixe geometric properties for the system 
5* in positional fields of force have been obtained by Kasner.' 

4. We shall define the angular rate X which is associated with any lineal- 
element £ of the plane for the motion of a particle when acted upon by a 
generalized field of force. As the lineal-element E rotates about its point 
P, the corresponding force vector P also rotates about P. The ang^lar 
rate X is tlic instantaneous rate of diange of the inclination of P with 
respect to the inclination of £. It is given by the formnta 
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- Hp) 


(7) 


For any ordinary positional field of force, X =» 0. However, the angular 
rate X vanishes not only for positional fields but also for those generalized 
fields of force such that the direction of the force vector at any point P 
does not vary but its magnitude does. 

The possible lines of force are defined by 

y, P) - P4>ix, y, p) = 0. (8) 

Along any line of force, the angular rate X is 


X == 





If there exists a lineal -element Ju which satisfies (S) and if X 1 at Eo^ 
then (8) can be solved for p in the neighborhood of /io> that is, ^ = / (jc, y ) . 
In general, this has oo i ititegral curves, namely, the lines of force. 

5. At a point P, there is, in general, a single particular curve C« of the 
system such that the particle describing this curve G has zero speed 
at P. The direction of G at P coincides with that of the force vector. 
Conversely there arc i curves of the system 5* in the direction of the 
force vector. The particle describing each one of these curves except 
Co have speeds different from zero at P; but then the curvatures are zero 
at P. For the particular curve Co, the speed of the particle at P is zero 
but its curvature at P is not zero in general. For the system So of tra- 
jectories, the curve Co is the rest trajectory. In any system 5*, there are 
oo 2 such curves Co. 

The ratio p of the curvature of the particular curve Co to the curvature of the 
tangent line of force, is 

_ 1 - X (1 + fe)(l - X) 

^ 1 + « - X " (3 + *) - (1 + k)\' ^ 

For the system .So of trajectories, this is p = (1 — X)/(3 — X). 

For the system Si of catenaries, tliis is p = (1 — X)/(2 — X). 

For the system S-t of brachistochrones, this is p = (X — 1)/(X + !)• 

For tlie system 5 of velocity curves, this is p = 1. 

The above result generalizes various extensions of the theorem of Kasner 
concerning one-third of the curvatures.^ 

6. An arbitrary lineal-ehmetU transformation, not necessarily of the 
contact 'type, wUl send the <»» curves' of every system 5* (including k ==> ») 
into the ® ’ curves of a system 5* if and only if it is an extended coUinealion 
or correlation. 

In the positional case, we have proved that the ordy tran^ormations 
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which convert every system 5* except ik =« 0 into a system 5* are the 
similitudes. The only appropriate transformations for the systems Sa 
are the collineations (related to AppelVs transformation), 

* Presented to the American Mathematical Societies, 1948, 

* Kasner, '^Differential-Geometric Aspects of Dynamics," Am. Math. Soc. Colloquium 
Fubl., 3, 1913 (1934), Also see series of papers in Trans. Am. Math. Soc., 7-U, (1906*- 
1910). 

* Kasuer and De Cicco, "A Generaltml Theory of Dynamical Trajectories," Ibid,, 
54, 23 38 (1943). 

* Kasner, "Physical Curves," pRoc. Nat. Acad. Sci,, 33, 240-251 (1947). 

^ De Cicco, "Constrained Motion Upon a Surface Under a Generalized Field of Force," 
Bull. Am. Math. Soc., 53, 993-1001 (1947). Kasner and Mittleman, "A General 
Theorem on the Initial Curvatures of D 3 maraical Trajectories,” Proc. Nat. Acad. 
Sci., 28, 48-52 (1942). 
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GALACTIC AND EXTRAGALACTIC STUDIES, XIX. GIANT 

VARIABLE STARS OF THE UX)P NEBULA (50 DORADUS) 

Bv Harlow Shaplky and Virginia McKibben Nail 

Harvard College Observatory 

Communicated February 23, 194H 1^ 

Wlien in 1937 a large cluster of blue supergiant stars was found embedded 
in the heart of the 30 Doradus nebula by Shapley and Paraskevopoulos/ 
attention was called to the vast extent of the bright nebulosity that these 
stars excite, and also to the probability that heavy absorjition prevails in 
the region, especially out beyond the luminous nebulosity. To test the 
degree and nature of this absorption, a study of the variable stars of the 
area was begun, and this a>inraunication reports on the results. An 
accidental by-product of the study -namely, the accurate detennioation 
for the first time of the absolute luminosity of giant Beta Lyrae variables — ■ 
is of higher interest than the original goal. 

1 . The over-all diameter of the bright and dark nebulosity is something 
more than 30'. We have therefore chosen an area of one square degree, 
centered on the nebula, for special examination. In this area Miss Leavitt 
had already marked 3S stars as variable.* We now believe that ‘five of 
them are not variable and five others are doubtful. Later Miss S. F. 
Mussells marked 26 additional objects in this square de^e,* of which 
seven are certainly variable, ten doubtful and the others probably in- 
variable. 

Of the 36 stars'* now definitely accepted as variable, only five lie within 
15' of the nucleus and inside the visible bounds of the nebulosity; but 
quite possibly dark absorption inay extend irregularly over a much larger 
te^on and dim the stars throughout most of the chosen square degree. 
Of the 36 variables, 13 are Gepheids, 4 eclipsing binaries, 11 irregular, 1 
kttig-period, 1 semiregular and 1 possibly cluster type. 

k quantitative test for absorption is provided by the Cepheid variables. 
A total of 18 lie within the square degree. Their magnitudes have been 
based on the standards in Main Sequence VI and in two subsidiary 
i^uences set up in the course of the extended photometric studies in ^ 
Lor^ Cloud of forty selected Cepheid variables.* The magnitudes of 
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the 18 Cepheids in the neighborhood of the Loop Nebula are, therefore, 
on the same scale and zero point as those employed in determining the 
standard period-luminosity curve for the two Magellanic Clouds. Hence 
the standard curve can be used, through the agency of deviations, in testing 
for space absorption. 

The numbers, positions, periods, maximum magnitudes and other data 
about all the variables of the 30 Doradus region are given in the accom- 
panying table. Seven of the questionable stars are included, all with 
amplitudes of six-tenths of a magnitude or less. The periods are given 
in days, and the distances fn)m the center of 30 Doradus (last column) 
are in minutes of arc. 

The number and series of the photographic plates used for the measures 
have depended upon the position and brightness of each variable, and on 
the diftculties presented by its light curve. Some of the stars were trouble- 
some becau.se of overlapping star images; some because of the surrounding 
nebulosity. The differing background between variable and comparison 
star, and from plate to plate, tnakcs the work in the 30 Doradus region 
comparable to work on the puzzling variables of the Orion Nebula, where 
many investigators during the past hundred years have been baffled by 
the difficulty of detecting regularity in the magnitude variations. In 
both the Orion and the 30 Doradus nebulosities many stars are suspected, 
and then dropped as unproved; the suspicion of variability is in part a 
consequence of the uneven nebulous background. 

The proved variables around 30 Doradus, other than Cepheids, belong 
predominantly to the irregular class. The color of the variables has been 
determined only qualitatively from the intercomparison of red and blue 
plates made on the same night with the Bruce telescope with exposures of 
120 minutes and 30 minutes, respectively. No dependable red magnitude 
standards are available for the Clouds. HV 2763 and HV 6002 were at 
minimum when the photographs were made, and in consequence below 
the plate limits. 

The maximum magnitudes of all stars in table 1 range from 13,8 to 16.9, 
with a mean value of 15.06, which corresponds to absolute photographic 
magnitude —2.2 in the Cloud, with a spread from —3.4 to —1.3. The 
conspicuously red bright variables, like HV 2669, 2679, 2730, and 2798, 
if Cloud members, as is highly probable, must have absolute visual magni- 
tudes in excess of —5, and therefore are even brighter than Betelgeux, 
which also is a red irregular variable. 

The positions of the variables in table 1 are shown in figure 1, which 
is reproduced from a Bruce plate. The seven stars for which the type of 
variability could not be con&med are not plotted. The following stars, 
all within the square degree, are now not cormdered appreciably variable 
on the basis of new measures of Bruce plates: HV 1015, 2693, 2763, 2756, 
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TABLK 1 


BV 


y0 

TYPE 

PBXIOD 

MAX. 

BANOB 

MBniAN 

cot.oit 

R' 

2669 

14845 

8846 

Irreg.? 


14.3 

0.5 


Red 

32 

2674 

14937 

9572 

Irreg. 


14.6 

0.7 

. , , 

Red 

26 

5938 

15042 

11238 

Cepheld 

4.1743 

16.6 

0.8 

16.9 


33 

2677 

16066 

10324 

Irreg. 


15.0 

1.5 

. . * 

Red 

26 

2679 

15108 

8926 

Irreg. 


14.3 

0.6 


Red 

28 

5940 

15148 

9080 

Cepheid 

2.36993 

15.9 

0.7 

16.25 


26 

2681 

15166 

9336 

Irreg. 


14.6 

0.6 

, * . 

Rod 

24 

2685 

15232 

11364 

Cepheid 

6.5416 

14.86 

1.08 

16.40 


33 

2687 

16260 

10930 

Semi-reg. 

73: 

14.9 

0,6 



27 

2691 

16420 

10674 

Eclips. 

1.2556 

15.25 

0.56 

. . . 


23 

11088 

15442 

9994 

Irreg. 


15.3 

0.7 


Red 

18 

5954 

16461 

8160 

Cepheid 

6.13596 

15.51 

0,66 

16.79 


33 

2697 

16467 

11065 

Cepheid 

3.61885 

15.2 

1.1 

16,76 


26 

1005 

15689 

10884 

Cepheid 

18.70976 

13.96 

1.46 

14.69 


22 

1006 

16036 

8474 

Cepheid 

14.21141 

14.25 

1.60 

15.00 


24 

2728 

16113 

8449 

Irreg. 


14.5 

1.1 


Red 

24 

2730 

16163 

8714 

Irreg.? 


14.2 

0.6 


Red 

20 

2732 

16269 

8484 

Irreg.? 


14.6 

0.6 


Red 

23 

2740 

16354 

9601 

Irreg. 


16.0 

1.5 


Red 

5 

2744 

16553 

8947 

EcUps. 


15.2 

0.5 

, . . 


15 

2749 1 

16654 

9021 

Cepheid 

23.0 

15.2 

0.9 

15.65 


14 

5989* 

16788 

8130 

Eclips. 

1 .3069 

15.25 

0.60 



29 

6987 

16796 

9910 

? 


14.8 

0.6 



5 

2761 

16815 

9024 

Irreg.? 


15.3 

0.5 

. . . 

Red 

16 

2763 

16837 

8066 

L. Per. 

4(K) 

14.5 

>2.5 



30 

2766 

16864 

9261 

Clust, ? 


14,5 

0.8 



12 

2773 

17137 

10945 

Cepheid 

0.34900 

15.03 

1.05 

15.55 


21 

2774 

17144 

11038 

EcUps. 

3,65242 

15.1 

0.6 



23 

2776 

17156 

10864 

Irreg.? 


16.3 

0.6 


Red 

20 

1017 

17207 

9064 

Irreg. 


14.9 

1.1 


Red 

17 

2779 

17225 

11146 

Cepheid 

5.3217 

16.25 

0.75 

15.62 


25 

2781 

17254 

9143 

Irreg. 


14.7 

0.9 

. ... 

Red 

17 

2787 

17324 

9946 

Cepheid 

11.442 

14.48 

1.03 

14,99 


16 

6004 

17339 

10920 

Cepheid 

4.3704 

15,9 

0.7 

16.26 


24 

2790* 

17381 

9688 

Cepheid 

6.60615 

15.66 

0.90 

16.01 


16 

6002* 

17484 

9468 

Irreg. 


15.9 

>1.1 



17 

2793 

17674 

11304 

Cepheid 

19.1843 

13.8 

1.6 

14.66 


30 

2796 

17676 

10752 

Cepheid 

3.91332 

15.48 

1.1 

16.03 


24 

2798 

17761 

9629 

Irreg. 


14.3 

0.7 


Red 

21 

6018 

17880 

8453 

Cepheid 

4.7833 

16.7 

0.6 

16.0 

, . 

33 

2814 

18245 

9881 

Cepheid 

■ 5.20879 

16.2 

0.9 

16,66 


30 

6013* 

18258 

10668 

? 


15.8 

0.4 



32 

2815 

18264 

9033 

Cepheid 

11.98 

14.4 

0.9 

14.85 


33 


♦ Positions recomputed. 

t Period determined from 110 observations for years 1938 to 1946 is 23.1139 days. 
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14700 16000 17100 18300 

FIGURE I 

Negative of 30 Doradu». Variable stars are indicated as follows; open 
circles, Cepheids; triangles, eclipsing stars; squares, long-period and semi- 
regular; arrow heads, irregular; broken square, possibly duster-type. Co- 
ordinate system in seconds of arc. The top lO' strip on this photograph does 
not enter the investigation. 

2770, 6930, 5931, 6935, 5950, 5952, 5955, 5960, 5968, 5970, 6993, 5994, 
6999, 6005, 6007, 6014, 6021, 6024. Their considerable number {^[ain 
emphasizes the difficulty of variable star photometiy in regions of irre|;ular 
nebulosity. 

2. Returning to the question of absorption, we plot in figure 2 the 
apparent median magnitude against the logarithm of the period for the 
18 Cepheid variables. The straight line 
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m — 17.14 “• 2.08 log P 

where m is the apparent median magnitude and P the period in days, is 
the standard ])eriod*lutninosity curve for the Large Cloud.- The algebraic 
mean of the deviations in magnitude is O — C = +0.18; or, excluding 
HV 2740, it is +0.12. On the average, the absorption produced by the 
30 Do rad us nebulosity on these Cepheid variables is probably not more 
than one- or two tenths of a magnitude. The outstanding indication of 
absf:>rption is for H 2749, for which O — C — +1 .34, The star is nearest 
of all Cepheid s t(» the nucleus of the nebula.® 


m 



FIGURK 2 

Deviations from standard period -luminosit y curve indicaic 
absorption by 30 DoracUis nebulosity. 


3, The four eclipsing binaries in tlie 30 Doradus square degree are 
remarkably similar: 


HV 

pkrxoh, 

d 

maximum, 

m 

PRtMAitY, 

m 

SKOONUAHT, 

m 

mi 

1.2556 

15.25 

0.65 

0.25 

6989 

1.3009 

15.2.5 

0,5 

0.40 

2774 

:i. 65242 

16.1 

0.6 

0.20 

2744 


15.2 

0.6 

0.1: 
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The first three belong to the Beta Lyrae sub-class. For HV 2744 only four 
minima have been observed; the period may be related to L922 days. 
The chances are very good that all four eclipsing stars are members of the 
Magellanic Cloud and therefore are giant blue binaries with photographic 
absolute magnitude at maximum of approximately —2. This Cloud 
membership is made highly probable through a study of the frequency 
of faint variable stars in neighboring regions outside the Cloud — in VSF 
212, 524 and 566.^ One eclipsing binary for each ten sc^uare degrees is 
the find in these comparison regions where comparable magnitude intervals 
enter the systematic survey. In the 200 square degrees there is in fact 
no eclipsing variable fainter than magnitude 14.9. The finding of four 
15th-magnitude eclipsing stars in one square degree around 30 Doradus 
can therefore only mean membership in the Cloud. 

In an earlier study of the eclipsing binaries in the fields of the Large and 
Small Magellanic Clouds,* we suggested that the stars were pn)bably 
superposed members of our own galactic system. The further study, 
however, of the frequency of eclipsing stars in comparable galactic latitudes 
has now convinced us that the eclipsing stars of the 30 Doradus region, 
and almost all of the score of eclipsing variables found on the plates of the 
Small Magellanic Cloud, are actually giant eclipsing binaries that are 
physical members of these nearest of external galaxies. The mean maxi- 
mum magnitude of six Beta L)nrae stars in the Small Cloud, for which 
periods and light curves have been determined, is 15.13 ^ 0.25 (m.e.), 
again corresponding to absolute magnitude —2, approximately. 

A further study of the Small Cloud’s eclipsing stars will be undertaken. 
It begins to appear that the Magellanic Clouds, which have heretofore 
in other respects been important tools for the study of various problems, 
can now yield our most reliable information on the absolute magnitudes 
of giant eclipsing binaries. Eventually they may reveal fainter eclipsing 
stars, Spectroscopic observations can later be made on these bright 
binaries; but at the moment we must report that spectra are unavailable 
for any of the 30 variables of the 30 Doradus region. 

The very close similarity in magnitude and range of these bright binaries 
near 30 Dbradus is reminiscent of the essentially identical magnitudes, 
ranges and periods of three long-period variables in the globular cluster 
47 Tucanae.^ In the Milky Way, eclipsing stars show large dispersions in 
periods, amplitudes and presumably in absolute magnitude at maximum. 

4. In summary, we set out to test the degree of light absorption in the 
great 30 Doradus nebulosity of the Large MageUanic Cloud but ended 
with no very positive contribution to the solution of that problem. But 
three by-products are of considerable interest. The first is that 18 Ceph- 
eids in one square degree provide a good representation of the total 
Cepheid population in period-distribution, amplitudes, and relation of 
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luminosity to period. The second is that in this region of chaotic diffuse 
nebulosity » irregular variation in the light of deeply red stars is prevalent. 
And, of most significance, the absolute photographic luminosities of giant 
eclipsing binary stars are determined with relatively high accuracy, and a 
preference for absolute magnitude -“2 is indicated. 

* Astrophys. J., 89, 340 342 (1937); Harvard Reprint 341; see also Harv, Cin\ 271, 
8, 1925. 

* Harv. dw»., 00, No. 4, 87-108 (1908). 

^ Ibid., 90, No. 1, 1-25 (1933). 

^ A star only snspected of variability by Miss Leavitt now proves to be conspicuously 
variable and has been assigned the nuinbef IIV’’ 11088. 

^ Han^. Ann., 90, No. 10, 2,5,3-261 (1940); These Prockki)1n<;s, 26, 320^-.332 (1940); 
Harvard Reprint 202. 

“These Pkocicicdings, 26, 541-548 (1940); Harvard Reprint 207; for HV 2749 see 
D. HotHeit, Harv. Bull. 905, 25, 1937. 

Harv. Ann., 90, 171 (1934); IJant, Bull. 917, 1-5 (1943). 

“/yarr;. Bull., 916, 19-20 (1942). 

“These pROCKBDiNtJS, 27, 440 445 (1941); Harvard Reprint 228. 


A NEW THEORY OF SECONDARY NON^DISJUNCTION IN 
FEMALE DROSOPHILA MELANOGASTER^ 

By Kenneth W. Cooper 
Dbpartmbnt op Biology, Prin’cbton University 
Communicated by A. H. vSturtevant, March 5, 1948 

Sturtevant and Beadle^® have shown that female exceptions constitute 
some 3fi.(3% and 45.6%, respectively, of the female classes derived from 
Drosophila melanogaster mothers heterozygous for In(l)C or ln(l)rf/-4P 
and }x>ssessing a F-chromosome. The female “exceptions'^ are so-called 
because they derive both their X-chrumosomes from their XX Y mothers, 
not one X-chromosome from each parent as is usually the case. This 
anomalous situation is brought about by a failure of segregation, that is, 
by “secondary non-disjunction,"^ of the X-chromosomes in a jiercentage 
of the oocytic meioses, and is greatly enhanced by the presence of hetero- 
zygous X-chromosome inversions along with the 1 ’■-chromosome as Sturte- 
vant and Beadle have demonstrated. 

The frequency of non-disjunction is not equal to the frequency of ex- 
ceptional females among the female class, however, for only half of the 
fertilized XX non-disjunctional eggs ordinarily emerge as adult flies, 
namely, the half that is fertilized by }'-bearing spermatozoa. The other 
half that is fertilized by X-bearing spermatozoa gives rise to superfeimales 
having three X-chromosomes, and under ordinary conditions superfemales 
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only rarely eclose from tlieir puparia.*'- Accordingly, if p represents the 
percentage of secondary non-disjunction, or, better (XX)-(F) segregation, 
and q the freqtiency of exceptional females, then 

p - m{2q/l + q). 

From this relation it follows that about 54% of all segregations in In(l)C/ 
“h/F are non-disjunctional for the A'-chromosomes, and some 63% of 
all segregations in ln(l)(y/-4.9/ + / F females are also of the type ( A^Y')-(F). 
The high frequencies of secondary non-disjunction in these two cases are 
of more than passing significance, for as vSturtevant and Beadle^'^ remark, 
they are in sharp disagreement with predictions based upon Bridges’ 
generally accepted and now classic hypothesis concerning the mechanism 
of secondary non-disjunction. 


">sr' 

1 y a 

b 

c 



2 xr a 

b 

c 


lUGURK 1 


Purely diagramiuatic representation of Bridges' (IWlti) hypothesis of secondary non- 
(iisjunction. Line 1, the consequences of XALcon junction, Y being excluded from as- 
sociation. Line 2, the consequences of A" F-con junction, one X being excluded from 
association. Kquidly probable anaphase patterns arising from the particular meta- 
phase associations are represent ed in blocks b an<l c. Secondary non -disjunct ion has a 
maximum value of 50% on this hypothesis. 


Bridges' (1916)’* h 3 qK)thesis was in total accord with all of the known 
facts at the time at vyhich it was proposed, and remained a satisfactory 
accounting of the mechanism and consequences of secondary non-dis- 
junction until Sturtevant and Beadle’s work upon heterozygous A^'-chromo- 
some inversions. Bridges assumed that in A"A"F females the two AT- 
chromosomes and the 1 '-chromosome are in mutual competition for a 
pairing or conjunctive partner, and that when any two of these three 
homologous chromosomes succeed in pairing, the third is left unassociated. 
Furthermore, the univalent chromosome was supposed to distribute 
randomly with respect to the poles, as is known to be the case for many 
univalents. The operation of the hypothesis is diagrammatically repre- 
sented in figure 1. Line 1 represents the consequences of A'A"-pairing, 





VoL. 34, 1948 


GENETICS: K. W. C(X>TER 


181 


leaving V a univalent to assort randomly. Line 2 represents the non- 
disjunctive process as Bridges conceived it. One A'’ pairs with V, the other 
A'" being a univalent. W'hen anaj)hase occurs the univalent A^ goes to the 
i'-])o]e (2c) in of the cases, and to the satnc pole of the spindle as the 
other A" (2b) in the. remaining to give XX non-flisjunctional nuclei. 
On Bridges’ hypothesis, therefore, one hundred per cent pairing of Fwi^h 
an A", could it be brought about, would give a maximum p of only 50'/o 
and a maximmn g of 0.32 as the frequency of exceptions among the female 
class of offspring. 'I'lius the f)i% non-disjunction found in In(l)C’ +/F 
and h>r ln(l + ; I' cannot be accounted for on the basis of 

Bridges’ assumptions. As Sturtevant and Beadle^^ remark, a new 
interpretation of secondary non-disjunction must be sought as ‘Ahe general 
problem of the mechanism of sccondar}^ non-disjunction is unsolved.” 
It is the purpose of this note' to provide such a new intcr])retalion of the 
mechanisjii of secondary non -disjunction, along with data on several syn- 
thetic high non-disjunctional lines upon which the new interprctatioti is 
based. 

All chromosomes (including the Y) of the Drosophilu nielano^aster stocks 
employed in tlie research now re])orled were derived from Canton-S, with 
the exception of the inverted -chromosomes and the possible exception 
(if the fourth chroiliosonies in some strains. Siiecial methods were adopted 
to guarantee that homologous large autosomes wore isosequential through 
all the stocks employed, and this was also the case for any non-inverted 
A^-chromosome used iti the crosses The reason for building up such 
special stocks, the chroinosonies of which are isosequential inter se, lies in 
Sturtevant s’ * notable discovery that heterozygous inversions in the large 
autosomes may markedly decrease rates of secondary uon-disjiinction in 
A^-chromosome structural heterozygotes, P^x])crimcnts on comparative 
rates of secondary non -disjunction may be expected to gain in setisitivity, 
to be more reproducible, and more revealing of unique qualities (if any) 
of inversions, therefore, when such potentially disturbing factors as auto- 
somal structural ( = sequential) heterozygosity are removed.* 

The effects u]Kin secondary non-disjunction of heterozygous combina- 
tions of ln(\)B^f\ In(1)c/M*9, and Tn(l}zld/ with wild-type (+) A"-sc- 
quences, and in certain combinations with one another, are given for the 
female classes in table J , (Data for the male classes are in good agreement 
with those for the female progeny, but are not recorded here as they require 
corrections for exchanges within inversions, as well as for viability differ- 
ences in some cases.) ln(l)Z?^^ is roughly ten map units long, and has its 
left break just to the right of B (57.0), and its right break probably to the 
right of hb (Ofi.O). ln(l is perhaps thirty map units long, having its 
left break between rb and ai (i.e., between 7.5 and 13 J) and its right break 
between and g (between 38,3 and 44.4). In(l)4Jl/ is also about thirty 
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TABT.E 1 

The Percentages of KxcEFTiONAt Females and of Secondary Non-disjunction 
IN Drosophila melanogasier Mothers Heterozygous for the Specified Inversions 
AND Having the K-chromosome and Isosbqitentiai. Autosomes Derived from 
Canton-S. The Standard or Wild Type Sequence for the A'-chromosome Is 

Represented by 


coNsTittrrioN OP mothkk 

TOTAL FBMALU 
OPPBPRfNO 

BXCKPTIONAL 
PlCHALttS. % 

(XX) ^(Y) 

NimitKOATloNH. 

-h / -f- / F( “ control) 

2121 

0.9 

2 

In(l)B"V+/r 

2465 

8 

14 

Jn{l)dl.49/+/y 

3705 

54 

70 

h\{DAM/ + /Y 

2277 

54 

70 

■ln{\)dl-49/ln{l)B^'/Y 

1981 

61 

76 

lns(l)dl-49.}i"^/+/Y 

5330 


77 

mi)dl-49/Mi)AM/ Y 

2171 

67 

80 


TABLE 2 


The Occurrence of Exceptional Females bv Primary Non-disjunction in Droso- 
phila mdanogaster Mothers Heterozygous for Specified Inversions and Having 
the Autosomes Isosequential and Derived from Canton-S, The Standard or 
Wild Type Sequence for the X-chromosomb Is Represented by “4-." Compare 

with Table 1 


CONHTITt»T10N or 
MOTKBR 

4'/-f (*• control) 
In(l)5"V + 
In(l)d«-#&/+ 
ln{\)AM/+ 

Itis(l)rfi-#S, 5 ""/+ 
lni\)dl-49/ln(l)AM 


total pum alr 
oppHpRmo 

8081 
2000 
3155 
1 133 
1380 
5fil3 
1150 


TOTAL 

BXCRPTIONAL 
FBUAI.KS * 

1 

0 

1 

4 

10 

0 


iXXhiO ) 

.SU»KRGATION».% 

• 0.02 

0.0 

0.2 

0.j6 

0.4 


map units in length, extending from near Iz (27.7) to between B and Bx 
(i.e., between 57.0 and 50.4)/'' It is seen that the inversion heterozygotes 
markedly differ in non -dis junctional rates from the control, and that 
secondary non-disjunction sharply rises with an increase in the structural 
difference existent between the two X-chromosomes. Furthermore, 
excepting the cases of +/+/Y and 5^*/+/F, none of the non-disjunc- 
tional rates found are interpretable upon the basis of the classical hy- 
f)Othesis which sets 50% as the uppermost limitof secondary non-disjunction. 

Table 2 records the occurrence of primary exceptions among the offspring 
of females having X-chromosome constitutions identical with those of 
table 1, but lacking a F-chromosome. As Sturtevant and BeadleJ® con- 
cluded from their own data, and as table 2 shows, mere heterozygosity 
for X-chromosome inversions has but a negligible effect upon the final 
outcome and regularity of X-chromosome segregation in female Drosophila 
melanogaster. Thus very high non-disjunction rates depend not only upon 
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the particular combination of heterozygous inversions present, but in 
addition require the presence of a F-chromosome. There is no doubt that 
Bridges was correct in his opinion that the F-chroraosome somehow 
brings about non-disjunction by its own segregative involvements. 

Now it is known that the presence of these inversions in heterozygous 
combinations markedly increases the proportion of non -exchange tetrads 
formed by the -chromosomes,***’ whether or not a 1 -chromosome 

is present. Indeed, as a conservative estimate, at least 7()% of the X- 
chromosome pairs in lm(\)dl-49, Dp{\\ \ )U2 are non-exchange 

tetrads,’” and this is also the case where the uninvcrted chromosome lacks 
a duplication. 7'he degree to which crossing-over is eliminated may be 
taken as one measure of the meiotic dissimilarity of the A^-chroinosomes 
caused by their sequential non-homology in principally euchromatic 
lengths. 

But as the A^ -chromosomes become sequentially dissimilar through the 
introduction of heten^zygous combinations of inversions affecting their 
euchromatic lengths, so they become effectively more like F-chromosomes 
in their pairing affinities. A moment’s reflection will bring conviction 
that were the euchromatic lengths of two A-chromosomes to be made 
wholly dissimilar, but the so-callcd “inert” or chromoccntral regions to 
remain essentially unaltered, then conjugation between the A’^-chromo- 
somes would be predominantly a heterochromatic affair — a process occur- 
ring almost exclusively between the chromocentral regions.^ This, how- 
ever, is merely another way of stating that conjunction becomes more 
frequent in those regions of wherein pairing with 1" normally occurs. 
Hence, as is found to be the case, when a >'-chromosome is present non- 
disjunction markedly rises in A -chromosome inversion heterozygotes, 
probably because the sequential differences between the A-chromosomes 
in effect emphasize their likenesses to the F-chromosome. Thus, where 
the A' -chromosomes are everywhere in sequential homology, F induces 
a rise in non-disjunction from 0.02% in +/+ to a mere 1.6% in -f /+/ F. 
In other words the A'^-chromosomes share more similarities with each other 
than they do witli the F-chromosome, and F becomes an effective partner 
to A" in only a small proi>ortion of the cases - perhaps less than 2% of all 
associations in + / But where there is a great reduction in sequential 

homology between the two A-chromosomes, as in the combination In(l)d/r 
49/In(l)AAf, non-disjunction rises from an indeterminately small fraction 
in dU49lAM to about 80% when merely a F-chromosome is added to the 
karyotype. F, in other words, is a more attractive partner to either 
A* chromosome in this combination than either A-chromosome is to the 
other. The apparent paradox that each A in effect finds F a more attrac- 
tive and frequent conjunctive partner than the other A-chromosotne^ 
although the A-chromosomes remain alike in the very regions with which 
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they share homolojjy with F, is resolved by the assumption that both arms 
of the 1 -chromosome share homology and may thus conjoin with an 
X.^ Hence if one X pairs with one arm of F, then the other X must 
conjoin with the other arm of F if it is to have a xnciotic partner at all. 
The mechanical aspects of this mode of bringing about an apparent non- 
disjunction by trivalent formation of hotli A"-chromosornes with a ¥- 
chromosome are diagrammed in figure 2, Since, for example, X,, pairs 
with arm Fa, and Xf, with F^, the segregation patterns are A'^ — la atid 
Aft — Fft. But in an alternately oriented trivalent F^ and perforce 
must go to one pole, since they possess the same kinetochore, and A'a and 
Aft undergo forced segregation to the other pole since each disjoins from Y, 



FIGURE 2 


Purely diagram niatic representation of the interpretation of secondary non-disjutic* 
tion proposed here. Line I of figure 1 is held to represent a(xurately the consequences of 
A A'-con junction in A A" V females. Line 1 of figure 2 shows an A' YX trivalent and the 
imposed non ratidotn segregation following idteriiute codrientation of the associated 
chromosomes. Line 2 represents a linear orientation of an A^’l'A' trivalent, and two of 
the possible consequences in anaphase. Such niisoriented trivalcnts may lead to the 
loss of V and other irregidarities, but do i*ot give rise to exceptional gametes. The 
majority of Irivalents are supposed to orient alternately as in la, hence this inlerprcta - 
lion admits a possible maximum of 1(K)% secondary non -disjunct ion. 


The interpretation of secondary non-disjunction that is offered here 
asserts, therefore, that secondary non-disjunction is not a cast^ of non- 
disjunction at all, but an example of imposed non-random segregation 
from a sex-chromosome trivalent,’ The mechanism proposed has a 
direct analogy with the segregative mechanism normally occurring for 
Ai, A"j! and F in the spermatogenesis of Drosophila miranda.^^ It may be 
pointed out that A FA trivalents formed at meiosis in any AAF female 
of Drosophila melanogaster may be greater than the percentage of sec- 
ondary non-disjunction owing to the probable occurrence of some linear 
orientations of the trivalent at first metaphase (Fig. 2, line 2). 

Tlu» principal virtue of this new interpretation of secondary non-dis- 
junction lies not alone in the fact that it Wholly accounts for data not 
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resolvable by Bridges’ hypothesis, but that it can, if false, be disproved 
by a direct test of its predictions. The scheme proposed predicts that 

(1) secondary non-dis junction must rise on the average as the euchromatic 
sequences of the two X-chtomosomes become increasingly different; (2) 
the presence of two F-chromosomes should decrease the rate of secondary 
non-disjunction; (3) either the long arm or short arm of Y alone could 
not regularly give greater than 50% secondary non-disjunction; and (4) 
that in those cases where secondary non-disjunction exceeds 50%), the A"- 
chromosomes must have a partner that can pair with both X-chromosomes 
simultaneously (i.e., in general the partner must have two arms). And 
so forth. 

Each of these implications has been put to test, and each has so far 
proved to be in accord with the experimental facts. For example, (1) 
tests of +/+/F, In(l)ATV+/F, In(l)B^V + /^^ ln(l).vrVln(l)B^V F 
and Ins(l)ic’, B*^^/Jn{l)dU49/Y give as secondary non-disjunction rates; 
2%, 14%, 14%;, 68% and 78%, respectively. This is the very order that 
would be predicted, and since In^l)s^:’ and are of the same order 

of size, close similarity in their effects on raising the secondary non-dis- 
junction rate is to be expected. 

(2) On the new interpretation, if each arm of F is equivalent tt) X in 
its pairing, and if the order of pairing is random, but pairing complete 
in so far as possible, then in A'^X F females secondary non-disjunction would 
be expected to approximate a of 80%. It is interesting to note that this 
is the uppermost value for secondary non-disjunction so far attained in 
my experiments. In XX YY females tetravalents may be exjxicted if 
corresponding arms of F may pair, but their characteristics of orientation 
is an unknown factor. However, it may be assumed that, for necessity 
of spatial economy on the spindle, alternate orientations (jSj) should 
exceed adjacent (/\/)). If results for equality of these two classes of 
orientation be calculated, as well as for total alternate orientation, then 
the expectation is that secondary non-disjunction in XX YY females will 
have a p with some value in the interval from 27 to 52%. If it be assumed 
that tetravalents orient wholly at random, then p should approximate 
52%. Should it be the case that tetravalents never form, then p should 
approximate 42%. The three possibilities treated above cover the more 
probable conjectures about conjunction in XXl'F females, and the cal- 
culated values ore closely similar to or include the experimental value of 
36% obtained from Ins{l)ctt-4P, J3"V+/F/F.* In the control, In9(l)d!i- 
4^,B^V+/F, />is78%,. 

(3) An effectively one-armed F^-chromosome obtained tim3Ugh the 
kindness of Professor H. J. Mullw gives about 24% non-disjunction in 

whereas the control crosses of Itts(l)<tt-49, 
77%. {The F^-chromo»ome has not yet been gotten into 
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a background of Canton-S autosomes, so this test with may have given 
a somewhat low value. Internal evidence supplied by the controls, which 
are XX Y daughters of the XX Y^ females, suggests, however, that the true 
effect of the F^-chromosome on secondary non -disjunction in this X~ 
chromosome karyotype wilt not be found to differ appreciably from the low 
value so far obtained.) 

(4) All F-chromosomes in the experiments undertaken which give 
non-disjunctional rates over 50% (with heterozygous Ins(l)<i/“49, 
have two effective arms. These F-chromosonies include 
sc^ Y^% and others. 

The intcri>retation here posed, therefore, is in agreement with a wide 
variety of new facts, as well as witli those past discoveries which make up 
the body of available data on secondary non-disjunction in Drosophila 
meUinogaster females. 

Summary, — A new theory of secondary non -disjunction in female 
Drosophila melanogasler is proposed. It asserts tliut the process is actually 
a case of imposed non-random segregation from an X FX tri valent. Each 
arm of F is assumed to pair with a different X-chromosome to foim a 
trivalent which usually orients in alternate pattern at first meiotic meta- 
phase. Thus the cytological features are envisioned as similar to the 
directed segregation from A'l FA^a , trivalents in the spermatogenesis of 
Drosophila miranda. Previously known facts, as well as results of genetic 
experiments designed to test the scheme, appear to be in full accord with 
this interpretation . 

* The research reported here was first undertaken in 1946 during tenure of a John 
Simon Guggetiheini Memorial Foundation Fellowship at the Kerckhoff Biological 
Laboratories of the California Institute of Technology. The experiments have 
continued uninterruptedly since then in the Bkdogical Laboratories of Princeton Uni- 
versity and, during the summers of 1946 and 1947, at the Marine Biological Laboratory, 
Woods Hole, Massachusetts, 

^ Failure of the two X-chromosomes to segregate to opposite poles in the obgenesis 
of an XA'-female is referred to as ** primary non-disjunction." Inclusion of both X- 
chromosomes in a single polar group at meiosis of an XXF-female is referred to as 
secondary non -disjunction." The distinction is an important one, for the mechanisms 
of primary and secondary non-disjunction are wholly dissimilar, the latter being de- 
pendent upon the extra K-chromosoine. 

* Sturtevont and Beadle'* did not deliberately clear their stocks of possible sequential 
disturbances of the autosomes, for no such effect of autosomal inversions upon secondary 
non-disjunction had been anticipated in 1936. This may well account for the sig- 
nificantly lower rate (63%) found by them than that (70%) reported here for secondary 
non-disjunction in ln(i)M-49/ -f /F Cf. table 1. 

* Additional iufonnation on these inversions can be had from: Bridges, C. B., Cam. 
Inst. Wash. Pub, No. 662, viii -f 257 pp. (1944). 

* This conclusion perhaps deserves a general discussion of the nature of synapsis. 
Suffice it to say in this connection that the idea of specific forces between homdlogoos 
genes is without proof, and is almost certainly not a necessary hypothesis. 
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• Proof that each ana of Y shares homology with X will he found in Nenhaus’s work; 
V, Neuhaus, M., GeneUcs, 22, 331^9 (1937). 

® A noteworthy outcome of these expenments, that will be reported in detail in 
another paper, is that, in general, flies whose eyes are +/4-> -f’/wf®, v/v, 

v/vft v/caft car I car t etc., and which possess two (or more) F-chroinosomes beyond 
normal for the karyotype (i.e., XXYY9 9 and XFKlVc^’) have flecked and/or 
mottled eyes, 

^ Bauer suggests that the union of two y-chromosomes to fonn a V made possible 
the general elimination of (XiYi) - (-Yaya) segregations in tetraploid earwigs. A 
mechanism sipiilar to the one proposed here would result by such translocation, and 
give principally (XiXs) - (YiYi) segregations at spermatogenesis, v. Bauer. H., 
Zeitschr, Naturforsch,, 2b, 63-66 (1947). 

« Bridges, C. B., Genetics, 1, 1-62, 107-163 (1910). 

•Bridges, C, B., Science, 54, 26^264 (1921); Am, Naturalist, 56, 51-63 (1922); 
ibid., 59, 127-137 (1925). 

« Cooper, K. W.. Genetics, 30, 472-484 (1945). 

Cooper. K. W.. Ibid., 31, 181-194 (1946), 

1* Dobzhansky, Th., these Procebmnos, 14, 671-675 (1928), 

1* Oershenson, S., Jour, Genetics, 30, 116-126 (1935). 

1* Morgan, T. H., and Sturtevant, A. H., Carnegie Inst. Wash. Year Book, 43, 164— 
165 (1944). 

1® Stone, W., and Thomas, I,, Genetica, 17, 170-184 (1935). 

1® Sturtevant, A, H., and Beadle, G. W., Genetics, 21, 564-604 (1936). 

1^ Sturtevant, A. H., and Beadle, G. W., An Introduction to Genetics, Saunders Co., 
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THE ORIGIN OF VOLUTIN ON THE CHROMOSOMES, ITS 
TRANSFER TO THE NUCLEOLUS, AND SUGGESTIONS CON- 
CERNING THE SIGNIFICANCE OF THIS PHENOMENON* 

By Carl C. Lindegren 
SotmTERN Illinois UmvERSixy, Carbondale, Illinois 
Communicated by Leo Loeb, March 27, 1948 

Volutin as a Cytological Entity, — Volutin, which is widely distributed in 
bacteria and fungi and is also called metachromatin, is a clearly defined 
cytological entity, distinguished by its ability to retain basic stains when 
the cells are rinsed in dilute add. When volutin is stained with methylene 
blue or toluidine blue, it retains the stain after treatment with 1 per cent 
sulphuric acid. In addition to being “acid fast," volutin has the charac- 
teristic of staining red or purple with methylene blue or toluidine blue, in 
contrast to other basophilic components of the cell which stain blue with 
these dyes. Both metaphosphates and estersulphates retain dyes after 
deSftaining and stain red or purple with toluidine blue. Volutin is widely 
distributed in fungi and bacteria, while the ester^lphates^ are apparently 
widely distributed in higher animals. Wxame's work* strongly suggests 
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that the volutin in yeast cells is metaphosphate, because the addition of 
the phosphate to the cell increases the amount of volutin demonstrable in 
the cell, and extracts from these heavily stained volutin-containing cells 
yield reasonably large quantities of metaphosphate. There is, however, 
no cytological means of distinguishing between metaphosphates and 
estersulphates. 

The present paper deals with the cytological observations on the cycle 
through which volutin originates on the chromosf^mes and is transferred 
to the nucleolus. A hypothesis concerning the significance of volutin is 
also presented. This hypothesis probably depends for its final validity 
u|x>n the demonstration of metaphosphate in the animal cells, but this has 
not yet been achieved. 

The Nucleolus of the Yeast Cell, — Lindegren® was the first to describe 
the chromosomes in the vacuole of the yeast cell. Lindegren and Linde- 
gren* described the mitosis by which these chromosomes are partitioned 
equally to mother and daughter yeast cells. Rafalko^ showed that the 
chromosomes in the nuclear vacuole of the yeast cell are Feulgen-positive. 
Prior to his work, it was argued that the chromosomes were the Feulgen- 
jxjsitive structures in the body attached to the nuclear vacuole which 
Lindegren and Lindegren described as the centrosome. 

Rafalko (unpublished) has identified the nucleolus as a structure, staining 
with light green counterstain attached to Feulgen-positive chromosomes 
in the nuclear vacuole of the yeast cell. We had previously described the 
nucleolus, but had called it “balled-up” chromosomes. Rafalko's demon- 
stration of it as a Feulgen-negative globular structure attached to* the 
Feulgen-positive chromosomes has disclosed its true nature. We had 
previou.sly designated the cytoplasmic granules as the nucleolar equiva- 
lents, following Caspersson and Brandt’s theory^ of their significance. 
However, the discovery of the true nucleolus makes this invalid. Except 
for the excessive size of the centrosome and its high content of desoxy- 
ribosenucleoprotein, the yeast cell is quite conventional. The cytoplasmic 
granules are the conventional mitochondria. 

The Transfer of Volutin from Chromosomes to Nucleolus,— ^ Chromosomes 
and nucleolus can be demonstrated with a stain specific for volutin’ which 
contains formaldehyde, as a killer and fixative, and locates the volutin in 
the cell. If the chromosomes are coated with volutin, they are stained 
purple. If the nucleolus is coated with volutin, it is likewise stained 
purple. As soon as either the chromosomes or the nucleolus lose their 
volutin, they are no longer specifically stainable. The density of the stain 
also gives some idea of the quantity of volutia present. The best results 
are obtained when the stain is adjusted to a pH of ?.5, wliich prevents the 
proteins in the cytoplasmTrom also becoming stained. The stain contains 
4 cc. saturated aqueous tohudme blue, 20 cc, formalin and sufficient acetic 
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acid to bring the pH to 2.5, A loopful of cells is placed in 10 drops of the 
stain in a 4-inch test tube. The tube is allowed to stand overnight, centri- 
fuged. the supernatant fluid discarded and a loopful of the sediment is 
mounted on a slide, covered with a cover glass, pressed down witli blot- 
ting paper and sealed with paraflin. 




Yeast cells stained for volutin; the vacuole is shrunken by fixation* (a) A single 
large unstained nucleolus with many small, light pink peripheral chromosomes, {h) 
A budding cell with one stained and one unstained nucleolus. Two stained and two 
faintly stained chromosomes are attached to the unstained nucleolus, (c) A budding 
cell with a deeply stained nucleolus and very faintly stained peripheral chromosomes. 
No nucleolus visible in bud. 

The growth of yeUvSt was followed closely from resting to actively grow- 
ing, vigorously fermenting cells. In resting cells, the chromosomes are 
unstained and the nucleolus is practically invisible. Before budding 
begins, the chromosomes become coated with volutin, and two unstained 
nucleoli become visible in each cell. As budding begins, the nucleoli 
increase in size, volutin disappears from the chromosomes and appears 
on the nucleolus. Transfer of volutin occurs by a direct attachment of 
chromosome to nucleolus, for two or three small, dark purple dots can be 
seen attached to an unstained nucleolus. Generally, one nucleolus becomes 
coated mth volutin before the other, and subsequently both fuse. These 
fused nucleoli are the commonly described refractile '‘dancing bodies” in the 
yeast vacuole. The nucleolus is a large, round structure, possibly 2 or 3 
micTons in diameter. At first the interior of the nucleolus is not deeply 
stained with the purple dye; the color is on the outer edge or surface of 
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tile structure. The nucleolus often becomes quite large before volutin 
appears on it. 

The following t 3 rpical results were obtained when 7 g. of compressed 
yeast were inoculated into 500 cc. of medium of the following composition : 


Liquid yeast extract 6 cc. 

Peptone 5 g. 

KH2PO4 2 g. 

Com steep water solids. 2 g. 

Cerelose *10 g. 

per liter of tap water 


The culture was grown in a 04iter Erlenineyer Bask on a shaker. ' 

Yeast cells in a cake of baker's yeast are small and compact and ordinarily 
show little or no volutin in the vacuole. During the first hour in the 
nutrient broth, the cells enlarge and show a faintly staining pink volutin 
deposit covering the chromosomal threads. As the cells continue to 
swell, preimratory to division, the nuclear vacuole becomes much enlarged 
and the chromosomes begin to take the stain more deeply. In this stage, 
the shape and form of the chromosomes can be clearly distinguished, and 
they can be made out as single strands or pairs of small, rather compact 
rods. As a vacuole enlarges still more, two nucleoli also appear, but during 
this period, they do not stain. About the time the first buds come up, 
one or two nucleoli are visible as large, light green, refractile bodies in the 
nuclear vacuole. The chromosomes now appear as a large number of 
individual bodies on the inner periphery of the vacuole. After a while, 
one nucleolus takes on the volutin stain i followed shortly by the other, 
or both fuse. At the same time, the color disappears from the chromosomes 
or becomes very much diminished. When the bud is growing at its most 
rapid rate, the nucleolus is swollen and densely stained, showing that it 
contains a large quantity of volutin. The chromosomes are visible as small, 
faintly stained peripheral bodies on the inner wall of the nuclear vacuole. 
The nucleolus is usually visible as a stained structure only in the vacuole 
of the mother cell, but in some cases the vacuole of the daughter cell also 
contains a stained nucleolus. After division has ceased, the nucleolus 
retains a dense coating of volutin, but the chromosomes are unstained. 

''AbnormW' Distribution of Volutin in the Yeast Wiame® has shown 
that yeast cells can be starved for phosphate by growing them in a medium, 
deficient in phosphate, such as beet molasses. When growth finally ceases, 
chemical analysis reveals no metaphosphate in the cells, and the cells do 
not contain volutin. Furthermore, the cytoplasm is colorless showing a 
marked diminution of basophilic protein in the cytoplasm. He centrifuges 
these cells, washes them in water and re-suspends them in a 2 per cent 
sugar solution, adding M/30 KHaPO^. Wiame kindly perfonned this experi- 
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,Ttnent with me in my laboratory and allowed me to follow the process cyto- 
logically. The chromosomes became rapidly coated with volutin, staining 
red by the volutin stain . Volutin sometimes appeared on the chromosomes 
within three minutes after the addition of the phosphate. After twenty 
minutes, volutin began to appear in the cytoplasm and the volutin in the 
vacuole decreased rapidly as the entire cytoplasm became faintly pink. 
Wiame’s chemical tests show that there is a steady increase in the total 
metaphosphate in the cells and that the over-all concentration of meta- 
phosphate in the cells continually increases in vSpite of the fact that volutin 
first appears in the chromosomes and then disappears from them and 
continues to accumulate later exclusively in the cytoplasm. Concurrent 
stains with the methylene blue dead cell stain reveal that the cells contain- 
ing volutin in the cytoplasm are dead. This is consistent with the fact 
that metaphosphate is capable of precipitating proteins. The appearance 
of volutin in detectable amounts in the cytoplasm is a definite criterion 
of death. The rate of death can he reduced by adding the phosphate 
to the stained cells very slowly, but in a medium containing only 2 per cent 
sugar, the ])hosj)hate eventually results in the death of the cells. WTien 
normal cells (in an adequate medium) take up phosphate, the volutin stain 
reveals that as growth progresses, the cytoplasm becomes blue and the 
chnimosomes red, indicating that there is basophilic protein but no stain- 
able volutin in the cytoplasm of the healthy yeast cell. Healthy growth 
occurs only if a j)roperly balanced nutrient is added slowly; phosphate 
alone produces a condition of imbalance which eventually results in death. 

Volutin and Ribosenudeoprotein Synthesis . — ^"Fhe loss of stain from the 
chromosomes and its accumulation in the nucleolus indicate that the 
volutin formed on the chromosomes has been transferred to the nucleolus. 
Apparently, the synthesis of volutin occurs on the surface of the chroino- 
some, and as soon as the chromosome becomes densely loaded, the transfer 
to the nucleolus occurs, Caspersson and Schultz^ have described the 
nucleolus of higher plants and animals as the center for the synthesis of 
ribosenudeoprotein. They showed that after ribosenudeoprotein is 
synthesized in the nucleolus in the cell of a higher plant or animal, it travels 
through the membrane into the cytoplasm. Caspersson and Brandt® 
did not observe the nucleolus in the yeast cell with ultra-violet light, 
possibly because the cytoplasm contains so much nudeoprotein that the 
^mailer amount in the nucleolus is overshadowed. They did show (with 
ultra-violet light) that ribosenudeoprotein accumulates on the outside of 
the nuclear vacuole. They thought it was synthesized at this point, but 
the demonstration of a conventional nudeolus in the nuclear vacuole sug- 
gests that the accumulation of ribosenudeoprotein, demonstrated on the 
surface of the nuclear membrane, may be the accumulation of this sub- 
stance, as it diffuses from the nudeolus through the nuclear membrane 
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and into the cytoplasm. This view is in agreement with Caspersson 
and Schultz’s ideas® concerning the r61e of the nucleolus in the synthesis 
of ribosenucleoprotein in higher plants and animals, but Caspersson 
and Brandt^s® findings concerning the yeast cell were based on the in- 
complete cytological information on the yeast cell available at that time. 

An Hypothesis of the Rdle of Volutin {M eiaphosphate) in Conferring 
Specificity on Cellular Enzymes, — Wiame* has presented convincing evi- 
dence supporting the view that volutin is ineta phosphate. Assuming that 
his theory is correct, one may develop the following hypothe.sis: 

Metaphosphate is synthesized from orthophosphate on the chromo- 
vsomes and is transferred to the nucleolus. The synthesis of ribf)senucIeO~ 
protein occurring in the nucleolus depends upon a supply of metaphosphate 
originating in the chromosome, and the specificity of cellular enzymes 
may be associated with this phenomenon, since genes are known to control 
the specificity . of various cellular enzymes. Von Euler and Janssen^ 
showed that the apoenzyme (protein) com|X)nents of cellular enzymes are 
responsible for their specificity, and this important fact was recently 
confinned by Spiegelman, Reiner and Morgan;'® Caspersson and Schultz 
showed that the cellular ribosenucleoproteins are synthesized in the nucleolus 
and transferred from the nucleolus to the cytoplasm. It is, therefore, 
proposed that the specificity of enzymes whose synthesis is under genetic 
control depends upon specific substances carried with the j>olymerized 
metaphosphate into the nucleolus. 

Orthophosphate cannot be used directly in the fonnation of ribose- 
nucleoprotein, but must first pass tlirough the metaphosphate stage. The 
energy-rich phosphate bond in metaphosphatc furnishes the energy which 
is required for the synthesis of the rilx)senucleoprotein in the nucleolus, 
as well as of the proteins of the chromosome itself. The synthesis of 
ribosenucleoprotein occurring in the nucleolus must initiate the production 
of specific enzymes. This suggests tha^ the metaphospliates carry speci- 
ficity-conferring groups with them from the chromosome to the nucleolus, 
which give specificity to the ribosenucleoproteins synthesized in the 
nucleolus. 

* This work was supported by grants from Southern Illinois University, Anheuser- 
Busch, Inc., the U. S. Public Health Service and the American Cancer Society. 
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^ Lindegren, C. C., Mycologia, 47, 707-780 (1946). 

* Lindegren, C. C,, and kmdegren, Gertrude, Cold Spring Harbor Symposia m 
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BOUNDARIES OF IJLC SETS IN EUCLIDEAN n-SPACE 
By M. H. a. Newman 

Department of Mathematics, University of Manchester, England 
Communicated by P. A. Smith, March 5. 1948 

In this note an example is given of an (w ” l)"manifold with non- 
vanishing fundamental group, embedded rectilienarly in Euclidean ti -space,. 
R”, and bounding there a domain with all its homotopy groixps zero (includ- 
ing Ti). This leads to an example of an oi>en set in which is t/LC*”, 
but whose boundary is not 1 — LC, thus settling in the negative a question 
raised by Eilenberg and Wilder,^ 

1. Let A and B be oriented circles witli one common point, g, and let 

a s})ace Z be fonned by identifying the boundaries of two circular discs 
with tlie loops A'^^iBAy and respectively. More precisely, 

the boundary of disc 1 is divided into 7 equal arcs which are mapped onto 

A~^, A"^, B, A, B, Ay respectively, topologically save that botli 
end-points of each arc are mapped onto o; and similarly for disc 2. All 
boundary points of the. discs are then identified with their images. This 
2-diniensional space is familiar as an example of a polyhedron which is 
acyclic^ but has in ^ 0. That irt(Z) 0 is clear, since the only relations 
connecting its generators A and B are 

(BAy ^-A^ - ( 1 ) 

which are among those satisfied by the generators of the icosahedral group; 
but ID(Z) = 0, since the adjunction of AB = BA to (1) leads to ^4 
J5 - 1. Again, if Cl and Cl are 2-chains on simplicial subdivisions of the 
two discs, with boundaries A and J5, respectively, any 2-cycle on Z is of 
the form mCl + nC|. Its boundary, written additively, is m{-~A + 
2B) + w(2.4 — 35), and hence can only be zero identically in A and B 
if m “ « 0. There are therefore no non-zero 2-cycles, and IP(Z) 0. 

2. If » > 5, some simplicial subdivision Xo of the w-sphere S" contains 
a simplicial subdivision Kl of Z as a closed subcomplex.® Let Z; and iC* 
be changed by a derivation* into ZJ and A1, respectively. If then Ki « 

in Xu each simplex of Ki - Kl is uniquely expressible as the join 
(Tatrty where a* « isT*, ir*, eSJ “ Kt Hence each point ;ic of lisT* — is 
uniquely expressible in the form (1 — r)Xa + where e Icr^l, x* « 
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(TaCTj^ being the carrier simplex of a;, and 0 < r < 1. (Cf. Lefschetz^ Algebraic 
Topology f p. 292.) We denote the number r by t(a*). 

Let X be the closed set of points 

u {ar|T(a:) g V*)- 

in I A'l I . It is evidently a polyhedron. We denote its boundary by M, 
and 5" — X by F. The set X is retractible, on itself, into I A?) , by pro- 
jection along the segments Hence X and X — M are acyclic; and 

therefore Y and IntY^ are acyclic, by the Alexander Duality Theorem. 
Any semilinear mappmg of 5^ into Y can be extended to a seniilinear 
mapping of into 5” which, since n > 5, can by arbitrarily -small dis- 
placements of the vertices be made into a mapping 4 n of into S’* — | Ai ( . 
By projection of outwards along the segments XaXi^ we obtain a mapping 
of into Y which is an extension of <t>o. Hence iri(F) ~ 0, vSimilarly, 
iri(IntY) =* 0. 

However, ri{M) 9^ 0, Let \I/q be a semilinear and topological mapping 
of S^ onto the circle A in |A?(, covering the 1-simplcxes [(tJI (f = 1, 2, 

. . in that order. Let o] =* XiXi^u (^>+1 *** For each i choose 

an «-simplex cr" — of Aj, such that AJ. Let < be a 

positive number such that for all i, U{xu e) 5. For each i let y^x be 
a segment parallel to XiXi^\ and similarly sensed, lying in the interior of 
I <r” I save for its end-points y<, Zu which are on the boundary and within 
« of Xi and xt.^ i, respectively. Join Zf-i to by a path St in (5” — I Aj | ) n 
U(xu e). The segments ytZt and the paths St together determine a loop 
in X — I Ai I , which is deformable into a mapping ^2 of into the 
circle A, by projecting points of y<r< along segments x^Xf, (as above), and 
each point of $i linearly onto Xt. This defonnation is in X^ and since 
^2(*S'*) covers each <r] once positively, ^ A. Now tpo is not null- 
honiotopic in A, since this would imply ^0 ^ 0 in \Kl\ by retraction, con- 
trary to the fact. Hence and arc not nulLhomotopic in A. Since V'l is 
in A — I A? I it can be projected out along the segments to give a loop 
^3(5^ in M which is not null-homotopic in A, nor a fortiori in M, 

3. In a suitable subdivision of SJ the sets M, X and F are the loci of 
subcomplexes A", F’*; and is an (n — l)-manifold. Indeed 

this is true if in the definitions of Af, A and F the sphere is replaced by 
any once derived manifold Mu and K\ by any dosed subcomplex A^. For 
each 1 -simplex \ab\, with a in Ai and b not, contains one point c of the set 
M. If the edges ab are “broken*’* one by one in any order, taking the 
points c as new vertices, then in the subdivided manifold Ml the rectilinear 
simplexes determined by the new vertices form a subcomplex whose 
l^us is predsely M; and if A** is *S(Ai) in j A'*") «« A and \Mt - 
A" 1 ** F. Let Co be the new vertex on the edge Yiofto- By projection from 
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ao the part of M m each simplex loo&otrj of Afi is mapped (1, 1) 
onto Int F n | j . We thus obtain a topological and serailinear mapping 
of \St(C(i) in onto a neighborhood of bo in the boundary of 

where - St(aM in Mi. Since Mi is a once-derived «-manifold, 
is an n-elenicnt, and its boundary is a sphere. It follows that is an 
(w *“ 1) -manifold. 

4. I^et B(o, 1) stand for the “box’' | {r j ^ 1 in with center o and side 
2, and let F(n, 1) denote a semilinear homeomorph of some subdivision 
of F, having one (closed) boundary {n l)-simplex \(rS~^\ in “ — 1, 
and all other ix)ints in InfB(o, 1). Let Bla, X) denote, for any point 
a “ (ttr), and any positive X, the box j|f — a, j ^ X, and let F((i, X) = 
fV{Ot 1), where / is the linear mapping that sends B{o, 1) into B{a, X). 
Finally let Ci be the point 1 + 2“^ 0, 0, . . , , 0) of Vi = V(eu 2 ^0 

and 

F - U Yi u B(o, 1). 

1=4 

The set IntF is ULC\ This is equivalent to the assertion that IntF 
is LC"“ at all points of FrFJ If (0, 1, 0, . 0), then at all points 

except FrF has the character of an (w — l)-manifold embedded recti - 
linearly in i?*. Therefore IntF is certainly iC " at all points of FrF except 
possibly e^. The sets B{o, 1) and F< are all acyclic, Yt n Fy » 0 fort 
j, and Yi n 1) is an {n — 1) -simplex. Therefore^ the set 

lU - 6 F< u B{o, 1) 

f=4 

is acyclic for each j. Since any cycle on a compact subset of IntF is neces- 
sarily contained in some Fj it follows that hitF is acyclic. Similarly 
iri(F<) » 1)) == 0, and tliercfore viiFi) == 0. Since any mapping 

IntF is necessarily into Fj for some j, nilntF) = 0. By Hurewicz’s 
theorem it follows that Tr(IntF) - 0 for r > 1. 

Let gj be the point (0, 1 — 2”"^ C, 0, . . . , 0) of J?", and 

F/ ^ [) YiU B{gu 2-^). 

Then F/ is the homeomorph, of F under a linear mapping of the •whole 
of i?" onto itself. Hence IntF/ is the homeomorph of IntF, and therefore 
all its horaotopy groups vanish. Moreover 
IntF n - IntF o 2“^ S^nlF/ c U{e^, 2‘-/) » IntF n I/,-*,. 
Hence 'every mapping of a sphere into ?7, n IntF is null-homotopic in 
Ut-z n IntF, i.e., IntF is Z.C“ at ««. 

By Theorem 4 of Eilenberg and Wilder {loc. cU.) F is LC“. However, 
FrF is not 1 — LC. For any fixed j let Af, be the boundary of T/, and 
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/o: 5* 71/^ a seniilinear mapping, not null-homotopic in M^. By pro- 
jection from a suitable point of the (w — l)-simplex in which Yj 

meets B{o, 1), /o can be defonned, on Mj, into a mapping go in Mj — 
and therefore in FrF. If go were extendable to a mapping gi: 
JV2 then gi\gC~KMj) could be extended over to give a 

mapping of into M), This would imply / go ^ 0, in ilfy, contrary to 
hypothesis. Thus in every neighborhood of there is a loop in FrF 
which is not null-homotopic in FrF: FrF is not 1 — LC at 

On tlie otlier hand, it follows from a theorem of Wilder® that snice 
InlF is (in the sense of homology), FrF is /r®. 

‘ Eilenberg, S., and Wilder, R. L., “Unifonn Local Connectedness and Contract!- 
bility,^^ Am. J. Math., 64, 613-622, Problem 2 (1942). 

* I.e., connected, and g-a cyclic for q > I . All homology groups are formed with 
integral coefficients. 

’ 22o* -^^ 0 * abstract complexes. \<t\ denotes the (open) Euclidean simplex 

corresponding to the abstract simplex <r, and |iC| » U|<yl for <r€K. If A^i JO 
StK} (in ^^* 2 ) is the set of all simplexes with a vertex in Ki. 

It is in fact possible to embed JTo as a subcomplex in but the corresponding Y is 
not aspherical. 

* “Derived complex” -< subdivision having one vertex for each simplex of the original 
complex, as in the barycentric division of the Euclidean complex. 

* IntX « interior of A'', FrX ^ frontier of A* « A" — IntX. 

* Breaking an edge ab in an abstract simpltciol complex K is replacing each simplex 
nber (the case cr = 1 included) by the two simplexes accr and eber, where c is a new vertex, 
not in A\ 

’ Cf. Eilenberg and Wilder, loc. cit. A set A ^ 5 is ^ — LC at any point a of S (not 
necessarily in A") if given e > 0 there exists a) > 0 such that every mapping of 
into A' n C(a. t?) is extendable to a mapping of into X H ?/(o, e). at a” *• 

**q — LCat a for § < pj* “LC® at a” **q — LC at a for all g.” 

* Vietoris, L., “Homologiegruppcn der Vereinigtmg xweier Komplexc,” Monatshefte 
Math. Phys., 37, 159-^162 <1930). The analogous theorem for the fundamental group, 
Seifert. H., “Konstruktion S-dimensionaler Raiime,” Ber. Sdchs. Akad., 83, 26-66 
(1931). 

* Wilder, R. L., “Generalized Closed Manifolds in w-Space,” Ann. Math., 35, 876-903 
<1934). 


CYCLOTOMIC POWER CHARACTERS AND TRINOMIAL 
EQUATIONS IN A FINITE FIELD 

By H. S. Vandivbr 

Dbpartmbnt op Applied Mathematics, Univbrbity of Tbxas 
Communicated March 1, 1948 

In another article' employing extensions of methods originally due to 
Kummer, we obtained relations concerning power characters of units in a 
cyclotomic field defined by 6, where S is a primitive mih root of unity, 
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w being composite. Our investigations were not complete, however, 
as they did not apply to the case where m is prime. In the present paper 
we shall develop these methods much further and obtain a result (Theorem 
I) which may m)t only be applied to power characters but also trinomial 
equations in a finite field as well as to other associated topics. 

We define 

b{^) = S + 

h 

where ^ is a pr'mitive root of the field of order d t; primitive 
mWi root of unity with m ^ In and / an odd prime, n any integer > 0 with 
(/, n) ~ 1, and h ranges over all values of the set 0, 1 , 2, . . . , ^ — 2 except 
h* where = —1 in F{<f), If q is odd then k* — l)/2, and if (f 

is even /r' = 0. Also, — 1 0 (mod w). It is known that 

- (f, ( 2 ) 

i( a ^ Qf b ^ 0, a + b ^ 0 (mod m); and 

^a, o«9)'ko, bie) - - 1 (;i) 

^ 0 , o(^) = 5 ^- 2 . (;fa) 

In another paper^ we defined operations with polynomials, using ex- 
ponents in a commutative ring R with a unity element and also defined 
what we called formal exponential differentiation of polynomials or quo- 
tients of polynomials of this kind and used these concepts t(^ obtain certain 
congruences in an algebraic field. 

For the particular application of this idea that we shall need here, it is 
sufficient to define the formal exponential derivative with respect to x 
of a polynomial, 

f{x) - + ... + ao» 

with the as in the ring R and x an indeterminate over R, as 

- D.SM 

dx 

- na«x" + (» — + . . . + f»ix, 

that is, we differentiate f{x) in the ordinary way and then multiply by x 
If A and B are two }x>lynomials in x then we also define the formal ex- 
ponential derivative of A/B as 

B3 M) - ADs{B) 

Bi • 

Suppose that 6 » ad, where o * d - «**■ *; and set 
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h 

where, now, x is an indeterminate over the ring of algebraic integers in an 
algebraic field defined by /3. From this we immediately obtain 




D^{xp) 


h 


-bh + (a + b) ind (g* + 


^{x0) 


(5) 


where, since all our differentiation is with respect to x, we write D for 
and since, in the main, a and i are fixed during our investigation we also 
write 




Also, as (5) resembles the operation of finding the ordinary derivative of 
a logarithm, we write for brevity and suggestiveness, 


D log ^ 


— ^ D^{xp). 


It follows easily by induction that, as was stated in (10) of a previous paper* 
(p. 25), 

Do^AB) ^ 't ^(^fj ( 6 ) 

Applying this idea to (5) gives 


(f log 'j'jxfi) 


’J'(xd) 


+ (r 




The relation (2) may be written in the form 




( 8 ) 


Now a is a primitive Ith root of unity with / prime, and (x* — l)/(x — 1) 
is irreducible in the field K(0), since (I, ») = 1, consequently if x is an 
indeterminate, over K($), 

» a* + V(x) ' (9) 

X 1 


where F(x) is a pol}momiaI in x with coefficients integers in the field K{^}. 

We shall now prove the following lemma If c 1 and j is any integier 
^ 0, and 5 pi 0 (mod »), we have 
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' ix^y\ ^ (mod /). 
L < - 0 Jr«i 


For .v -25 0 (mod n) we have 


“cm — 1 *“ 

£ 

^ i 0^ 0 J» 


:0 (mod/), 


for j 0 (mod / — 1). To prove this, we note that the left-hand member 
of (10) can be written as 




since^^ — ^ 2 #r/« follows that for x = 1, — 1 « 0, 

and — 1) — {cmYx^ = (clnY ^ 0 (mod /) Therefore the 

application of (0) to (11) gives for rc = 1 every tenn () (mod /), provided 

that j^has a denominator prime to / in the field A’^(d), but 

each denominator will consist of some ix>wer of d'' — 1 with .v ^ 0 (mod w). 
Now it is known^ that j^^'' — 1 will divide n and since (/, n) ~ 1 our proviso 
is satisfied and (10) is established. To x>rove (10a) we note that the left- 
hand member may be written in the form 

cm — l 

E » E + ty, # « 0, 1 / - 1; » = 0, 1, c« - 1. 

A "" 0 V, i 


Hence for j 0, 


y ^cn (iriod /), 

A « 0 / - 1 


^iid the second factor on the right is (mod /) if j ^ 0 (mod / — t ) . This 
completes the proof of the lemma. 

From (9) we obtain,® taking i < / — 1, 




1 + In v V{x^ X* - J 


. o,. ,13, 

Taking c - 1 in (1 la) we note that every term in the expansion of the 
second term of the right-hand member of (13) is ^ (mod 1) for x =* 1, 
since fro’m (2), (3) and (3a), is prime to (i). This gives for t < f — 1, 


[25W)«r(-(?.-l^-l)], 


G(#)9)) 


(mod /}, 
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where the right-hand member stands for 



Also it may be shown that 

^ (mod /), (15) 

by expanding both members of the equation and noting that for .r *= 1> 

= X. 

Application of (14) and (15) to (7) gives, modulo /, for r < / 

[D' log ^ + {r ~ l)(-l)X><'-»>Kd)- 

jD<»^(/ 3-‘) + ... + (Hi) 

where the symbol i5<'*('l'(d)) stands for 

[i)x«('l'(.r;8))]x_,. 

Set 

-bh + {a + b) ind (jf + 1) « Ch (17) 

and 

— + (o + 6) ind (g* + 1) G, (IS) 

by which, together with (16) and the definition (1), we obtain 

t/)W log » £ Ecact - (r - 1)C»'->G + . . (mod /). 

* * 

(19) 

or 

[5'^) log i{x0)Ui S ^ ^G(C* - (mod /). (20) 


h and k ranging independently over the values 0, 1, 2, . . q‘ 
ing (q‘ — ])/2 if g is odd and zero if = 2 Put 


g*-» 


f; 


t -h 1 




2, cxcept- 


Then the right-hand member of (20) may be written 

[“ 6 ind (g*' — 1) -f (a -f 6) ind (§*’ — 1) — a ind (g*' — g*')] X 

ibk’ ~ (a + 6)A')'-‘/9“' -<«+*>''’, (21) 

where h' and k' each range over 1, 2, , . — 2 but h' ¥‘ k'. We now 
break (21) down into three parts 

P£ - - (a -f b)hy-' ind (g* - 1) (I) 
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EE(fl + - (o + A)A)'-' ind (g* - 1) (H) 

ind {g^ — g^). (Ill) 

h k 

where we now re-employ the symbols h and k to range independently over 
1 , 2, . . . , ^ — 2, but h 7^ k. We see that (I) may be written as 

' in {gf* - - {a + b)hy-^ 

ind (g* - 1), (22) 

where now h and k each range independently over all values from 1 to 
“ 2, inclusive, without exception. If ^ 0 (mod «), then for each fixed 
value of h, the second term of (22) can be expanded, and when we carry 
out the summation with respect to k then each term of that expansion 
will be divisible by I (except the last one), by the lemma (10), (which could 

y - 2 

have been stated in the form ^ 0 (mod /) for 1 and 0” — D* 

and (22) reduces to 

(-a)^“*Ai;/^ ' ind (g'^ - 1) + (^/ + b)hy' ‘ ind (g^ - 1). 

h h 

(IV) 

If a -y h ^ 0 (mod n), then, in a similar fashion, (II) can be reduced to 

ind (g* - 1) - Y:,{bky~^[a + 6)^* 

k k 

ind(g*-l). (V) 

To reduce (111) introduce in it the terms corresponding to A = 0 and A =» 0 
with A = k, to offset which we add 

a( — (a + 6 ))'~'Ei 8~'^®''"'’’*A''“‘ ind (g* — 1) + nA’'~'2(*“*A'~' ind (g* — 1). 

* • * 

(VI) 


Then in the resulting expression in (III) we set A, + A, for A and hi for A^ 
and this gives 



(Via) 


Ai -* 0, 1, 2, .... s' - 2; Ai 


1 . 2 . 


«* 

4 


2, 


or 


-o^|}/8“'"^‘Ai(AAi - aAj)'“‘ - - oAi)'-‘md (g*> - 1). 


By (10) this reduces to zero modulo I, if a jUO (mod «). Hence we add 
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the quantities given in (IV), (V), and (VI) which were the terms of the 
right-hand side of (20) and obtain for r < I, 


■ 

\ /J 


(-1)^+Ka + by'Z0-^‘-**^'^A(k) - (mod /), (23) 

k h 


where k ranges over the values 1,2, . . . , g* — 2, and A {k) == ind 
(g* "" 1)» This gives 

Theorem I. If a and h are integers such that a ^ 0 {mod n), h ^ 0 
{mod n), a + b 0 {mod n)y (3 = a ^ In = m; (», 1)^1; 

I an odd prime and 


where h ranges over the integers 0,1, . . 2, excepting {^ — l)/2; q is 
an odd prime, g is a primitive root in the finite field ofiord^ with (f 1 
{mod m). Then the congruence (23) holds whet^e r < I, and the d symbols on 
the left indicate exponential differentiation as defined in the first part of the 
present article, 

Wc now consider other conditions related to (28). If r « / — 1 and , 
n 5 ^ 1 tlien in reducing (I), (H), and (HI) ‘we find, using (10) and (lOa), 
that we obtain (V) and (VI) without the restrictions b ^ 0 (mod n) and 
a -} b ^ 0 (mod n). To obtain (VTb) we encounter, however, the term 
in the development and this is not ^0 (mod /) when 

h 

a ^ 0 (mod n). “Hence, we have the result that (28) holds for a ^ 0 
(mod w ), 6 ^ 0 (mod m), a + b ^ 0 (mod m). If n « I , then for r « f — I 
we have 0 - J and 

^ 0 (mod /), 


but we see, however, because of (10a) that (23) holds for a ^ 0 (mod m), 
b 0 (mod m), a + 6 ^ 0 (mod m), if r < / — 1. These results etiable us 
to apply (23) to obtain the expressions found for Ith power character 
((1 — a0)/p), in a previous paper, ^ where p is a prime ideal in K(0)^ For 
n«=i,r</-“lwe derive from (23) a result which may be written as 

r — ^ q. 4, f,y _ N)^A(k), 

L av f, 


and from this we easily obtain a relation due originally to Kummer* in- 
volving the power character (e/q) where « (1 ^ ^0/(1 a) and q is 

a prime ideal in A" (a). Applications to trinomial equations in a finite 
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field as well as other applications to power characters will be given else- 
where. 

> Am. J. Math., 47 , UO-347 (192.5), 

“ MitvheU, H. H,, Trann. Ant. Maih. Soc., 17 , 167 (1916). 

* Vandiver, H. S,, these Prockbdinos, 28, 25 (1942), 

* Hilbert, P.. Gesammelte Abhandlunacn, Bd. I, Berlin. Springer (1932), pp. 199, 203. 

* The derivations of the formulas (12) -(20) which follow resemble some of the steps 
in our previous paper/ but from then on the treatment is a bit different, 

* Vandiver, H. S., Ann. Math., 30, 487 (1929), relation (1). 


THE STABILITY OF DIFFERENTIAL EQUATIONS WITH 
PERIODIC COEFFICIENTS 

By Sylvan Wallach 

Department c»f Mathematics, Johns Hopkins University 
Comniuniculcd by F. D. Murnaghan, March 5, 1948 

The following theorem will be proved ; 

If f{t) is a real, continuous, non-constant Junction of period r which is 
such that 

^ /(/) ^ (n -f l)^ (^— ro < t < oo), (1) 

for some integer n, then the characteristic exponents of 

+ mx - 0 ( 2 ) 

ate distinct and of stable type. 

A weakened form of this theorem, a form in which the signs of equality 
are excluded in (1) for every t, must be known for a long time (see, for 
example, Borg/ where reference is made to a lecture of Breuling). Actu- 
ally, the truth of the theorem, at least of the weaker wording, is indicated 
by the diagrams available for such cases as the equations of Mathieu and 
Meissner; cf., e.g,, Strutt.® However, 1 could not find a proof for even 
the weaker form of the theorem in the literature. 

Whether or not the periodic function /(/) satisfies (1), there exist a 
number p 5 ^ 0 and a solution x = x{() 9 ^ 0 of (2) such that 

x(l + it) ^ px ( l)f (3) 

where p and x(0 can be complex-valued. The number p is a root of the 
characteri^ic equation of (2), a reciprocal quadratic equation with real 
coefficients. Hence, if p is not real, its absolute value is 1. If the trivial 
case where f(0 is a constant is excluded, the assertion to be proved is that 
p is not real in virtue of (1). 
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Suppose, if |X)vSsible, that p is real. Then if is defined, in terms of 
the solution xQ) occurring in (3)^ by 

x{t) ==* 

it is seen that 


<t>{t + ir) = € (p(t)t where € === sgnp = K 

Hetice has 2ir as a ]>eriod. Since /(/) is real, the real and imaginary 
parts of x{t) are solutions of (2). Consequently, (2) possesses a non* 
trivial solution of the form 

Xit) = |p|'/V(0 ^ 0, (4) 

where ^(/) is real and of period 2t, 

Since the solution (4) is real, it follows from the inequalities (1), from 
Sturm’s comparison theorem, and from the assumption that /(/) is not 
constant, that 

2n < N <2{n + 1), (5) 

where N denotes the number of zeros of the solution (4) on a half -open 
interval of length 2ir, say on 0 ^ ^ < 27 r. 

On the other hand, (4) shows that x{i) and ^(/) have the same zeros. 
vSince \p{t) is periodic, the number N of zeros of ^(/) on a period, 0 g ^ < 2ir, 
is even. Since this contradicts (5), the proof is complete. 

* Borg, G., Ark.f. Maternal,, Asir. o. Fysik, 31, No. 1, p. 28. 

* Strutt, M. J. O.p Lamhche, Mathieusche und Verwandte Funkiionen in Physik und 
Technik, Berlin, 1»32, pp. 24 and 40. 


ON SOME EXPONENTIAL SUMS 
B y Andr6 Weil 

Department of Mathematics, UNivBRsrry of Chicago 
Comtnunicated by Marshall Stone, March 9, 1948 

It seems to have been known for some time* that there is a connection 
between various types of exponential sums, occurring in number-theory, 
and the so-called Riemann hypothesis in function-fields. However, as I 
was unable to find in the literature a precise statement for this relationship, 
I shall indicate it here, and derive from it precise estimates for such sums, 
including the Kloosterman sums. 

Let be a finite field of g elements; consider the field k{t) of rational 
functions in one transcendental element t, with coefficients in k; geo- 
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metrically, this is the function-field, over the ground-field of a projective 
straight line. On that straight line, we consider divisors, i.e., formal sums 
of points with integral (positive or negative) coefficients; and we limit 
ourselves, once for all, to divisors which are rational over k, i.e., such that 
conjugate points over k have the same coefficient. A divisor is called 
finite if it does not contain the point at infinity with a non-zero coefficient. 
Except for the notation, finite positive divisors are essentially the same as 
ideals in the rmg k[t]; to every such divisor a, we attach the polynomial 
Pq(/) + . . . + a« which generates the corresponding ideal, 

i.e., whose zeros are the points in a, with multiplicities respectively equal 
to their coefficients in a; as a is assumed to be rational over k, Po(0 has 
its coefiicients in k; and n is the degree of a. Every finite divisor m can 
be written as in ^ a — b, where a, b are finite positive divisors; to m, we 
attach the function we have m 0 if and only if a 

and b, i.e., Pfl(0 and Pb{t)f are of tlie same degree, and then there is one 
and only one function in k{f) having in as its divisor and taking the value 
1 at infinity, viz., Rm(t) itself. 

Let X be a character of the multiplicative group of the non-zero 
elements in k. Ivct b be a finite divisor, consisting of the points with the 
coefficients a^; if R{l) is in k{t), we shall write R{b) = 11, whenever 
none of tlie P(t„) is 0 or «> ; as b is rational over kf R{h) is in k. We shall 
assume that no is a multiple of the order of x- 

Furthermore, let co be a character of the multiplicative group of power 
series in an indeterminate T with coefficients in k; we assume that w has 
the value 1 for every series reduced to a monomial cT*^. According to the 
usual definition, wc say that w has the conductor if it has the value 
1 for every power-series which is mod. and if N is the smallest 
integer with that property. Then the values of cj are />*-th roots of. unity, 
if p is the characteristic of fe, and 5 is such that /?* ^ N. We shall write, 
for xtk, \(x) ^ w(l — xT). To every function R(f) im k{t), we can 
attach a power-series P(l/7')» arising from the expansion of the rational 
function P(l/r) according to increasing powers of T; this is no other 
than the usual expansion of P(0 at infinity. Then w[P(l/r)] is defined; 
in particular, as «(7') « 1, we have c.j[(l - xT)/T] « X(x). Now, for 
every finite divisor m with no point in common with b, we write 

^(m) - a;[P„XJ/r)]-x[/?m(b)]. (1) 

This depends inultiplicatively upon m. i.e., ^(m -f n) « v?(m)v>(n). 
Furthermore, if tn ^ 0, and if there is a function R{t) in k(t)y having tn as 
its divisor, taking the value 1 at every point and such that P(l/r) ^ 1 
mod. T^, we have ^(tn) « 1; for R{t) can then be no other than 
According to well-known definitions, this shows that ^(m) is an Abelian 
character over the field *?(/), whose conductor consists of the point at 
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infinity with the coefticient N, and of the points with the coefficient 1 ; 
if d is the number of points in the degree of that conductor is therefore 
N + d; hence, by a known theorem,^ the L-series belonging to this charac* 
ter is a polynomial of degree N + d -- 2; calling its roots, we have thus 

E^(a) = n (1 - a,u), (2) 

0 I ** I 

where the sum in the left-hand side is extended to all finite positive divisors 
a with no point in common with b, and where n(a) is the degree of n. 
Writing that the terms in u are equal on both sides, we get 

= -Jlecu (3) 

« 

where the sum in the left-hand side is now extended only to the finite 
positive divisors of degree 1 . These are in one-to-one correspondence with 
the polynomials Pq(/) ^ f -- x, with x « k. For such a divisor, we have 

R,{l/T) = Pqd/D - (I -- xT)/7\ 

hence c»)[Rf^{l/T)] = X(x), and also 

RM « ua^^xr - 

with a = 2)0^. Then (3) can be written as 

X]X(x)x[f?6Cr)] - W 

where the sum in the left-hand side is over all the elements x of k, other 
than the if any of these is in k. We may extend that sum to all elements 
x of ^ by agreeing tliat x(0) «« x( * 0 

By class-field theory, the character belongs to an Abelian extension 
of k(t)y and its Z-series divides the zeta-function of that extension. There- 
fdre, by the Rieinann hypothesis,* all the have the absolute value \/g» 
hence 

i i:Hx)x[Ri{x)] \ ^{N + d-2) Vq. (5) 

For instance, we can define a character cu, of conductor (F®), by putting, 
for every series of constant term 1 : 

w(l + xiT + -f _ 

where ^ is a character of tlie additive group of k, not everywhere equal to 
1, This gives 

\i:mx[R,(x)]\ ^dVq- 

If the characteristic p of k is not 2, yrs have 2 for R^it) "> 4* — 
a ^ 0; hence, in that case, 
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- a)| 

If, in this, we take for x the character of fe* of order 2 (equal to 1 for 
squares, and to 1 for non-squares, in ^*), an elementary transformation* 
shows that the sum in the left-hand side is identical with the so-called 
Kkx>stennan sum l\p(cx + dx~^)\ for 4c4 = a; hence 

1 (cx + dv-')| < 2 Vq, 

and, in the case of a prime field of p elements, with p 9 ^ 2 : 

I rf/*)| ^2Vp- 

yxu 1 

Furthennore, it is easily seen, e.g., by induction on n, that, if P\x) is^ 
any polynomial in x of degree w, with coefficients in k, such that F(0) = 0, 
there exists at least one character o), of conductor (T^) for some N ^ w + 1, 
such that, with the above notations, A(.t) ~ ^[/^(x)]. Then (5) gives: 

1 £>^lF(x)]xl/?b(-^)] 1 ^{n + d - l)Vq. 

^ Cf., for example, H. Kademacher's excellent report on analytic number theory, 
Bull. A. M. S., 48 , 379-401 (1942), 

* Weissinger, J., Hamh. Abhandl, 12, (1938). 

» Weil, A„ Pub. InsI Math. Strasbourg (N.S., no. 2). pp. 1--86 (1048). 

* Davenport, H., Crelles 7., 160, 168-170 (1933); cf. in piirticular Th. 6, p. 172. 


ON SPACES WITH VANISHING LOW-DIMENSIONAL HOMOTOPM 

GROUPS 

By George W. Whitehead 
Dbpartmknt of Mathematics, Hrown University 
Conimnnicate<l by S. Lefschetz, February 17,' 1948 

This note contains an investigation of the relationships between some of 
the homotopy and homology groups of an (n — l)-connected space (i.e,, 
a pathwise connected topological space whose homotopy groups of dimen- 
sions < n all vanish). 

Let X be an (w — l)-connected space, and let ^4 be a set of generators 
for the »th homotopy group, 7r«(J^). For each a « .4, let be an 

(n 4* l)-ceH with boundaty let y« be a fixed reference point of 5^",* 
:ieo a fixed reference point in X; and let/a : y«) — ► {X, xo) be a mapping 

representing the element a € Suppose that u is topologixed 

dHtX 

so tliat the cells are mutually separated and let E be the topological 
Space obtained from u £«"+* by identifying all the points y« to a single 

a*A 
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point 3 ^ 0 . Let S be the subset of E obtained from u 5*” by the above 

identification. Since the mappings /« carry ya into Xo^ they induce a 
mapping /:(5, yo) (X, Xo)^ Finally let X* be the identification space 
obtained from £ u X by identifying each point y eS with its image /(y) tX. 
Then X may, in an obvious way, be considered as a subspace of X* and the 
above identification induces a map £:(£, 5) — > (X*, X) such that F\S == /. 
It is easy to see that X* is n-connected. The results of this note are based 
on a consideration of the relations between the homology and homotopy 
groups of X^ and X, 

The map F:(£, S) {X*, X) induces homomorphisms 
S) TTn^feiX*, X). The identity ^map :(/£«" 5a”) — ► (£,.5) induces 
isomorphisms Sa^) 5), 

We shall make use of the following unpublished results of J. H. C. 
Whitehead : 

// /fe < » — 1, then (1) Wn^k(Ff S) is the weak direct sum of the subgroups 
pif{iTn-\-k{Fa^’^\ 5a”)). (2) F^ is an isomorphism onto. Hence for k < 

n — 1, (X*, X) ^ 7r„^-ifc(£a"^S 5a”) Yj ^r»+fr--l(5a”). 

a c A dt < A 

The group 7r„f 5”“*"* ’ ^ is isomorphic under tlie boundary 

operator with 7rrt4ft(5"+*"“0; it is cyclic of order two if n + jfe > 3. Let 
/f*:(£”+*■+'^ 5”'***) — ♦ 5”'*"*~0 represent a generator of this group, 

and let = /*a| 5”'^. By the Freudenthal “suspension” theorems we 
may assume that is the suspension of h^f. 

If w + A > 3, superposition with h^ induces a homomorphism ;^(-Y *, 
X) X)\ if a € jin^j^iX, X) is represented by a mapping g:. 

(£”'^*, X)f then nk(oc) is represented by 

X). Similarly, superposition with h^^i^ induces homo* 

morphisms 


iW 

ir„4*+i(A*). 


The homomorphisms rtk, njt*i fik combine with the homomorphisms of 
the homotopy and homology sequences of (X*, X) and the natural homo- 
morphisms of the homotopy sequence into the homology sequence to- 
produce a double ladder: 

ii ji i>i 

r,^^{X} r^x(X*) (X*, X) ^ Wn(X) 

ih ii im* ji &2 Un ii Jt 

. . . ITn^.iX) ^ 7r,^,{X*) ir^UX\ X) ^ TTnUX) ITn^xiX^) 

£>i 

irn-,i(X*, X) *-4 ir,(X)^ 
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ip2 lp2* 7^2 ip2 ^^2 ipl i\ ipl* 

... - Hn^^iX) ^ HnUX^) Hn,.2{X\ X) ^ Hn^ ,{X)j^ Hn, x{X* ^ 

ipl S'j ip() 

The homoinorphisins denoted by p are the natural homomorphisms of the 
homotopy groups into the homology groups; the homomorphisms and 
i'k are those induced by the identity map i\X the homomorphisms 

and j\ are those induced by the identity map7:(A*, </>) (A*, X)\ 

the homomorphisms d* and d'^ are those induced by the homotopy and 
homology boundary operators. The rows of the diagram are the homotopy 
and homology sequences of the pair (A^*, A") ; they are each exact^ in the 
sense that the kernel of each homomorphism is the image of the preceding 
one. The homomorphisms of tlie diagram satisfy commutativity relations 
which state that for each square in the diagram, the two homomorphisms 
of the group in the upper left hand corner of the square into the grouj) in 
the lower right hand corner are the same. 

In the arguments to follow use is made of the Hiirewicz tlieorems® that 
the homomorphisms po, ]ix and pi’" are isomorphisms onto. Examination 
of the diagram then yields the following results: (1) If w > 1, pj is onto. 
This result was proved by Fox* and indej>endently by Ilopf^ for the case 
where A" is a complex. (2) If w > 2, the kernel of pi is the image of t;o. 
Hence we have : 

Theorem 1. If n > 2, Hn^i(X) « irn+i{X)/lmage t/o. 

Suppose now that n > 3, Then iji is onto and the kernel of fji is 2x^4.! 
{A*, A). Moreover, since 7r„4.i(*S”) is cyclic of order two, tjo maps 27r„(A) 
into zero. Define a homomorphism ip:Tr^.x. 2 {X*) 7rrt(A)/27rn(A'') as 

follows: if a € 7rn,42(A*), choose A) such that « 72(a) 

and let ^(a) be the coset of 27rrt(A^) which contains di(P), Then the image 
of ip is Kernel »)o/27r„{A) and the kernel of p is the subgroup Q of Wn^^iX"^) 
generated by the subgroups Kernel 72 and Image Since the homotopy 
sequence is exact, Kernel 72 = Image and since A* is n-connected and 
n + 1 > 2, Image == Kernel P2*. It follows easily that 7r„42(A'^)/ 
Q ^ //„42(A)/Image P2. 

The group Image p2 is the group of spherical homology classes. 

Hence we have: 

Theorem 2. If n> 3, //n+ 2 (A)/]^„+ 2 (A) « Kernel i;o/-^^n(A). 

Let be the join of the complex projective plane with an (w — 3)- 
sphere. The (w + 2)-nd integral homology group of is infinite cyclic ; 
let z be’one of its generators. It then follows easily that 

CoROLLARV. If n> 2 and w it there is a map X 

mch thatfu^iz) =« w. 

If we further assume that 7r«.42(A) « 0, further results can be obtained. 
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In this case is isomorphic with //«+s(^*)/Srt+g(X*). 

The latter group can be computed by applying Theorem 2 to the space 
X* and we have^ 

Theorem 3. If n > 3 and 7r„+.2(A'’) = 0, then 

Hn^m/I.n^z{X) « nn^,{X)mh,.,{X) + 2(^«(X)), 

where 2(7r„(X)) is the subgroup of elements of 7r„(X) of order 2. 

Summarizing, we see that if X is an {n — \)-connected space and n > 3, 
the groups and tiX) /^n-^^iX) are determined by the homotopy 

groups and TTn+iCAf) and the homomorphism 

If also «= 0, then Hn-\^%{X) and //«.f 3 (X)/ 2 „ 4 . 8 (A 0 are determined 

by Tn{X), iTn+iCY), and no- 

The above results are closely connected with recent work of Eilenberg 
and MacLane.® These authors have constructed for each abelian group 
T and each integer n an abstract complex K(ir, n) with the property that 
if X is an (n — l)-connected topological space such that iri(X) = 0 for 
n < i < n + h, then the homology groups of dimension <n + h of X and 
A"(t«(X), n) are isomorphic, while the (n + h)th. homology group of 
iL(7r„(A'‘), n) is isomorphic with //„+A(A0/S«4.ft(-Y), The ^th homology 
group of K{vt n) is denoted by Hkiir, n), and the kih cohomology group 
of K(r, n) with coefficients in an abelian group G is denoted by 
n; G). The results above enable us to calculate explicitly some of the 
groups //it(7r, n) with the following results: 

Theorem 4. Ifn> J, n) ^ fl. If n> 3, n) ^ 

Ifn > 3, Hn+niw, n) as 27r. 

In recent unpublished work/ Eilenberg and MacLaiie have defined for 
each space X such that itfOY) = 0 for i <n and « < i a cohomo- 

logy class ^**+^*+-1 of A''(7r„(A'), n) with coefficients in ir„+i(A) and studied 
the influence of on the homology groups of X. In the case h ^ I 

and n > 2, the cohomology class will be described below. 

Application of the universal coefficent theorem^ shows that for any 
abelian group G the group n; G) is naturally isomorphic with the 

group of homomorphisms of n) into G. Call this isomorphism X. 

Now if n > 2, T?o is a homomorphism of icniX) into which maps 

2t»(X) into zero. Hence rfo induces a homomorphism i?:7r„(A)/27r„(A) 
Tn+i{X). Let u be the isomorphism described above; 
n) as 7r«(A)/2xn(A). Then rju h a homomorphism of jFJ,M- 2 (^n(^)i w) 
into Tn+iiX) aiid 
Theorem 5. =« nu- 

The abstract complex K(v, n) has enough simplicial structure that the 
u < products definedby Steenrod* for simplicial complextes con beintroduced. 
As in Steenrod’s paper, these products are used to define a homomorphism 
2 ://”(ir, n; G) n; G') whenever a commutative Setf- 
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pairing of G to G' is defined and the products .ga (gi, e G) all have order 
two. 

The group //"(tt, n; G) is isomorphic with the group of homomorphisms 
of HnGr, n) into G, and n) is isomorphic with tt. Hence //”(*, n; ir) 
is isomorphic with the group of endomorphisms of ir; let (f” be the element 
of //"(tt, n; ir) which acts as the identity endomorphism of 

For n > 2, ri^:r^{X) i{X) is a homomorphism with values in 

and therefore a commutative self-pairing of 7ra(Jf) to 7r„.Ki(X) 
can be found such that a. a = 'no(a). It then fallows that a ^ always 
has order two and therefore Sqn^i:IP*{vt^{X), n; Tr«(X)) IP‘^^{wn(X) 

n: 7r„4.i(X)) is defined and is independent of the particular choice of the 
self-pairing. Using this pairing, we find 

Theorem ft. If n> 2, Sqn^ zid'*) = 

' Freudtnthal, H., Comp. Math., 5, 299-314 (1937). 

* Fox. R. H.. Bull Am. Math.. Soc.. 49. abstract 172 (1943). 

* Hurewic/., W., Proc. Akad. Amsterdam, 39 , 117 120 (1930). 

* Hopf, H., Comm. Math, HHv., 17 , 307-320 (1945), 

® Those results depetici on Pontrjagirrs result that T»t+ 2 (»V") « 0 for w ^ 3. A proof 
was outlined in C. R, Acad. Scl U.R.S.S.,' 19, 361-303 (1938), but a complete proof 
has not yet appeared, 
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GROUP THEORETICAL DISCUSSION OF RELATIVISTIC WAVE 

EQUATIONS 

By V. Bargmann and E. P. Wigner 

Princeton University 
Read before the Academy, November 18, 1947 

Introduction.^ — The wave functions, 4'> describing the possible states 
of a quantum mechanical system form a linear vector space V which, in 
general, is infinite dimensional and on which a positive definite inner 
product {4>, >p) is defined for any two wave functions ^ and ^ (i.e., they form 
a Hilbert space). The inner product usually involves an integration 
over the whole configuration or momentum space and, for particles of 
higher spin, a summation over the spin indices. 

If the wave functions in question refer to a free particle and satisfy 
relativistic wave equations, there exists a correi^ndence between the 
wave functions describing the same state in different Lorentz frames. 
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The transformations considered here form the group of all inhomogeneous 
Lorentz transformations (including translations of the origin in space and 
time). Let and be the wave functions of the same state in two 
Lorentz frames /' and I, respectively. Then where U{L) 

is a linear unitary operator which depends on the Lorentz transformation 
L leading from I V . By a proper normalization, U is determined by L 
up to a factor =*=1. (For all details the reader is referred to the paper of 
reference 2, hereafter quoted as (L).) Moreover, the operators U form 
a single- or double-valued representation of the inhomogeneous Lorentz 
group, i.e., for a succession of two Lorentz transformations Li, La, we have 

U{UU) ^ , (1) 

Since all Lorentz frames are equivalent for the description of our system, 
it follows that, together with C/(L)^ is also a possible state viewed from 
the original Lorentz frame /. Thus, the vector space V contains, with every 
all transforms i/(L)^, where L is any Lorentz transformation. 

The operators LI may also replace the wave equation of the system. In 
our discussion, we use the wave functions in the “Heisenberg” representa- 
tion, so that a given represents the system for all times, and may be 
chosen as the “Schrodinger” wave function at time 0 in a given Lorentz 
frame /. To find the Schrddinger function at time fo, one must there- 
fore transform to a frame V for which — io, while all other coordinates 
remain unchanged. Then « U(L)\l/f where L is the transformation 
leading from / to 

A classification of all unitary representations of the Lorentz group, 'i.e., 
of all solutions of (1), amounts, therefore, to a classification of all possible 
relativistic wave equations. Such a classification has been carried out in 
(L), Two representations U(L) and IJ(L) = VU{L)V'-\ where F is a 
fixed unitary operator, are equivalent. If the system is described by wave 
functions the description by 

^ V^i (2) 

is isomorphic with respect to linear superposition, to forming the inner 
product of two wave functions, and also to the transition from one Lorentz 
frame to another, in fact, if 4'i* — U{L)^u then == F^r ** U{L)^i. 
Thus, one obtains classes of equivalent wave equations. Finally, it is 
sufficient to determine the irreducible representations since any other may 
be built up from them. 

Two descriptions which are equivalent according to (2) may be quite 
different in appearance. The best known example is the description of 
the electromagnetic field by the field strength and the four vector potential, 
respectively. It cannot be claimed either that equivalence in the sense 
of (2) implies equivalence in every physical aspect. 'Fhus, two equivalent 
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descriptions may lead to quite different expressions for the chasge density 
or the energy density in configuration space (cf. Fierz/) because (2) only 
implies global, but not local, equivalence of the wave functions. It shoul(^ 
be emphasized, however, that any selection of one among the equivalent 
systems or the superposition of non-equivalent systems in any particular 
way involves an explicit or implicit assumption as to possible interactions, 
the positive character of densities, etc. Our analysis is necessarily re- 
stricted to free particles and does not lead to any assertions about possible 
interactions. 

The present discussion is not based on any hypothesis about the structure 
of tlie wave equations provided that they be Loren tz invariant. In par- 
ticular, it is not necessary to assume differential eejuations in configuration 
space. But it is a result of the analysis in (L) that every irreducible wave 
equation is equivalent (in the sense of (2)) to a system of differential equa- 
tions. For the relation of the present point of view to other treatments of 
the subject see reference 1 1 . 

In the present note, we shall give, for every represen tiition of (L), a 
differential equation the solutions of which transform according to that 
representation. We also will discuss in some detail the infinitesimal 
operators which generate the irreducible representations determined in 
(L), and we shall characterize these representations, and hence the co- 
variant differential equations, by certain invariants constructed from the 
infinitesimal operators. This is of some interest, because the infinitesimal 
operators are closely related to dynamical variables of the system. L. 
Garding^ has recently shown that even in the infinite dimensional case 
one can rather freely operate with infinitesimal transformations. In par- 
ticular, it immediately follows from his discussion (although it is not ex- 
plicitly stated in his note) that the familiar commutation rules remain 
valid^ 

i. The Infinilesimal Operators of the Lorentz Group . — The metric tensor 
is assumed in the form g 44 1 , gu =« g 22 gw ==* — L g^tt 0 (i += /) and g*^ 

gifc i. The scalar product of two four vectors a, b will be denoted by { a , 6 1 == 
Both c, the velocity of light, and h, Planck*s constant divided by 
2ir, are set equal to 1. 

The Injimtesifml Operators p]^ and A translation in the jc^'-direction 
is generated by />*, a rotation in the (x* — plane by » — Mu (ii / « 

It .... 4). These operators are Hermitian, and the unitary operators U 
which represent the finite Lorentz transformation are obtained by exponen- 
tiation ; ' thus U « exp (--iapk) corresponds to a translation by the amount 
a in the direction X}t. Clearly. ate the four momenta of the system, 
and M^t M%u Mi% the three components of the total angular momentum. 
The following commutation rules hold (where [A, B] « AB - BA) 
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[il/jT/* ^mn\ In H“ Hkn^ In Zln^^knd t 

[Pktpi\ = 0 [MkuPm] ^ iigimpk gknpl)- (3b) 

We now define four operators w^, by 

(wS w\ w^) = (i; 234, Vua, V134, (4a) 

Pk^^ in ’4"' Pl^^mk 4“ Pm^^kl ^ ^ImPk 4" ^^mkPl 4" ^f^kiPn* (4b) 

Note that w* is a “pseudo-vector/' i.e„ it is a vector only with respect to 
Ix)rent;^ transformations of determinant 1. By (3), 

^ Wm] - iigtmWk - gk^^l) 1>*» ^l] ^ 0. (5) 

It follows from (3) and (5) that the two operators, 

P * P^Pk\ ^ (6) 

commute with all the infinitesimal operators M** and /?*. Therefore, 
they have constant values (i*e., they are multiples of the unit operator) 
for every irreducible representation of the Lorentz group. (The familiar 
arguments which establish this for finite dimensional representations can 
be carried over to the infinite dimensional case. (Cf. V. Bargmann, re- 
ference 5, p. 602.)) 

W may also be written in the form 

W « y,MkiM^Pn.p^ - M,^M^p^p^. (7) 

(This quantity was first introduced by W. Pauli, cf. Lubdnski.®) The 
scalar product v^p)^ vanishes. 

2^ Summary of the Results of (L). — (a) For every irreducible representa- 
tion the states ^ may be expressed as functions ^(/>, J) of the momentum 
vector p and an auxiliary variable { which may assume a finite or an infinite 
number of values. The momenta p are either all zero, or they var^ over 
the manifold « P, with a constant value P. We confine ourselves 
to the cases in which p 4= 0, and either P > 0 or P »= 0, because the re- 
maining cases are unlikely to have direct physical significance.*^ 

{b) To every inhomogeneous Lorentz transformation y* » 4" (P 

(in vector form: y == Ajc 4" a) corresponds a unitary operator U{L) 
defined by 

V{L)m J) - ^^Q{P. A)^(A->/., {), (8) 

where Q{p,t^ ) is a unitary operator which may depend on p but affects only 
the variable Th'e inner product (</>, is obtained by an integration 
over the manifold p*pn >- P and by a summation or integration over the 
variable 

(r) The subgroup of the homogeneous Lorentz transformations winch 
keep a fixed momentum vector po unchanged is called “little group." 
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(The little groups defined by different vectors po are isomorphic.) The 
unitary operators Q(pot A) (where Apo po) form an irreducible representa- 
tion of the little group and determine the irreducible representation 17(L} 
of the inhomogeneous Lorentz group. 

In all cases the ojierators have the form Mti + S/^i, where the 

0 

^-P> - P‘S'^) ip] ( 9 ) 

act on the variables p and correspond to the orbital angular momenta, while 

the act on the variables { and correspond to the spin angular momenta. 

Both Mki and .SV? satisfy tlie commutation rules (3a). vSince the M„ i do 
0 0 

not contribute to Vkim (cf. (4b)), we have 

Vklm ^ PkSim + PtSmk + PmSkU [Ski, pm] ^ 0, (10} 


or, introducing the three-dimensional vector operators, 



{S2^t Sbu Sii ) ; 


w = {w\ w^); 


5' - (6 h, 5ai. ; P - {p\ P\ P^) ; 
as p^S; w ~ p^S — {p X S'). 


(10a) 


Clearly, M^i may also be replaced by in the expression (7) for W. 

For a fixed momentum vector po the operators are the infinitesimal 
generators of the little group. Since w^pk =« 0, only tliree of them are 
linearly independent. 

S. Classification of the Irreducible Representations . — We now turn to a 
brief summary of the main results, including the characterization of tJie 
representations in terms of tlie operators p and w. A more detailed dis- 
cussion will follow in the succeeding sections. 

The classes found in (L) (§§ 7, 8) are tliese: 


I. Pj,. Particles of finite mass and spin s . — Here P ^ > 0. In 

the rest system of the particle, the momentiun yector has only the one 
lion-vanishing component p* »= =fcm, hence, by (10a), W “ m^S'^. The 
operator P“W represents the square of the spin angular momentum, and 
has the value s{s -f- 1) (5 =* 0, Vsi 1» . . .) for an irreducible representation. 
For a given momentum vector there are 2s + 1 independent states. The 
representation UiL) is single or double valued according to whether 5 is 
integral or half integral. The lowest cases {s =» 0, Var 1) correspond to 
the Klein-Gordon, Dirac and Proca equations, respectively. 

IL 0^. Particles of zero rest mass and discrete spin . — These representa- 
tions may be considered limiting cases of the representations P, for w 0. 
Then both P and W are equal to zero, and do not suffice to characterize 
these representations* For a given momentum vector, there exist 2 inde- 
pendent states if 4= 0 (corresponding to two different states of polariza- 
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tion), and there is only one state if s = 0. Right and left circularly 
polarized states are described by the operator equations *= 5^*, and 
ae — .vp*, respectively, so that the representation 0« is characterized by 
P « 0, WYWi = s'^piipi. The lowest cases {s =“ 0, i) correspond to the 
scalar wave equation, the neutrino equation, and Maxwell’s equations, 
respectively. 

III. 0{Z) and 0'(S), Particles of zero rest mass and continuous spin.— 
Here, P « 0, W = E*, where S is a real positive number. For a given 
momentum vector there exist infinitely many different states of polariza- 
tion, which may be de>scribed by a continuous variable. The representa- 
tion 0(E) is single valued, while 0'(E) is double valued. 

To construct these representations explicitly, we shall select, in each 
case, one among tlie equivalent sets of wave equations, define a Lorentz 
invariant inner product (</>, ^), and prove the operator relations stated 
above. We shall operate in momentum space; this is particularly simple, 
because the momenta (but not the codrdinates) are defined by the Lorentz 
group, as infinitesimal translations. 

4. The Class P^. — (n) .v = 0. Here, the variable { assumes only 
one value and may therefore be omitted. Consequently, Q{p, A) « 1 
(cf. reference 8), and for the little group the trivial one-dimensional repre- 
sentation is obtained. Hence, S^i — 0, and w* « 0. The wave equation 
reduces to p^'p^ « w®; the inner product (0, yp) is determined by the norm 
(^, \p) of a wave function, 

{'i'. 'P) = f\'l'iP)\'‘dn, where dil = \p*\-'dp*dp^dp*, (llO 

the integral being extended over both sheets of the hyperboloid p^pn — 
P = m'K The expression (11) is Lorentz invariant, because dil is an 
invariant volume element in momentum space. For the wave function 
in configuration space, one finds 

- (2ir)-'/* f * (12) 

where x stands for x*, x’, x’, x^. It is well known that (^, ip) cannot be 
simply expressed in configuration space, because for the Klein-Gordon 
equation the density is indefinite, and the integral over the density in 
configuration space coincides with (11) only if ^(p) » 0 whenever p* < 0. 

{b) s = V iN with N s= 1, 2, 3, For particles of hig^ spin we 

use the equations first derived by Dirac'* in the form essentially given in 
reference 8. We use for J the N four-valued variables D. . . . , fw in which 
the wave function 4>(p! tu • : ■ . M is symmetric. We define for every 
f, four-dimensional matrices y/ of the same nature as are used in Dirac’s 
electron theory: 

7r*7r' + 7r*7,* “ 2g*'l (*, / » I, 2, 3, 4), 


(13) 
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The 7 with different lower indices v commute. The y\ 7 ^ 7 ** are skew 
Hennitian, 7 '* is Hennitian* The wave equations then are 

7 /A^ == 1, 2, . . .V). (14) 

It follows from any of these equations in well known fashion that 

t^pkpi^ — p^pk4' = (Ma) 

The infinitesimal operators of displacement are the />, those of four-di* 

mensional rotation the = Mu 4“ with vl/^ of (9) and 

0 0 

^kl “ 7i'*7iW ^ hf (lo) 

V 

where the 

y.k ^ gkiyJ (15a) 

satisfy the same relations (13) as do the 7 /. 

The invariant scalar product is 

(^7 - S \ Y1 V^*7/72‘ . . . (TO) 

t 

In fact, (10) is invariant both with respect to the operators M and also 
with respect to the 6 '. The latter condition means that ® 

((1 + i (1 + i^SkiH) == (V^» 4')^ 

up to tenns witli c“. This formula can be verified by observing that, if 
both k and / are space like Su is a Hcrniitian matrix and commutes with 
the product of the y\ If either k or / is 4, Ski is skew Hermitian, but anti* 
commutes with the product of the 7 **. It follows that (Ifi) is invariant 
with respect to the proper LorcTitz transformations. Its invariance with 
respect to reflections, etc., can also be shown. 

The absolute sign in (16) is necessary to make it positive definite. We 
now shall give (IG) a new form which is based on the set of identities 

(A)*' 7 / • . • Y’/TiV ^ (17) 

where is a skew Hermitian matrix involving only the first p of the 7 ' 
(and the p). We can prove (17) best by induction: applying /> 47 Kf / to 
(17) gives, by means of (14), 

(/»4)'' 1 ^ 7 / • • ■ 72^71 V w>47.'+iV + pty,.^x‘A,\k 

= m'+V + (k = 1, 2, 3). (17a) 

The last bracket is A,+ t: it is skew Hermitian and involves only the first 
K + 1 of the y so that (17) is established by induction. Setting v = .V 
in (17). multiplying with ^ and siunming over the f yields 
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E . . . 7ivV = fn^ E k!“ + E 4'*An4'. (17b) 

r r f 

Because of the skew Hermitian nature of An, the last term is imaginar>'. 
Since the two other terras of (17b) are real, they must be equal. As a 
result, we can write for (10) also 

(lA, i) f \m/P<\ '^ E (1«) 

f 

At the same time, (18) permits us to give another form to the scalar 
[)rocluct, 

ih >A) - / \p4\-^~' E k| (IHa) 

f 

which differs from (18) or (Hi) by tlie positive constant m~^^. It may 
worth noting here that the absolute signs in (10), and in the definition (11) 
of dQ (or in (18a)), can be omitted in case of an odd N. This makes it 
possible to define a simple positive definite scalar product in axirdinate 
space by means of (12). In particular, for N = 1, (10) (or (ISa)) equals 
the integral of \\p\'* over ordinary space. In case of even N (integer spin 
s) no simple positive definite scalar product can be defined in coordinate 
space. 

It is now established that the solutions of (14) form a Lorentz invariant 
set in which a positive definite scalar product (10) or (18a) can be defined. 
We shall now determine the representation of §2 to which the solution:; 
1>elong and will also calculate the invariants P and W, 

In order to define a little group, we choose as momentum po with the 
components 0, 0, 0, m. The little group then becomes the group of rota 
tions in ordinar>" space. If we assume that the are diagonal, with 
diagonal elements 1, 1, —1, —1, equation (14) shows that only those 
components of f can be different from zero which correspond to the first 
two rows of 7„. There are 2^ such components, the rest of the 4'^ com- 
ponents of \p must vanish. Even these components will not be inde- 
pendent: as a result of tlie symmetry of the ^ in the f, all components of 
yp will be equal in which the same number k of the N indices f correspond 
to the first row of the 7, the N -- k other indices to the second row. Since 
K can assume any of the values between 0 and N, there are A/" + 1 such 
comi:K>nents. If pA = —m, the same considerations will hold, except that 
the last two rows of 7 will play the r61e which tlie first two rows play in 
case of pA = w. 

In order to determine the transformation properties of these AT -f 1 ss 

2s + 1 independent components under the elements of the Uttle group, 

we note that the space like M pve zero if applied to ^ with a purely time 

0 

like p = /><). We need only to calculate, therefore, the effect of the 
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on \p. Since, in particular, commutes with y\ but is not identical 

with it, we can assume that it is diagonal and has the diagonal elements 
Vs, “Vs, Vs^ Va* the sum of such V 247172 is applied to the com- 
^K)nent of ^ in which k of the correspond to the first row, TV — k to the 
second row, this component will be multiplied by Vs^ "" VsCA^ —«)=:= 
K — A’. Since K runs from 0 to N » 2.s-, tlie Mu^ “ 5ijt^ will run from 
— 5^^ to Hence the representation of the little group in question is 
as was postulated. 

Because of (10a), IV becomes m'HSrJ 4- 5»i“ + 5i2“) or, since the S%\y 
SMy are the inlinitesiinal opt^rators of we have W “ m'A(.v + 1) 
as given'* in §3. The value of P is m* because of (14a), 

5. The Class (),. — (a) s = 0. The corresponding discussion in the 
preceding section may Ix' literally applied to this case, with the exception 
that m - 0 and that the integral (11) is to be extended over the light cone. 

(/;) The wave equations can be obtained by setting m = 0 in (14). 
The infinitesimal operators continue to be given by (9) and (15). The 
scalar product must be defined by (IKa) because (10) vanishes for all 
The invariance of this scalar product follow.s from the invariance of (ISa) 
for finite mass because, except at />i “ = pn = 0, the wave function 

is continuous in w. 

The essential difTerence between finite and zero mass is that, in the latter 
case, not only the itifinitesimal operators but also the wave equation are 
invariant under any one of the operators r„ “ As a result, 

for m ^ the linear manifold defined by (14) can be decomposed into 
invariant manifolds by giving definite values to the IV. In particular, 
we shall be concerned henceforth with the manifold defined by (14) and 

IV^ - ^ ( 1 / - 1, 2, A), (19a) 

and with the other one for which 

(^-1,2,..., .V) (iOb) 

holds. Both manifolds are invariant under proper Lorentz transforma- 
tif)ns but go over into each other by reflections; they correspond physically 
to right and left circular polarization.^® 

Let us now again choose a particular momentum vector Po in order to 
.define the little group. The covariant components of po shall be 0, 0, 1, 1 . 
The wave equations (14) then can be written, after multiplication with 
7 /, in the form 

7/7,V “ ^ {p ^ h2, (20) 

It is now advantageous to assume that the 7 * 7 ^ a-re diagonal, their diagonal 
elements being 1, 1, —I, “1. Equation (20) then expresses the fact that 
for the po in question is different from zero only tf all f have values corre- 
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spanciiiig to the first two rows of the y. Since the V commute with the 
but are not identical with them, they may be also assumed to he 
diagonal, with diagonal elements 1, —1, 1, Hence, in the manifold 

defined by (20) and (10a) all components of \p vanish (for p “ pi)) unless 
all f have values corresponding to the first rows of the y : the manifold 
(20), (19a) is one dimensional for given p. The same holds for the mani- 
fold defined by (20), (19b) except that in this ease Tii • f.v) differs 

from zero only if all f have values corresponding to the sect)nd rt)w of the y. 
For given momentum, ^ has only two independent components. 

The infinitesimal o]>crators of the little group arc Myi, JI/j.h A/u, A/2;< •“ 

A/24 which leave pu invariant. The corresponding M give again zero if 

0 

applied to ^ at p — po. The S eorresjxmding to the second of the above 
operators (cf. (lo), (loa)) is a sum of matrices VafCy/y/ + 7/7, /\). It 
vanishes if aj)plied to oiir ^ as can be seen by aj>i)lying 7„^7/ to (20). The 
same holds for A/23 ^ A/24. On the other hand, V’i^7v'7/* gives 
applied to the yp of (20), (19a), and gives — V-j/' if applied to the \p of (20), 
(j9b). One st'es this most easily by applying V‘2f7/7/“ to (20) and making 
use of (19). As a result, A/12^ — for the two manifolds in 

question : these indeed belong to the representation Os of the inhomogeneous 
Loren tz group. 

The viiluv of thc‘ invariant F is zero. The above also involves a cal- 
culation of the w for the ^ at /? == p^: vfc have = Mnp = =4=5^, = 

(A/, 12 *f' A/vvi)^ — 0, w^\p = (A/.hi. T A/i4)\^ = 0, — iiAp — A/i2\^' — ^s\p. It 
follows that the value of the second invariant W ^ -f (teO“ + 

is also zero for all the manifolds 0.,; these cannot be charac- 
terized by P and IF. However, these manifolds can be characteriz.ed by 
the eepuition P — {) with the aJditional set 

ttv - sp^, and W), «= —sp^, (Jl) 

the 4* a|>plying to (19a), the — to (19l>). Both these ettualions are 
invariant with res|K‘ct to proper Lorentz transformations. If reflections 
are to be included, one can combine them into WkWi = s’^p(<pi. 

6. The Class 0(H).— Here, the auxiliary variable is a space like four 
vector { of length /, orthogonal to />. The scalar function pip, is de- 
termined by the equations 

- 0 ; - 0 ; ( 22 ) 

padp/d^f, - —iZp, (22a) 

with a real positive constant H. By (22a), for every real number p, 

i + Pp) e-'^^^ip, (). 


(23) 
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The infinitesimal operators of displacement are the those for rotations 
are the M of (9) plus the 

Su - j - — f I«jj) - (-4) 

In order to find the invariant scalar product, we introduce, for every 
vector p on the light cone, two real space like vectors and of 

length one, orthogonal to p and to each other, so that 

\u^"Kp)^p] ”0, W'\p), uP\p)\ — —br, (r, s - 1,2). (2o) 

Then ^ is a linear combination of p, u^''*{p), 

^ - a‘p + lixtC^\p) + (S^zU^^KP). (2(i) 

where a and the p are real. £| = —1 implies + fir = 1, hence 
Pi + i Ih — with a suitable real angle t. ^ {p, f) is therefore a func- 
tion of /?, a, T, 

^iP, f) ^ 4>{pi 01 , r). (27) 

The choice of the iP'^Hp) is, of course, not unique. Let v^^^{p) be another 
system of vectors which satisfy (2o). They may be expressed in the form 
(20), i,e., 

V^^\P) - Krp + (^ = U -)• 

s 

By (25), the matrix X,„ is orthogonal. , In terms of the 1 '", ^ = a'/> + 
X) 0'tV^'^{p), where /S', = \,0,. In particular 

r s 

+ i/ 3'2 = ; r' = sfc(r + X) (28) 

X depending on the By (23), a, t) | == \<f>ip, 0, r) |, and we define 

the norm of ip by 

4^) - S \<P{P^ fX r)\^d^lr, (29) 

This expression is independent of the choice of the In fact, let 

4>{P> 4>^{P> '^'0 where tlie primed variables refer to another set 

Then \<p{p, 0, r)| *= or', t0| = \<t>(pf 0, r')j, and \drydr\ ™ 1. 

To prove tlie I.^)rentz invariance of (29) we proceed as follows: If a homo- 
geneous Lorentz transformation maps p on and $ on A we may, 

in particular, choose the in the new system to be the transforms 

of the original ones; then the coefficients a, Pu P% in (26), and hence r 
remain unchanged, and the integral (29) is invariant. 

If we choose as the basic vector again />o with the components 0, 0, 1, 1 
the infinitesimal operators of the little group are again Mn, A/is — Mu, 
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ikTsa — M 2 i> The M parts of these give zero for p = />o. the S parts of the 
0 

latter two ase 

5i8 - Su = -Hi ~ dfc* 

5„ - 524 = -H, + i(fe - £4) (30b) 

Because of (22a), the first term gives, if applied to at p ^ po just 
and respectively. The second terms vanish because of the second 
equation of (22). Hence ^ is not invariant under the 'Misplacements'’ 
A/, 3 — Afu and AI 2 Z — A^a in f space, and the sum of the squares of the 
“momenta” is S® “ because of the last equation of (22). 

This is also the value of W, while P == 0. 

7. The class 0' (E). — Since the discussion of this last case follows the 
pattern of the preceding section we confine ourselves to stating the main 
results. We introduce, in addition to the vector f, a discrete spin vari- 
able r which can assume four values. The wave equations become 

Yp^^yp « 0; - 0; (31) 

pk^/i^ik (t31a) 

The parameters a and r are introduced as before. The norm is given by 
(^1 4d ^ S H iHPf 0, r)\Hpxdp 2 flpdr. (32) 

(Cf. (ISa) and (29).) Again W\p — SV» PP = 0. 

It may be remarked that the scalar product has a simple positive def- 
inite form in coordinate space for these equations.^^ 

* All the essential results of the present paper were obtained by the two authors inde- 
pendently, but they decided to publish them jointly. 

^ Winner, E. l\. /Iww. Malk, 40. 149-204 (1939). 

" Fierz, M., Heh. Phys. Acta, XH, 3-37 (1939). 

' Girding, L., Proc, Nat Acad, ScL, 33, 331- 332 (1947). 

* Gelfand, L. , and Neumark, M . , Pkys. ( USSR) , X, 93-94 (1940 ) ; Harish-Chandra, 
Proc, Roy. Soc. (London), A, 189, 372-*401 (1947); and Barginann, V., Math., 48, 
r»f>8*'640 (1947), have determined the representations of the homogeneous Lorentz 
group. These are representations also of the inhomogeneous Lorentz group. In the 
quantum mechanical interpretation, however, all the states of the corresponding par- 
ticles are invariatu under translations atid, in particular, independent of time. ’ It in 
very unlikely that these representations have immediate physical significance. Is 
addition, the third paper contains a determination of those representations for which 
the momentum vectors are .space like. These are not considered in the present article 
as they also are uultkely to have a simple physical interpretation. 

« Lub4nski, J. K., Physica, IX, 310-824 (1942). 
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‘ Dir::.;, I*. A, M., Proc. Roy. Sot., A, 155, 447-459 (1936). 

The literature on relativistic wave equations is very extensive. Besides the papers 
quoted in reference 1 1, we only mention the book by de Broglie, L., Thioric generate des 
porticuks d spin (Paris, 1943). and the following articles which give a systematic account 
of the subject: Pauli, W., Rev. Mod. Phys., 13, 203 232 (1941); Bhahha, H. J., Rev. 
Mod. Phys., 17, 203-209 (1945); Kramers, H. A., Bclirifante, V\ J., and Lub^nski, J, 
K., Physica, VIII, 597 -627 (1941 ). In this paper, the sum of (14) over all v was postu* 
laled; (14a) then has to l>e added as an independent equation (except for N 1). 
Reference U uses these equations in the form given by Kramers, Belinfante and Ln- 
bitiski. 

* One may derive this result ui a more elegant way, without specializing the coordinate 
system. For the sake of brevity, we omit this derivation. 

de Wet, j. S.. Phya. Rev., 58, 236 242 (1940), in particular, p. 242. 

" Wigner, E. P,, Z. Physik, (1947). 


STERFmCOPIC ACUITY FOR VARIOUS LEVELS OF ILLUMI- 
NATION* 

By C. G. Mueller and V. V. Lloyd 

PSYCHOLOOICAL LABORATORY, COLUMBIA UniVBRSITY 

Communicated by C, H. Graham, Man*h 5, 1948 

Several experiments have demonstrated that the threshold for stereo- 
scopic vision is influenced by certain important variables (see the review 
by Graham^), but little attention has been paid to the systematic explora- 
tion of parameters (e.g., intensity and wave-length) which are known to 
be important for other visual functions.- The present report gives data 
on one of those variables, intensity of “white” light, as it influences the 
threshold for stereoscopic vision. 

Apparatm . — Two BOO-watt Mazda bulbs are used as light sources, one 
for each eye. The light sources are fastened to a movable wooden stand 
which may be placed in either of two positions, thus allowing for a small 
range of intensity variation. Additional adjustment of intensity may be 
achieved by inserting filters of various densities in a holder adjacent to 
the light source for each eye. 

The two filter holders are attached to a pair of metal funnels, 4 inches 
in diameter and 3V4'iBcbes in length; the funnels in turn are fastened to 
the outer wall of the dark room in which the subject sits. 

A piece of opal glass, fastened to the inner wall of the dark room and in 
front of the funnels, diffuses the light from the two bulbs. A piece of 
masonite, containing two holes of 3 V 2 inch diameter, is mounted in front 
of the opal glass. These holes expose two photographic plates which are 
fitted into slots in the masonite and on which the reticles of the two visual 
fields are photographed. Both test fields contain three vertical reticle 
marks, each with a width of ?0 minutes and a height of two degrees of 
visual angle. The reticle marks are equidistant from one another at a 
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separation of 4.0S degrees. The central mark is centered in the visual 
field. 

On the front side of the piece of masonite, a vertical target (long 
vertical line) is permanently fastened over the left hold and to the left of 
the central reticle mark. The vertical target on the right side, on the 
contrary, is movable and may be adjusted to the left or the right of its 
central jjosition by means of a micrometer. Both of the targets have a 
width of 20 minutes and a length of 10 degrees of visual angle. The 
micrometer, which the subject uses for adjusting the position of the target, 
is connected with a metal pointer through the side wall of the dark room; 
the rotation of the pointer may be read on a degree scale by the ex[)eri- 
men ter. Each degree of rotation moves the right target through 0.1)') 
second of arc. * 

A front-silvered mirror is placed five inches in front of each reticle plate 
to form an angle of lo degrees with the optical path. A second front- 
silvered mirror, in both the left and right eye systems, is placed on a 
movable platform four inches from the first tnirror. Each of the latter 
mirrors also forms an angle of 45 degrees with its optical paths. The two 
platforms are attached to two eyepieces whose separation may be adjusted 
to the interpupillary distance of the subject. 

All of the above apparatus is enclosed in a large box from which the eye- 
pieces project. Each eyepiece has an aperture of inch diameter and 
holds a convex lens, the focal length of which (14 inches) equals the dis- 
tance from the lens to the reticle. 

The dark room in which the subject is seated is painted a dull black and 
is completely light tight. 

Procedure.— -kt the start of each experimental session, the subject was 
allowed to dark adapt for 25 minutes. During tire first 15 minutes of this 
period the subject wore goggles which transmitted the far red region of the 
spectnim;^ the last ten minutes were spent in the completely darkened 
room. 

Two subjects were used and each provided three complete sets of data. 
Both subjects were highly experienced in making stereoscopic settings. 
Each set of data for each subject consisted of 20 readings taken at each of 
ten intensity levels ranging from —4.04 log millilamberts to 2.27 log 
millilamberts. The intensity levels were presented to the subject in order 
of increasing magnitude and two minutes of light adaptation were given 
at each level. A rest period, 10 to 20 minutes in length, was given be- 
tween the fifth and sixth intensity levels in each session. 

For each reading the subject started from a randomly selected microm- 
eter position and adjusted the movable target, turning the micrometer 
until the fused target line appeared in the same plane as the three reticle 
lines. Both subjects used a * ‘bracketing” procedure in making settings. 
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The position of the movable target at each adjustment was recorded by 
the experimenter from the scale on the outside wall of the dark room. 
iReadings at each intensity level were made at the rate of about 4 per 
minute. 

If Si be the separation between the reference reticle line and target for 
the left eye and Sr the corresponding separation in the right eye» then 
the difference, d (i,e., Si — 5r), divided by i?, the distance from the lens to 
the plane of the target and reticles, gives the angular disparity, rj, in 
radians. ‘ For threshold, 

V, = 206.265 I' (1) 

XV 

in seconds of arc, where dt and R are measured in the same units. In the 
present experiment, dt is defined* as the average deviation of the “equality"' 
settings. 



L.00 Z 

FIGURE 1 


The threshold for stereoscopic vision in seconds as a function 
of field brig:htness in millilambcrts. 

Results . — The results'^ of the experiment are presented in figure 1. The 
data show that rjt decreases (stereoscopic acuity increases) as light intensity 
increases, until at high intensities, the curve approaches a final limiting 
value. The mean of the average deviations (representing 120 observations 
at each intensity) undergoes a threefold change as intensity is changed by a 
factor of one million. At low intensities the results indicate the usual 
discontinuity of rod and cone functions.’* The line drawn through the 
data is a theoretical curve based on an extension of the Hecht and Mintz* 
formulation of the photochemical basis of visual acuity. 

Our data provide some slight indication that the mean setting also varies 
with the intensity level. The mean settings show considerable variability 
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but the tr^nd is in the direction of “nearer” mean settings with an increase 
in intensity* 

Discussion , — A theory of stereoscc)pic vision in terms of its relation to 
other visual functions is relatively undeveloped. 

In experiments on monocular visual acuity for thin lines, Hecht and 
Mintz® found that their rcvsults could be accounted for by assuming that 
the threshold visual angle subtended by the thin lines is proportional to 
a threshold brightness difference. Their development involved setting 
the threshold visual angle, a, proportional to A/// and substituting a in 
the theoretical solution for A/// as a function of intensity. The procedure 
leads to the expression: 

where a is the threshold visual angle for resolution of thin lines; b and K 
are constants ; and / is light intensity. (For a different theoretical treat- 
ment of otlier acuity figures see Shlaer® and Shlaer, Smith and Chase.^) 

A first approximate extension of visual acuity theory to the stereoscopic 
situation may proceed from the Hecht and Mintz work.® We may assume 
that threshold differences in brightnesses in some part of the two fields 
provide one of the bases for the discrimination of differences in depth. 
Therefore rji may be considered proportional to LI/I and a solution for 

may be obtained in a manner similar to that fallowed by Hecht and 
Mint/ in detenniiiing a. Such a treatment obviously leads to a formula 
of the same form as (2) above. The data and theoretical curve are shown 
in figure 1. 

Data available at the present time do not seem to warrant a more 
elaborate theoretical discussion, but the extent of agreement between 
this })ai ticular extension of Hecht’s theory and the present measurements 
of stereoscopic acuity suggests the need for more extensive study of param- 
eters of stereoscopic acuity, 

SuHiiuary~- (\ ) Measurements of stereoscopic acuity were made at ten 
levels of intensity ranging from —4.04 to 2.27 log millilamberts. (2) The 
average* deviations of the “equality" settings is taken to be the measure of 
the Tuiviiinuin resolvable difference angle, tjo for stereoscopic acuity. Vt is 
large at low intensities and decreases at high intensities. (3) The typical 
“rod-cone” discontinuity characteristic of other visual functions is present 
in the data for stereoscopic acuity. Discrimination of depth seems to be 
possible at intensities below cone threshold, (4) The results are discussed 
in terms of theories of brightness discrimination and visual acuity. 

* This account was prepared under Contract Number N6onr-271, Task Order IX, 
between Colutnbia University and the Office of Naval Research, U. S. Navy. Project 
NR 142 404. 
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^ Graham^ C. H., “Visual Perception.” In Handbook of Experimental Psychology 
(edited by Stevens). In preparation. 

» Hecht, S., Physiol. Rev., 17, 239 (1937). 

» Miles, W. R., Fed. Proc„ 2, 109 (1943). 

* The data for the figure are represented by the following pairs of numbers. The 
first number of each pair is the logarithm of the intensity (in millilamberts) ; the second 
the mean of the C average deviations (in seconds of arc), 2.27, 9.78; 1,96. 8.34; 0,96, 
9.66; 0.36, 9.06; -0.34, 10.43; 0.94, 13.37; -1.64, 13.67; -2.34, 22.17; -3.04, 
22.82; -4.04, 26.08. 

» Hecht, S., and Mintz, E. U., J. Gen. Physiol, 22, 593 (1939). 

• Shlaer. S,. /. Gen. Physiol, 20, 165 (1937). 

’ Shlaer, S., Smith, E. L., and Chase, A. M., J. Gen. Physiol, 25, 553 (1942), 
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THE EFFECT OF IRRADIATION ON RECOMBINATION IN 

ESCHERICHIA COLI 

Bv Frlix Haas, Orville Wyss and Wilson S. Stone 

Fhom the Laboratories of BACTERroLoev and Genetics, The University ok Texas, 

Austin, Texas 

Communicated by J. T. Patterson, March 27, 1948 

Gates ^ has re{K)rted that the growth processes of Escherichia coli are 
less sensitive to ultra-violet light than cell division. When these organisms 
are ex|X)sed to a limited dose of radiation, they form '‘spaghetti-like” 
filaments which attain lengths up to 150 microns and diameters up 
to 3 times that of normal cells. We have examined these filaments both 
in the living state with the phase microscope and after staining the nuclear 
bodies by Robinow’s procedure. ^ As the filaments grow it was observed 
that the nuclear Ixidies divide regularly and each filament soon contains 
pairs located 3 to 4 microns apart. After several hours many of the 
filaments recover from the effect of the ultra-violet treatment and produce 
normally dividing cells of the organism. In studying the mechanism of 
this recovery, it was observed that in some filaments a swelling appears 
near the center and the nuclear bodies migrate to this area and apparently 
fuse together to form a mass of Feulgen-positive material. The swelling 
increases in size until it is 6^10 microns in diameter. The nuclear material 
takes on a granular appearance and a colony of apparently normal organ- 
isms will develop at this site on agar plates seeded with irradiated organ- 
isms. The appearance of the process is analogous to that observed by 
Dienes* with cultures of a Proteus species. It seems possible that the 
organism, unable to divide normally, has resorted to a primitive or rudi- 
mentary sexual mechanism. W'e are aware of the pitfalls inherent in 
cytological studies of microorganisms, and since our photographs were 
not convincing we have used a cultural procedure for studying the effect 
of ultra-violet radiation on sexual activity, 

A number of £. coli mutants were obtained from Dr. Lederberg.'* These 
strains are unable to synthesize certain necessary amino acids or vitamins 
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and, therefore, will not grow in a minimal medium. However, when 
two strains with different deficiencies are grown together one can isolate 
from the resultant culture individuals which are prototrophs of the parent 
strain (i.e., organisms which are identical with the parent strain in their 
nutritional requirement^. Other mutations such as virus resistance or 
inability to ferment lactose can be tested at the same time. These are 
distributed in the prototrophs isolated from mixed cultures of mutant 
strains as recombinations are distributed in higher forms. This suggests 
that JE, coli has a life cycle like Neurospora with only an occasional sexual 
phase. 

Foiir-hour broth cultures of the mutant strains were exposed to ultra- 
violet lamp for 30 seconds and inoculated singly and in combinations into 
nutrient broth along with similar unirradiated controls. After the cultures 
were incubated for 6~24 hours, they were washed and plated on minimal 
medium to detect prototrophs. It will be observed from table 1 that 
when two strains were grown together which* were both B (biotin and 
methionine deficient) in no case did one obtain organisms which could 
grow on the minimal medium. A similar result occurred when two strains 
of T"" L*” (threonine, leucine and thiamin deficient) organisms were 
grown together. When two strains with different deficiencies, for example, 
(which can synthesize tlireonine, leucine and thiamin) was grown 
with T“ L“ B"" (which can synthesize biotin and methionine) organisms 
were obtained which could synthesize all factors (prototrophs of the 
parent strain) in numbers of about 1 for each 10^ cells plated as Lederberg^ 
has reported. It will be observed from table 1 that the organisms subjected 
to irradiation produced up to 17 times as many prototrophs as the un- 
irradiated cultures. Yet the irradiation produced no change in the cultures 
inoculated with single strains or with pairs of strains containing the same 
deficiencies. 


TABLE i 

Effect of Irradjation on Recombinations 



— IRRADIATED INOCULUM 

TOTAL PROTO- RATE/ 

, ^CONTROL INOCULUM — ^ 

TOTAL PROTO- . RATK/ 

Organism s* 

COUNT 

TROPHS 

MILLION 

COUNT 

TROPHB 

MILLION 

58-161 4- VIO 

SOM 

130 

2.6 

280 

230 

0,8 

58-161 4- Y63 

21 

100 

7.6 

220 

100 

0.46 

58-161 4* y87 

00 

0 

0 

270 

0 

0 

Y53 4- YIO 

80 

0 

0 

190 

0 

0 

Y53 + Y87 

70 

360 

5.1 

250 

100 

0.4 

y87 4- YIO 

90 

330 

3.7 

220 

130 

0.6 

68-161 

70 

0 

0 

160 

0 

0 

YSS 

60 

0 

0 

340 

0 

0 

YIO 

70 

0 

0 

160 

0 

0 

y87 

no 

0 

0 

120 

0 

0 

* 58-161 - B 

-M-; YIO 

« T-L-Br; 

YS3 « 

T-L-Brlac-; 

; YSr - 

B“M*Lac- 


* 58-161 
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The young inocula of the 4 strains were washed carefully and pipetted 
both singly and in combinations onto plates of minimal agar in dilutions 
of 1~10 and 1~1 ,000,000. The total inoculum in each case was suspended 
in 1 ml. of saline which left a film of moisture on top of the agar in which 
the organisms could move freely. Some of the seeded plates were exposed 
to ultra-violet light for the periods of time indicated in table 2. Then all 
^ plates were placed at 37^C. for two hours at which time some filaments 
were formed in the plates irradiated for the longest period. At that time 
another layer of minimal a|gar was poured on the plates of the I-IO dilution 
and nutrient agar was poured on the plates containing the 1-1,000,000 
dilution. After incubation the latter plates gave the total numbers of 
organisms involved and the former gave a measure of the number of re- 
combinations which had occurred. It will be observed that the maximum 
production of prototrophs occurs with about 10 seconds exposure to ultra- 
violet under the conditions of our experiment but that even two seconds 
exposure enhanced the rate of occurrence markedly. 

TABLE 2 

Effect of Time of Irradiation of Seeded Plates on Recombinations 

paOTOTItOPRS FBK imXTON C»t.L5 ON PLATES IRAAOIATUU PC>R (.SECONDS); 


OROANISMS 

0 

2 

5 

10 

30 

68-101 + Y53 

0.45 

2.6 

4.4 

6.6 

3.2 

Y53 -f Y87 

0.8 

3.2 

4.1 

6.8 

7.3 

68-101 4* YIO 

0 

0 

0 

0 

0 

68-161 4- Y87 

0 

0 

0 

0 

0 

58-161 

0 

0 

0 

0 

0 


From a number of plates, colonics were isolated and transferred to cosin- 
methylene blue agar to determine lactose fermentation. Of the 25 organ- 
isms tested from the prototrophs obtained from the combination of two 
lactose negative strains, no lactose positive organisms were found from 
either the normal or the irradiated inoculum. From the combination of a 
lactose positive with a lactose negative strain 28% of the prototrophs were 
lactose positive from both the control and the irradiated inoculum. These 
data strongly suggest that the small amounts of irradiation stimulate a 
sexual mechanism in bacteria as measured by the increased rate of re- 
combination. Whether this stimulates a sexual conjugation or the ''cross- 
ing-over** after such conjugation, or merely the production of a trans- 
forming principle is not evident from these experiments. 

TABLE 3 

Effect of Irradiation on the Ability of Prototrophs to Ferment Lactose 

^•^IXttADXATSD IMOCtn.UM——' — CONTROL INOCt7LT?K 

% % 

STRAW POanrVB NBOATIVB positive POSXTXVK NBOATIVS POSITIVE 

58-161 + V«3 7 18 28% 7 18 38% 

Y68 4- V87 0 26 0 0 27 0 
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Two points are of particular interest. The first is the independent 
confirmation of Lederberg and Tatum’s demonstration of regular re* 
combination in E. coliy K12 (see Lederberg^). The second is the marked 
increase in rate of recombination due to the irradiation. The reasons for 
this increase are unknown, but the fact suggests an interesting adaption, 
perhaps connected with the abnormal growth pattern of the irradiated cells* 

^ Gates, F. L., "The Reaction of Individual Bacteria to Irradiation with Ultraviolet 
Light/’ Science, 77, 350 (1933). 

* Robinow, C. F., "Cytological Observations on coH, Proteus vulgaris and 

Various Aerobic Spore-Forming Bacteria with Special Reference to the Nuclear Struc- 
tures," J, Hyg. Canth., 43 , 413-423 (1944). 

* Dienes, L., Proc. Soc. Exper. BioL Med., 66, 314-317 (1947). 

* Lederberg, J., "Gene Recombination and Linked Segregations in Escherichia coH " 
Genetics, 32 , 505- 625 (1947). 


STRAIN SPECIFICITY AND PRODUCTION OF ANTIBIOTIC SUB^ 
STANCES. VIII. PRODUCTION OF A GRISEIN^LIKE ANTE 
BIOTIC BY A STRAIN OF STREPTOMYCES GRISEUS^ 

By Warfield GARSONf and Selman A. Waksman 
New Jersey Agricultural Experiment Station, Rutgers University 
Communicated May 1, 1948 

Since the recent demonstration^ that certain antibiotic agents produced 
by actinomycetes possess bacteriostatic and bactericidal properties against 
Mycobacterium tuberculosis ^ a considerable interest has arisen in a system- 
atic study of vSimilar potentialities among the practically unlimited strains 
and sjiecies of actinomycetes that could be isolated from various natural 
substrates,^' ® 

The present investigations were initiated to determine the presence in the 
feces of healthy and tuberculous herbivorous animals of actinomycetes 
which have growth-inhibiting properties against mycobacteria and es- 
pecially M. tuberculosis^ and of the production by such organisms of anti- 
biotics which have similar properties. 

A culture of an organism belonging to the Streptomyces was isolated from 
the fresh stool of a healthy heifer, and found to be highly effective. This 
culture (No. 3510) was tested against four mycobacteria, namely, M. ranae, 
M. aviumy M. phlei and M. tuberculosis 607, a fast-growing non-pathogenic 
strain of the human tubercle bacillus. These tests were made by the agar 
cross-streak method'^ on three different media; dextrose-asparagine agar, 
nutrient agar and egg albumin agar. A streptomycin-producing strain of 
5. griseus was included among the organisms for comparison with the more 
active unknown cultures. 
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The results presented in table 1 show that the production of active anti- 
mycobacterial substances differs with the media used for test purposes. 
The various strains of the mycobacteria also differ in sensitivity to the differ- 
ent actinomycetes. Whereas culture R60 had, for practical purposes, no 
activity against any of the mycobacteria, A47 had considerable activity on 
2 of the mycobacteria on certain media, and HF23 had good activity on all 
the mycobacteria on nutrient agar, 3510 and the streptomycin-producing 
strain of S, griseus were active against all the mycobacteria tested. There 
was a difference, however, between the last two, 3510 showing only limited 
activity on dettrose-asparagine agar. Because of the high level of activity 
on various substrates against mycobacteria, 3510 was selected for more de- 
tailed investigation. 


TABLE 1 

iNiiionioN OF Growth of Various Mycobacteria by Certain Cultures 

OF Streptomyces 

T^ona of Inhibition in Mm.* 


Streptomyces . 

NO. 

DA 

i/. ranae 
NU 

JfG 

M. avium 
1>A NU 

KG 

M. phlei 
I)A NU 

EG 

M. tuberculosis 
007 

DA NU EG 

R6() 

0 

0 

0 

0 

0 

0 

tin 

0 

0 

0 

0 

0 

A47 

0 

0 

0 

0 

0 

0 

■sks 

34 

13 

0 

14 

0 

HF23 

0 

15 

0 

0 

15 

0 

6 

35 

0 

0 

20 

0 

3510 

() 

20 

9 

St 

19 

9 

7 

25 

12 

0 

32 

11 

Streptomycin- 

producing 

S. griseus 

15 

27 

11 

12 

28 

9 

18 

26 

15^ 

15 

27 

11 

* DA « dextrose-asparagine agar; 

NU 

~ nutrient agar; 

EG 

egg 

albumin 

a^ar. 


On further study, 3510 was found to belong to the group of S. gri.seus. It 
grew well under both static (surface) and agitated (submerged) conditions 
and produced an active antibacterial agent. The concentration of the anti- 
biotic depended greatly on the composition of the medium. Lysis of the 
mycelium apjieared after 5 to 7 days in submerged cultures at 28*^0., and 
after 2 weeks or longer in static cultures. 

The antibacterial potency of the culture filtrate and of the isolated crude 
preparation may be determined either by the agar-streak dilution method** 
or by the agar -diffusion or cup method.® The rapid development of resist- 
ance of certain bacterial cells to the antibiotic precludes the general use of 
serial dilution procedures in liquid media. In general, the degree of resist- 
ance observed in using the serial dilution assay techniques is as great as that 
observed for grisein on some test organisms; however, the capacity of bac- 
terial cells to develop resistance to this antibiotic is selective rather than 
general, as is the case for grisein. The growth of strains of £, coli, for ex- 
ample, in dilutions ranging from 1-4 to 1-2048 incubated for 18 hours at 
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37®C« cannot be differentiated from the control tube; whereas strain j of 
5. aureiis under similar conditions will show a clear-cut delineation between 
tubes containing growth and those not, at varying dilutions depending upon 
the potency of the culture filtrate or powdered preparation used. 

The antibiotic spectra of a typical culture filtrate of 3510, using the agar- 
streak dilution method, and of a solid preparation obtained from the filtrate 
were similar, as shown in table 2. The activity was highly selective in 
nature, including both gram-positive and gram-negative bacteria; fungi 
were not affected. The culture medium showed occasional activity against 
M. tuberculosis 607 ; this activity was lost, however, on the^solation of the 
antibiotic. This points to the possibility that the culture produces a second 
antibiotic substance which is not removed from the medium or which is in- 
activated in the purification process. 

TABLE 2 

Antibacterial Spectra of the Culture Filtrates and of Solid Preparation of 

3510 


TICAT OKGANIAM 

CULTURE 

PILTRATB, 

units/ml. 

crude dry 

PRBF MIRATION, 
UNlT#/MO. 

Escheric hia coU 

60 

12 

E. colt, streptomycin -resistant strain 

30 

20 

Serratia ntarcescens 

0 

<0.05 

Aerobacter aerogenes 

0 

<0.06 

Proteus vulgaris 

0 

<0.06 

Pseudomonas fluorescens 

0 

<0.05 

Shigella dysenteriae 

100 

40 

Sh, paradysenteriae 

300 

>120 

Sh. alkaUscens 

30 

12 

Salmonella pullorum 

300 

>120 

Bacillus subtilis 

10 

4 

B, mycoides 

0 

<0.05 

B, circulans 

0 

<0.05 

B. cereus 

0 


Staphylococcus aureus 

30 

>40 

Sarcina lutea 

0 

<0.06 

Micrococcus lysodeikticus 

0 

<0.05 

Mycobacterium tuberculosis 607 

0-10 

<0.06 

Cryptococcus neoformans 

0 

0 

Trichophyton mentagrophytes 

0 

0.4 

Candida albicans 

0 

<0.05 


The culture filtrate did not always possess tuberculostatic activity. This 
substance appeared to be produced in increasing concentrations in the 
medium, after the acrtivity of the major antibiotic had reached a maximum. 
This was true especially under submerged conditions of culture and at a 
temperature of incubation lower than the usual 28®C,, namely, at approxi- 
mately 24°C. All attempts, however, to isolate the tuberculostatic factor 
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from the metabolic solutions failed. By the use of the cup method and 
Af. avtum as the test organism with streptomycin as a standard of compari- 
son, 30-50 units/ml. of culture filtrate were commonly obtained. Occa- 
sionally as high as 120 units/ml. were observed. 

The antibiotic that was isolated from the culture medium had a high 
activity against gram-negative enteric bacteria, including streptomycin- 
resistant strains of £. coU. 

The addition of 50 mg. of FeS 04 . THgO per liter of nutrient broth yielded 
culture filtrates and solid preparations with much greater activity than 
those produced by the best meat extract-coni steep liquor media. When 
zinc was also added, it was found that there was a critical balance between 
this element and iron. When 30-35 mg. per liter FeS04.7H20, 8-10 rag. 
per liter ZnS 04 . TH^O and 10 g. NaCI per liter were added to peptone-meat 
extract media in distilled water, good growth and production of the anti- 
biotic were obtained. The addition of 3 g. per liter glucose resulted in 
even better growth. When this medium was used in static cultures, 2550 
E. coli units/ml. of culture filtrate were obtained in 4 days at 28°C. The 
addition of glucose to unbuffered media inhibits the production of the anti- 
biotic, because of the lowering of the pH in the early stages of growth. 

When the cell-free culture filtrate was treated with activated charcoal 
(7-10 g. i>er liter) all the antibiotic activity was removed from the filtrate. 
Elution of the adsorbate with neutral 95 per cent eth&nol yielded 10-15 per 
cent of the activity. The eluate was concentrated to dryness in vacuo, or 
ethyl ether was added in a separatory funnel and the aqueous layer col- 
lected and concentrated to dryness. "WTien the concentrated liquid was 
added to acetone, a precij)itatc was obtained; this was triturated to a pow- 
der, washed with ether and desiccated. A yield of 200 to 400 mg. was ob- 
tained per liter of medium, depending upon the composition of substrate, 
rate of growth and antibiotic-producing capacities of the strain used. The 
preparations thus obtained showed an activity of 12,000 to 20,000 £. coU 
dilution units per gram. The activity against Shigella paradysenteriae and 
Salmonella ptdlorum was nearly 10 times as great. 

The v^ious biological and chemical properties of the antibiotic point to 
its close similarity to grisein, an antibiotic produced by another strain of 
5, griseusJ^ A comparison of the antibacterial spectra of this antibiotic 
with certain others produced by actinomycetes is given in table 3. 

The similarity of this antibiotic to grisein may be summarized as follows : 

1. Both are produced by strains of S. griseus. 

2. Both are highly selective in their action against gram-positive $md 

gram-negative bacteria, and are especially active against enteric 
bacteria, antibiotic 3510 having an even nmrbwer antibacterial 
spectrum than grisein. 
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TABLE 3 


Comparative Antibiotic Spectra of Strbptothricin, Streptomycin, Grishin and 


TEST OROANI8H 

Antibiotic 3510 

RTHBFro- »TllE»*TO~ 

THRICXN MYCIN 

ORUSBXN 

ANTIBIOTIC 
OF 3510 

E. coli 

+ 

4 

4 

4 

E. coli* 



4 

4 

E. coli^ 

•f 

4 


4 

Ps. fluorescens 

- 

4 

4 

- 

S. marcescens 

ski 

4 

4 

— 

A, aerogenes 

4- 

4 

- 


Pr. vulgaris 

4 

4 

- 

- 

S, aureus 

4 

4 

4 

4 

B, mycoides 


4 


- 

B. subtilis 

4 

4 

4 

4 

B, cereus 

— 

4 

— 

— 

B. megatherium 

4 

4 

4 

- 

S. luiea 

4 

4 


— 

M. lysodeikticus 


4 

4 

- 


* Streptomycin-resistant, 
t Grisein-resistant. 


Antibiotic 3510 is accompanied occasionally by tuberculostatic 
activity, a fact which has never been demonstrated under com- 
parable conditions for the grisein-producing strains of S. griseus, 

4. Antibiotic 3510 is obtained by the same methods of elution from 

activated carbon as is grisein. All elution methods that failed 
with grisein have also failed in the isolation of this substance, 

5. Antibiotic 3510 and grisein are similar in their solubility in water 

and insolubility in organic solvents. 

6. The two antibiotics are similar in their heat stability. 

7. The activity of neither antibiotic is inliibited by cysteine, glucose 

hnd horse serum. 

8. The production of both antibiotics is favored by the presence of iron 

in the medium. 

9. The activity of both antibiotics is inhibited by certain concentra- 

tions of iron in the test medium. 

30. Actinophage active against streptomycin-producing strains of S. 
griseus has no activity either against grisein or the 3510 produc- 
ing strain. 

11. Both antibiotics have a greater effect on streptomycin-resistant 

E. coli cells than on the nonnal non-resistant laboratory strains of 
this organism. 

12. When cross-streaks are made between actinomycetes producing 

various antibiotics and the same organisms, certain striking 
differences are obtained, as shown in table 4. 
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TABJUK 4 

Cross-Inhibition among Various Antibiotic -Producing Actinomycetbs 
Cross-Strt*ak Agar Method. Using Nutrient Agar* 


TKBT OKtlANIHMH, INHIBITION IK MIIXIMKTBBS 


CHLTVRS NO. 

ANTIBIOTIC PftOOITCBO 

3465 

3516 

3478 

35)0 

340;i 

Streptomycin 

8 

29 

19 

21 

3510 

Streptothricin Vl 

0 

15 

2 

3 

3478 

Grisein 3478 

5 

22 

0 

0 

3510 

Antibiotic 3510 

17 

25 

17 

0 


* Streaked on agar plate, allowed to grow 48 hours at 28 then cross-streaked by 
test cultures. 

18. Streptomycin -resistant E, coli cultures us well as grisein -resistant 
cultures are sensitive to antibiotic 85 1 0. 

14. S, griseu:^ 3510 is active against the Bodenheimer bacterium, which 
is resistant to both grisein- and streptomycin -producing strains 
of 5. griseus. 

Except for certain minor differences, antibiotic 8510 is most similar to 
grisein. Until this antibiotic has been isolated in a pure form and its chemi- 
cal composition established, it shall be designated as antibiotic 8510 and 
may be considered as a grisein-like substance. 

When tested against several common bacteria by the use of the cup 
method, streptomycin was found to give the smallest zones of inhibition 
against /i. coli, larger zones against S. aureus and the largest zones against 
B. subtilis, Grisein produces the smallest zones with 5. aureus, larger 
zones with B. sublilis and the largest zones with E..coli. Antibiotic 8510 
produes smallest zones with B. subtilis, larger zones with £. coli and the 
largest zones with 5. aureus. 

Antibiotic 3510 was found to have marked in vivo activity. This was 
established by injecting yolk sacs of 0-day-old chick embryos previously in- 
fected by the same route with a susjiension of SalmonelUi tmllorum. For 
this purpose crude preparations of the substance assaying by the cup 
method 45 streptomycin units per milligram were used. Chick embryos 
with 0.1 ml. of a 10* dilution of a 24- hour heart broth culture representing 
about 150 cells thus infected die regularly in 18 hours or less. 

All the uninfected controls, both untreated and treated, survived, as did 
the controls injected with sterile physiological saline. All infected controls 
died in 24 hours. When streptomycin was used, all the infected eggs with 
/ig. died in 24 hours; 1000 iug. allowed 8 out of 5 infected eggs U> survive for 
24 hours and beyond. The infected eggs treated with 10 units of antibiotic 
3510 died in 24 hours; with 100 units, 1 out of 5 survived 24 hours and 
throughout the experiment; 500 units allowed all the eggs to survive 24 
hours, and 4 out of 5 survived from 48 hours through 15 days, at which time 
the experiment was concluded (table 5). 
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TABLB 5 

Comparative Effect of Streptomycin anb ANxiBioTtc 3510 upon Salmonella pul- 

lorum IN Chick Embryos 


AMOUNT OK 


NO. OF 


ANTIBIOTIC 

NU. OF BMBRVOB BURVmNO. 

KMBRYOB 


KBR BMBttVO, 


DAVB 


TRBATBD 

TKBATMBNT* 

UNITS 

1 

2 

X5 

6 

Uninfected 


5 

6 

6 

6 

Infected, untreated 


0 

0 

0 

5 

Streptomycin 

lOtJ 

0 

0 

0 

5 

Streptomycin 

600 

0 

0 

0 

5 

Streptomycin 

1000 

3 

3 

3 

6 

Antibiotic 3510 

10 

0 

0 

0 

5 

Antibiotic 3510 

100 

1 

1 

1 

5 

Antibiotic 3610 

600 

5 

4 

4 


• All embryos tolerated well 10(K) streptomycin units or 500 units of antibiotic 3610. 


In view of the relatively low toxicity of crude preparations of antibiotic 
3510, high solubility in water, relative stability, lack of inhibition by serum, 
activity in vivo, high level of activity on gram-negative enteric pathogens 
and activity upon streptomycin- and grisein-resistant bacteria, this anti- 
biotic offers certain possibilities for the control of infections caused by en- 
teric pathogens, especially those resistant to other antibiotics. 

Summary. — grisein-like antibiotic, designated as antibiotic 3510, was 
found to be produced by a strain of 5. griseus isolated from the intestinal 
contents of a heifer. 

Antibiotic 3510 has a very narrow antibacterial spectrum, even narrower 
than that of grisein. It is active against certain gram-positive and gram- 
negative bacteria, especially organisms of enteric origin. Bacteria that have 
been made resistant by serial passage to streptomycin and to grisein are 
still sensitive to this grisein-like substance. 

Antibiotic 3510 shows, in crude preparations, a rather low toxicity for the 
chick embryo. It is capable of protecting the latter against infections with 
Salmondla pullorum. In equal concentrations, it appears to be more potent 
than streptomycin. 

The strain of 5. griseus which produces the grisein-like antibiotic 3510 
forms another antibiotic which inhibits the growth of certain mycobacteria, 
including M. avium and M. tuberculosis 607.* 

* Journal Series Paper, New Jersey Agricultural Experiment Station, Rutgers 
University, Department of Microbiology. 

t Sr. Asst, Surgeon, Tuberculosis Control Division. U. S, Public Health Service. 

‘ Schatz, A., and Waksmati, S. A., Proc. Soc, Exp. Biol, Med,, 57, 244-248 (1944). 

» Waksman, S. A., J. Am. Med. Assoc., 135, 478-486 (1947). 

* Williston, E. H., 2ia-Walrath, P., and Youmans, G. P., J. Bad,, 54, 563-668 (1947). 

♦ Carvajal, F., Mycologia, 38, 696-607 (1946). 

• Waksman, S. A., and Reilly, H. C., Anal. Ed., Ind. Eng. Chem., 17, 666-663 
(1946). 
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• Stebbiiis. H. B., and Robinson, H. S.. Proc. Sac, Exp. Biol. Med., 59, 255™259 
(1946). 

^ Reynolds, D. M., Schatz, A., and Waksmaii, S. A., Ibid., 64, 60-64 (1947). 

* The authors arc indebted to Dr. J. D. Thayer, of the U. S. Public Health Service 
V, D. Research Laboratories, for his aid in testing the toxicity and in vivo effectiveness of 
antibiotic 3510. 


THE GAS TURBINE AND ITS SIGNIFICANCE .45 A PRIME 

MOVER 

By C. Richard Sodkrberg 
Massachusetts Institute of TEaiNor-OGY, Cambridoe 
Read before the Academy, April 28, 1948 

Introduction. — The emergence of the gas turbine as an accepted mem- 
ber of the family of heat engines and prime movers has taken place within 
the last ten years. Its application to the field of aircraft propulsion, nota- 
bly in the form of jet propulsion, has been accompanied by much publicity 
and fanfare. This application, while enormously important, has tended to 
obscure the wider implications of tliis development. This paper gives a 
brief survey of developments which led to the gas turbine and their impli- 
cations for the future. 

In the two centuries and a half during wliich man has occupied himself 
with heat engines, there liave been only a few events of far-reaching impli- 
cations, and only three major type>s of prime movers have reached maturity : 
the steam engine, the steam turbine and the internal combustion enpne. 
The selection from technological history is somewhat arbitrary, but up to the 
end of the last century the following events and approximate dates may be 
singled out as of particular significance: Savory’s water raising engine, 
1700; Newcomen’s atmospheric engine, 1710; Watt’s condensing engine, 
1770; the caloric engine (Cayley, Stirling, etc.), 1825; Otto’s internal 
combustion engine, 1875; the steam turbine (Parsons and de Laval), 
3885; the Diesel engine, 1895. The arrival of the gas turbine is thus an 
event of the first importance. If it had taken place in a less exciting period 
of history, it would have been regarded as truly epoch making. Competing 
as it does with atomic bombs, atomic power, supersonic airplanes and 
guided missiles, not to mention the political and cultural characteristics of a 
of troubles,” its relative significance has been overshadowed by other 
events. 

Survey of Historical Background,— Tht gas turbine represents the fulfill- 
ment of an idea which was bom at the begimiing of the last century with 
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Camofs theory of the motive power of heat. Roughly, the idea is to com- 
press a working gas, such as air, impart heat to it at as high a temperature as 
|x)ssible, and then expand it back to the original pressure. The excess of 
work released in the expansion, over that required by the compression, is 
the useful output. Carnot showed that its relation to the energy supplied 
in heating the gas depends only upon the upper and lower limits of temper- 
ature. This is the basic princi^ple of all heat engines. The steam engine 
of Carnot's time proved to be a poor approximation of this idea, however, 
because its functioning was tied to the peculiar properties of water vapor. 

The hot air engine, or the caloric engine, was the first direct embodiment 
of Carnot's idea. During the first half of the last century, many of the 
distinguished leaders of the mechanical engineering profession devoted 
themselves to the development of this engine. In this process practically 
all of the major inventions relating to heat cycles, such as regeneration, 
combustion of fuel under pressure, and so on, were made and applied, only 
to be forgotten and reinvented later in other contexts. Many such engines 
were indeed built, and some lingered in certain applications until the end of 
the century. With the state of the art of mechanical engineering and 
metallurgy at the time, the full realization of the idea was impossible. The 
caloric engine represeiits an interesting example of a stillboni development 
whose basic logic was far in advance of its means of realization. 

This failure left a deep impression on the profession, and the impracti- 
cability of this tyjx: of cycle was thenceforth taken for granted. Under the 
heading ‘‘Air Engines,” the fourteenth edition (1932) of the Encyclopedia 
Britannica expresses the situation as follows: ”The practical drawbacks to 
employing air as the working substance of a heat engine are so great that its 
use has been very limited. Such attempts as have been made to design air 
engines on a large scale have been practical failures, and are now interesting 
only as steps in the historical development of thermodynamics.”* 

During the succeeding century, the attention was shifted to improve- 
ments in the steam engine and the steam cycle as a whole. With the 
arrival of the steam turbine and the resulting possibilities for advance of 
pressures and temperatures, this reached a high state of perfection, and it is 
still the major type of power plant in the field of large units. It is signifi- 
cant, however, that it was not until after World War I that the refinements 
of regeneration and reheating came into general application. 

It was in the internal combustion engine that the dream of an ideal power 
cycle first found an embodiment which reached full maturity. This is the 
ideal reciprocating type of air engine, representing a clever compromise, 
which avoided many of the difficulties which had been encountered in the 
caloric engine. Witli its application to transportation, the incentive for a 
successful internal combustion engine was so great that its development be- 
came a major preoccupation of industry. 



Vot.* 34, 1948 


ENGINEERING: C R, SODERBERG 


241 


By the end of World War I the limitations of the internal combustion 
engine had become apparent. These were to influence profoundly power 
developments of the following two decades. The method of supercharging 
was introduced by Rateau and others in the early part of this century to 
overcome the limitation in inlet volume. It provided the incentive for the 
development of efficient rotary compressors. As in all reciprocating en- 
gines, the gas cannot be expanded to a pressure lower than that correspond- 
ing to the initial volume. Since the gas is much hotter at the exhaust than 
at the inlet, this means that the exhaust pressure is above the atmospheric 
pressure, causing a considerable portion of the available energy to be lost. 
Some of it can be recovered if the supercharger compressor is driven by a 
turbine running in the exhaust gas stream. This idea was introduced by 
Buchi in the nineteen twenties. This turbine-driven supercharger compares, 
in relative significance, with the major prime mover developments. It is of 
particular value in connection with aircraft power plants, where it was in- 
troduced by Moss and others. 

The idea of the perfect air engine never died completely, however, and 
after the introduction of the steam turbine, it reappeared in the device 
which we now know as the gas turbine and which utilizes the same processes 
previously tried in tlie caloric engines, but now without the limitations of 
reciprocating machinery. Many gas turbines were built in the years before 
and after the turn of the century, but all of them were failures, and many of 
them did not even run by their own power. Part of this was due to the 
limitations in the state of the art of mechanical engineering, but it was also 
because the full implications of Carnot’s idea were not sufficiently realized, 
particularly the fact that the excess power delivered in the expansion over 
the power consumed by the compression is a very sensitive function of the 
temperature and the efficiency of the elements. Part of these efforts were 
applied to schemes involving combustion at constant volume along the lines 
of the internal combustion engine. While this development by Holzuxirlh 
did not lead to a commercial prime mover, it provided much essential ex- 
f)erience in high-teraperature turbine construction. 

In the nineteen thirties some of these efforts led to commercial devices. 
In Switzerland, where most of this early gas turbine history was made, 
successful gas turbines were built before the outbreak of World War II. 
The Vdox steam boiler had a combustion circuit, which to all intents and 
purposes functioned as a gas turbine, even if it was merely an auxiliary. 
Applications to the Iloudry cracking process followed. Some of tliese units 
were also built and installed in the United States. A small reserve power 
plant and a locomotive were in operation at the outbreak of the war in 
1939. All of these plants made use of relatively low gas temperatures with 
resulting low efficiencies. 

The application of the turbine-driven supercharger to aircraft power 
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plants proved to be essential to flight at high altitudes. Under this incen- 
tive remarkable progress was made in the United States during the nine- 
teen thirties in high-speed compressors and in the development of alloys 
with the required mechanical strength and resistance to corrosion at high 
temperatures. Some progress in the development of such materials had 
already been made in other branches of indttstry. The two principal 
premises for a successful gas turbine (an efiicient compressor and an 
efficient, high-temperature turbine) thus came together for the first time in 
the turbine-driven supercharger for airplanes. As soon as World War II 
was under way, we realized with a start that, as part of the war production, 
we were producing successful gas turbines by the thousands. 

Some developments of gas turbines for general prime mover purposes 
were carried out during the war, but it was the aircraft power plant itself 
that was destined to be the first and major beneficiary, because of the 
possibility of jel propulsion. To produce propulsive force by the ejection of 
matter is an old principle of locomotion, also used by many marine animals. 
To be effective from the point of vie\Hr of economy of energy it is required 
that large amoimts of matter be ejected at velocities of the same order of 
magnitude as the speed of locomotion. These premises were fulfilled for 
the first time in man’s history in the combination of a gas turbine and an 
airplane flying at speeds in excess of 500 miles per hour. 

A preliminary evaluation of jet propulsion of planes was made in the 
United States in 1922, but the premises were then not favorable. Appli- 
cation of jet propulsion to planes seems to have been made first in Germany, 
then in England, and last in the United States. By 1941 serious efforts 
were imder way in all three countries, and towards the end of the war jet 
propelled planes were flown by the air forces of the three nations. The 
turbo jet is now a major type of aircraft power ]>lant. The turbo prop, in 
which the gas turbine drives a propeller, has lagged behind in its develop- 
ment, principally because its need has not been quite so urgent. 

This view in retrospect of the history of the heat engine is interesting and 
instructive in appraising the future of other ideas. Mter man had suc- 
ceeded in lifting weights by means of heat energy through steam power, it 
required more than a century for the basic principles to be formulated. 
The type of power cycle which followed by logical deductions from these 
principles required another century for its realization. Specifically, man 
had to develop the steam engine, the internal combustion engine, the steam 
turbine, the Diesel engine and the aii^flane, with their attendant back- 
ground of technology, before he was ready to tackle with success the simple 
ideas inherent in the original caloric engine. 

The Future of the Gas Turbine .' — ^The successful prime mover represents a 
compromise between a great variety of conflicting considerations, of which 
the thermodynamic efficiency is only ope and not always the most im- 
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portant. Reliability, cost, weight, space, maneuvering ability, ease of 
manufacturing and maintenance and fuel requirements are examples* The 
situation is exemplified by such extremes as the modem aircraft engine, 
weighing less than a pound per horsepower and requiring the utmost in 
manufacturing precision and fuel specifications, as contrasted with a 
modern steam plant, weighing perhaps 200 pounds per horsepower but re- 
quiring only moderately complicated manufacturing facilities and capable 
of burning the lowest grades of coal. Both of tliese solutions represent the 
designer's interpretation of the optimum compromise of all factors. Neither 
can be regarded as superior to the other, although it is certain that both 
could benefit from exchanges of the two points of view. 

The gas turbine represents a compromise between the steam power plant 
and the internal combustion engine. It is hoped that it will have the 
superior qualities of maintenance possessed by the former and the efficiency 
characteristics of the latter. Up to the present time the successful gas tur- 
bines have operated on Diesel fuel, but there is promise of satisfactory per- 
formance on lower grades of oil. Experiments are now under way to burn 
coal directly in at least one locomotive application. If this should eventu- 
ally become successful, the gas turbine would have gained an enormous 
potential field of application. 

One of the most important characteristics of the gas turbine, in compari- 
son with both the internal combustion engine and the steam power plant, is 
that it does not normally de|>end upon large quantities of cooling water. 
This may become of great importance in districts such as the American 
vSouthwest and will always weigh heavily in locomotive applications. 

In its present form, the gas turbine is not easily made reversible, which 
is one of its major drawbacks. Applications to ships and locomotives are 
thus planned for electric drive, while some marine applications are planned 
with adjustable pitch propellers. 

Active developments of gas turbines for stationary power plants, 
locomotives and ships are under way in many countries. Switzerland is 
still leading in these fields, followed by England and the United States. 
The total construction is still relatively small in terms of general power de- 
velopments, but the pace is significant in comparison with earlier prime 
mover developments. According to an estimate made recently by the 
Gas Turbine Division of the American Society of Mechanical Engineers, 
the total capacity of gas turbines, including those under construction, is 
twenty-seven plants, totaling about 200,000 kw. for stationary power appli- 
cations, and twenty-seven plants, totaling about 100,000 hp. for locomo- 
tives and ships. Perhaps the most significant is the American develop- 
ment of two coal burning locomotives, which, if successful, will have great 
influence upon future locomotive construction. • 

It is not expected that the gas turbine will invade the automotive field, 
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at least in the near future. It is not easily adapted to power plants of small 
capacity, although successful developments in this direction are not wholly 
improbable. Should such a development take place, it would have a far- 
reaching influence upon the business of refining crude oil. Gasoline is not a 
particularly suitable fuel for gas turbines, and most of the refinements 
peculiar to the internal combustion engine would cease to have any value. 
The air forces are already confronted with tliis problem. 

The discovery of atomic power is often considered to have the most far- 
reaching effects of all upon the prime mover field. vSo far, however, atomic 
energy is merely another fuel, the use of which is subject to the same limi- 
tations in its conversion to power as any other source of heat. N6 facts 
have yet been revealed which would suggest a change in this situation, and 
there are at present many sources of low-grade energy which could compete 
commercially with atomic pi^wer. Rapid progress is certain in this field, 
however. No definite information is available as yet to indicate whether 
the steam power plant or the gas turbine is preferable for the utilization of 
atomic heat. Both may be used. 

So far, the gas turbine has completely revolutionized only one field, that 
of aircraft propulsion. Here the potentialities of the new prime mover 
have already been seized upon by the air|)lane designers, and the major 
undertakings on the border of capacity and speed are already wholly outside 
the range of the internal combustion engine. The disappearance of the in- 
ternal combustion engine for large powers at high speeds is therefore only a 
matter of time. 

To avoid misunderstanding, it is necessary to point out that, at the 
moment, the internal combustion airplane engine alone has been developed 
to the adequate state of reliability, and so far it is the only type of engine 
which can be quickly produced in large quantities. For some time, there- 
fore, it will be necessary to retain the internal combustion engine, particu- 
larly for long-range applications. 

As the development can be visualized at the present time, the aircraft 
power plant will exist in the following versions, depending upon the flight 
speed. For the lowest speeds, the piston engine, driving a propeller, will 
remain. Beyond this range and up to about 500 miles per hour, the turbo 
prop appears to be the most logical for all long-range aircraft. Beyond this 
and into the supersonic range, the turbo jet has its best field of application, 
with the modification known as the ducted fan preferable for long range. 
The ramjet will have its field of application for the extremes in speed prob- 
able only in missiles. 

When it is considered that each one of these four versions of gas turbine 
applications will require systematic programs of applied research in fluid 
mechanics, thermodynamics, mechanics and metallurgy, and the solution 
of wholly new manufacturing, production and testing problems, the impH- 
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cations of the new developments are staggering and beyond immediate Com- 
prehension. But the social implications are even greater. Mr. Churchill 
in The Second World War refers to “the unlucky discovery by an immature 
civilization of the internal combustion engine and the art of flying.“ The 
internal combustion engine was but an intermediate step. The implica- 
tions of the new prime mover when fully developed, if used with equal lack 
of judgment, will make the mischief done by the internal combustion engine 
seem like the pranks of immature boys. 

* It is a curious fact that a hot air engine of nearly the original Stirling design has 
recently been brought out in Holland with impressive claims for its merits. Its real 
significance is yet to be appraised. 


NEW FACTS ON SEX DETERMINATION IN DROSOPHILA 

MELANOGASTER 

By Richard B. Goldschmidt 
Department of Zoology, University ok California, Berkeley 
Communicated May 3, 1948 

According to the text books sex determination in Drosophila is com- 
pletely understood; a series# of female determining factors in the X- 
chromosome are balanced against a series of male detenniners spread all 
over the autosomes. Leaving aside the problem of the female determiners, 
it must be stated that thus far neither a single autosomal male factor nor a 
group of them has been discovered although their existence was assumed on 
the basis of the occurrence of triploid intersexes of the constitution HA2X 
(see discussion below). In the course of work on heterochromatic heredity 
(to be presented in detail soon) facts were found which lead a considerable 
step forward toward the understanding of sex determination in Drosophila. 

In the work mentioned (the analysis of the podoptera effect) it was found 
that the dominant mutant Beaded (Bd 3 — 93.8) is probably a mutant of a 
heterochromatic section (as opposed to the ordinary euchroinatic mutants) 
and the same conclusion was drawn for the Minutes. In the course of the 
analysis Beaded was combined with a third chromosome Minute (M(3)w). 
It turned out that all flies containing both dominants in heterozygous con- 
dition (both are homozygous lethals) showed 100% dominance of Bd in- 
stead of jhe 5% found approximately in Bd/+ ; furthermore, a considera- 
ble perc^tage of the males were intersexual. Subsequently Bd was com- 
bined with a number of Minutes in all autosomes. The results are sum- 
marized in table 1. Only in No, H with M(2)/ 2 and No. 14 with M-4 were 
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Fx d* Bd and M 





liOTHBR 

^ — 

LOW 

d* %- 

MBD, 

HTOR 

VXTIL 


COMBINATION 

OBM. 

+ 

INT. 

INT. 

INT. 

INT. 

1. 

Bd/M(3)36c 

Ft 

Bd 

100? 

a few? 




2. 

Bd/M(3)w 

F, 

Bd 

51 


49 



3. 

Bd/M(3)w 

F, 

M 

33 

25 

34 

8 


4. 

Bd/M(3)w 

F, 

BdXXy 

54 

11 

22* 

13 


6. 

Bd/M(3)S34 

F, 

Bd 


5 


95 


6. 

Bd/M(3)B« 

Ft 

Bd 

62 

38 




7. 

Bd/M(3)S37 

F, 

Bd 

9 

29 

29 

33 


8. 

Bd/+M(2)//+ (apxDf) 

Ft 

Bd 


. 9 

58 

33 


9. 

Bd/4- M(2)173/+ 

Ft 

Bd 

74 

n 

13 

2 


10. 

Bd/+ M(2)S7/+ 

Ft 

Bd 

48 

14 

20 

18 


11. 

Bd/+ M(2)J2/+ 

Ft 

Bd 

100 





12. 

Bd/+ M(2)S13/+ 

Ft 

Bd 

82 


6 

12 


13. 

Bd/+ M(2)B/+ 

Ft 

Bd 

97 

1.5 

1.5 



14. 

Bd/+ M(4)/+ 

Ft 

Bd 

100 






all males with both dominants normal (though the Bd dominance effect was 
the same, namely, 100% dominance in all cases). All other Bd M combina- 
tions produced intersexual males. In all these Fi crosses the segregating 
Bd/In, M/Iii, etc., served as controls (Bd and M line>s are balanced over 
inversions) . The intersexes all had the sex comb or rudiments of it. They 
were classified for the genital annature which varied from the absence cjf 
the penis to almost female structure. In the highest grades of intersexual- 
ity found the abdomen was also more or less female in shape, and prelimi- 
nary dissections left no doubt that male intersexuality was involved. In 
some combinations, e.g., Nos. 1, 12 and only a small percentage of the 
males were intersexual. In others, about one half of the males were inter- 
sexual (Nos. 2, 3, 4, 0, 10). Once (No. 7) the majority of the males were 
intersexual, and twice (Nos. 5, 8) all males were intersexual and all ex- 
hibited the high classes of intersexuality. All these results were constant 
in repeated crosses. It should be added that the higher the average degree 
of intersexuality the lower the viability of the Bd M males as compared 
with the controls. Tn the most extreme cases (Nos. 5, 8) the number of 
Rd M males was very small in the individual one pair crosses, and they 
emerged on the 18-22d day after all other flies had hatched. As the table 
shows, there is no basic difference between second and tiiird chromosome 
Minutes. In combinations with either group all degrees of variation in the 
percentage and mean degree of intersexuality were represented. 

The important question is the necessity of Bd for the effect observed. 
Combinations of a considerable number of Minutes were made so that one 
mole carried two different Minutes. Among thousands of normal males a 
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few (4) flies were found with abnonnal genitals, and these differed from 
t)rpical intersexes. Thus it is almost certain that Bd is needed for the pro- 
duction of intersexuality. Further experiments are planned to confirm 
these findings, A series of dissections of the abnormal males will be needed 
to establish their exact nature. 

If Bd M pushes the male determination in the female direction, this must 
mean that the action of the male determiners has been weakened. If this 
is the case, females containing Bd M should be more female, i.e., incipient 
hyperfemales. Actually in the most extreme combinations (Nos. 5, 8) the 
females regularly showed abnormalities of the abdominal tip, as well as fre- 
quent absence or different abnonnalities of tlie anal plate. Although these 
features do not resemble those of triplo-A hyperfemales, I consider them as 
signs of hyperfemaleness, pending a more detailed anatoTiiical study. 

It was assumed as a working hypothesis that Bd has tlie decisive action 
but tliat the addition of a Minute is required to push the developmental 
system over tljc threshold of the normal sex balance. (Many other domi- 
nants were combined with Bd with negative results.) If this is true, a 
second Minute might still increase tlie degree of intersexuality as a kind of 
dosage effect. Therefore, a number of combinations of Bd with both a 
second and third chromosome Minute were made using the standard bal- 
anced stocks. This requires crossing Bd with a second cliromosome Min- 
ute, and crossing extracted Bd M phenotypes with a third chromosome 
Minute. Three classes of flies, simultaneously Bd and M, arc thus pro- 
duced only one of which is Bd M(2) M(3). This class cannot be distin- 
guished in these crosses. (The experiments will be repeated after appropri- 
ate markers have been introduced.) Thus the results assembled in table 2 

TABLE 2 

cf Bd Plus Two Minutes m Second and Third Chromosomes 

COMBtNATZON MOTHBR 4 “ LOW MMO. HIQM RXTR.INT. 


Bd-M(3)w-M(2)S13 M(3)w 34 8 IH 34 8 

Bd-M(3)w-M(2)S13 Bd/+ M(2)213/+ 51 6 10 23 10 

Bd-M(3)w-M(2)i2 Bd/+ M(2)/2/+ 66 8 20 16 . . 

Bd.M(3)w.M(2)B Bd/+ M(2)B/+ 67 . . . . :« . . 

Bd-M(3)w-M(2)Z Bd M(3)w/+ 

(а) Bd M(3)w . . . . 33 67 . . 

(б) BdM(3w)/4-M(2)l/+ .. .. 11 56 33 


fof Bd M males are those for all 3 combinations together, i.e., Bd M(2) 
M(3), BdM (3) and Bd M(2). The jwsitive result, i.e., further shifting 
tbward femaleness in Bd M M can be seen in the fact that not only are the 
h^gh-grade intersexes preponderant, but that a still higher class, not re- 
corded in Fi, appears in considerable numbers. There is one cross re- 
corded in this table (the last one) which permits comparison of Bd M with 
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Bd M M flies because the mother was a crossover fly with Bd and M(3)w in 
the same chromosome. This female was crossed to M(2)l/Cy, The Bd 
M Cy flies are therefore Bd M(3)w/ “H and the Bd M not Cy flies are 
Bd M(3)w/+; M(2)//+. The result (a and b) shows convincingly a 
shift toward more intersexuality in the presence of both Minutes. 

When Fi and backcrosses were made involving Bd and M(3)w, it was 
first noticed that the Bd effect upon the wings was greatly increased in some 
combinations but not in others. Thi^ is an unexpected result since recom- 
binations of modifiers should have been identical for the crosses. In fol- 
lowing up this result it was realized that the percentage and grade of inter- 
sexual males differed according to the genetic constitution of the mother. 
If the mother of a backcross was Bd or M, the result was similar to that ob- 
tained in Fi, If the mother was Bd/M or Bd M/+i the grade and per- 
centage of intersexuality were considerably increased regardless of whether 
the father was Bd, M, M/Bd or wild ty|>e, the latter mating with a cross- 
over mother. Table 3 contains the relevant data. A glance over the high 


TABLE 3 

K Fst KTC., Bo ANO M WITH DiFFERB.VT M()THBKS 


CRuiia 

MUTHBR 

V 

I.OW 

MKD. 

Bd M 

mOK RXTU.mT. 

Bf(/M(3w) X n<l 

Bd/M(.3)w 

4 



m 

Crossover Bd M (3) w/+ X 
nor 

Bd M(3)w/+ 

9 


0 

82 

Bd/M(3)w X Bd 

Bd/M(3)w 

5 



95 

Bd/M(3)w X Bd/M(3)w 

Bd/M(3)w 

4 

14 

32 

50 

Bd/M (3) w X M(3)w 

Bd/M(3)w 

27 


6 

67 

Bd/M(3)w X Bd 

Bd/M(3)w • 


8 

30 

50 12 

M(3)w X Bd/M(3)w 

M(3)w 

31 


09 


M(3)w X Bd/M(3)w 

M(3)w 

32 

14 

40 

14 

M(3)w X Bd/M(3)w 

M(3)w 

24 

17 

43 

16 

Hd/M(3)w 

Bd or M 


17 

27 

14 

All fi.Rfi, etc., Bd/M (3)w 

Bd/M 


7 

17 

68 12 


(n m 425 } 
{H - 203) 


intersexuality classes shows clearly the result and a summary of all crosses 
of both types in the last two lines is very convincing. These facts can mean 
only that the genetic constitution of the egg before the maturation divisions 
is of importance, i.e., that the action of the male determiners occurs at least 
in part in the growing egg by conditioning its cytoplasm, in this case toward 
weakened maleness. This result was thus far obtained only for this one 
combination (Bd and M(3)w) and will have to be checked for the other 
Minutes. 

Discussion . — 'nxe first problem is that of interpreting these results 
genetically. Is the section of the third chromosome a male sex de- 
terminer which, if changed by mutatiop to Bd, is weakened in its male 
determining function ? Are all the loci in the second and third diromo- 
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somts male sex determiners which are again weakened by the M mutant? 
Is the weakening of all these loci individuaHy not enough to push the sex 
balance below the male threshold; and is it strong enough only at the Bd 
locus so as to allow a small additional push (the added M) to shift it below 
the threshold ? The experiments, as far as they go at present, do not permit 
a decisive answer. But the fact tlxat male sex detemiiuers have been con- 
fined to the third chromosome by Mrs. Pipkin (see below) and the recent 
work of Sturtevant (see below) favor the assumption that the -f region 
of the third chromosome acts as a major male determiner. If this is the 
case, a Bd allele might be found which acts exactly as the Bd M combina- 
tion does in our case. (It is remarkable that the only Bd allele which 1 
could test thus far, namely Bd^, most extreme in wing effect and pene- 
trance, does not show any sex effect in combination with the Minutes. One 
might think that Bd^ changes the locus in the opposite direction from Bd.) 

The Minutes are characterized by acting more or less alike in regard to 
phenotypic effect and lethality. Many of them are visible deficiencies and 
the rest may be deficiencies also, but on a submicroscopic level. Many of 
them prolong development at a certain larval stage. Thus we may assume 
that their action upon development is generalized and that tliey should not 
be thought of as mutants of a male determining chromosome section. It is 
I>ossible that their collaboration with Bd is based upon their effect on the 
speed of development. The pronounced effect of the M{2)1 deficiency is a 
point in favor of this assumption and will be tested in subsequent work. 
As the yet unpublished work on podoptera points to a heterochromatic 
nature of both Bd and M sections, my present working hypothesis is that 
the so-called male determiners in D. melanogaster are identical with an 
intercalary section of heterochromatin around the Bd locus; further, that 
the action of this section requires its presence in entirety; that a change in 
it (deficiency?) weakens its male detennining action; that other hetero- 
chromatic deficiencies can change the entire developmental system, i.e., 
the properly balanced speeds of the integral reactions so as to lower the 
male action below the normal threshold. IF these assumptions should turn 
out by further work to be correct, it would follow that what have been 
called female determining genes in the AT-chromosome will prove to be some 
of the intercalary heter<x3iromatic sections of the chromosome. I have 
already tried to produce effects upon the female sex paralleling those re- 
ported here for the male sex, but, thus far, without success. 

Returning once more to the introduction of this paper, I should like to 
draw attention to the following. Since Bridges found triploid intersexual- 
ity (which had been discovered by Standfuss in moths), it has become custo- 
mary among Drosophila workers to say that sex here is determined by the 
balance between the determiners in the X and those spread over the auto- 
sotnes; the reason being that the use of the triploid technique demonstrates 
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only the total effect of all autusoines. But it has been shown subsequently 
that the fourtli chroniosoxne does not contain male determiners, and recent 
work of Sarah Bedichek Pipkin (1947) has completely ruled out the second 
chromosome for D. melanogaster as far as sex determining action is con- 
cerned. I wonder whether the future will not reveal Sturtevant^s dominant 
strong male factor of D. neorepleta (see below) and the section involved in 
this study of the third chromosome in Z>. melanogaster as the male deter- 
miners of Drosophila. 

A second part of this discussion is prompted by the reawakening of inter- 
est in the r61e of the cytoplasm in heredity and the relation between genic 
action of the chromosomes and the cytoplasmic substratum, including 
also the visible and biochemical exchanges between nucleus and 
cytoplasm. It is not my intention to review the old literature in these 
fields. The genetical aspect, as it appeared before the recent discoveries in 
lower organisms, has been discussed in my ‘Thysiological Genetics.'" The 
Cytological and cytochemical facts connected with the ‘terms chromidia, 
trophochromatin, etc., prior to the recent work of Bracket, Caspersson, and 
others, are found in Wilson’s “The Cell." The point to be emphasized here 
touches essentially still another relationship, namely, that between nuclear 
determinants, cytoplasm and embryological detennination. One aspect of 
this problem is involve<l in the phenomenon of maternal inlieritance which 
was discovered for certain colors of the silkworm egg by Toyama (1909) (see 
also Tanaka, 1924). Matenial inheritance is Mendelian inheritance of an 
egg-character detennined prior to fertilization and resulting in an apparent 
shift of Mendelian behavior by one generation and maternal behavior in 
what appears as Fi, The best analyzed cases are Boycott and Diver’s 
analysis of right-left-handedness in snails (1930) (the correct interpretation 
was first suggested by Sturtevant, 1920) an<l tlie analysis of hereditary 
gynandromorphism via double fertilization in the silkworm, by Gold- 
schmidt and Katsuki (1927 ff.). Both egg color and gynandromorphism in 
the silkworm are clear-cut effects of a recessive mutant upon an egg charac- 
ter, i.e., pigment formation in one, and specific behavior of a polar nucleus 
in the other instance. But some of Toyama's studies indicate that the 
effect of the mutant locus upon a cytoplasmic chemical process is continued 
beyond fertilization into early development. In the case of the snails the 
maternal influence is still more prolonged. The mutant here affects a molec- 
ular pattern of the cytoplasm, visible in the arrangment of the division 
spindle. It is possible that the dextrality or sinistrality of the subsequent 
development affecting the entire body is nothing but a mechanical conse- 
quence of the arrangement of the first blastomeres. But it is also possible 
that the genetically controlled molecular pattern of the protoplasm con- 
tinues and actively influences the developmental pattern. I am not aware 
of any infonnation deciding these alternatives. 
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The most extreme situation of such a nature has been foimd in the realm 
of sex determination. I showed (1912-1920) that, in the gypsy moth, sex 
(or intersexuality) is determined by the balance between male detenniners 
in the X-chroraosomes and female determiners inherited purely maternally. 
Because cases were found and analyzed experimentally which could not be 
explained except by non-disjunction of the sex chromosomes, it was con- 
cluded that the female detenniner was located in the F-chromosome. As 
the female is here the heterogametic sex, males never have a F-chromosome 
although each egg contains a F before meiosis. But all grades of male 
intersexes are produced in specific crosses, and since this involves produc- 
tion of female features in all organs including those of very late differentia- 
tion, the potency for the reaction determining femaleness and even its 
specific dosage must be present throughout development. Therefore, the 
F-chromosomal factor must have conditioned the egg cytoplasm before 
fertilization for such subsequent action as is revealed in the female deter- 
mining processes of development and their share in the sex balance. When 
I first discussed these consequences (1920), I realized that, at that time, it 
was difficult to accept such a conclusion,* Today, after the recent work on 
infusoria, tlierc are no mental difficulties left. 

Our old conclusions, based thus far only on Lymantria, which seemed to 
be a unique case, have now found unexpected support since Sturtevant 
(1-946) found facts in Drosophila which parallel completely, mutatis mutan- 
dis, those in Lymantria both as regards the workings of the sexual balance 
and the r61e of the cytoplasm. (1) Intersexuality is produced by crosses 
between geograpliically different fjecospecies (in Lymantria distant geo- 
graphic races). (2) Female intersexuality is the result of an unbalance be- 
tween a strong male determiner from X>. neorepleta with two weak female 
determining JF-chromosomes from Z>, replela. (In Lymantria the male is 
homogametic, therefore all sexes are the opposite of Drosophila, i.e., the 
same result applies to intersexual males in Lymantria.) D, neorepleta and 
D, repleta thus behave like strong and weak races in Lymantria. (3) While 
in Lymantria the non X-cliromosomal factor is located in the F-chromo- 
some, it is an autosomal dominant in these Drosophila species because the F 
is here inert. Nevertheless, the autosomal dominant acts, just as the F in 
Lymantria, upon the egg before fertilization. Here actually the autosomal 
factor has a chance to act later in development as it is present in all female 
eggs (os opposed to the F in Lymantria), but the experiments show the 
remarkable fact that it does not do so, but acts only before fertilization just 
as the F in Lymantria. Now we know from the facts of gynandromor- 
phism that X-chromosomal sex factors can act at any point of the life cycle. 
This shows the Lymantria type of balance (namely, balance between the 
-chromosomal factors and those outside of the X-chromosomes, F or 
autosomal, which again requires one of the sex-determining reactions, that 
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corresponding to the heterogametic sex, to occur before fertilization, i.e., 
via the egg protoplasm) to be a widespread if not a universal type. 

Thus it is especially remarkable that we find the same situation again in 
D. mdanogiisier (table 3). The importance of such facts for an under- 
standing of the respective r61e of nucleus and cytoplasm in development is 
obvious. 

* Actually 1 tried later to show that cytoplasmic inheritance might be preferable to 
that in the F-chromosome. I have since shown (1942) why the original analysis must 
stand. 
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PIGMENTS OF YEXLOW-EVED RACES OF THE BLACK-EYED 
SUSAN {RUDBECKIA IIIRTA)* 

By Stanley G. Stephens and Albert F. Blakeslee 

Carnbgik Institution of Washington, Cold Spring Harbor, Long Island, and 
Smith Collegb Genetics Experiment Station, Northampton, Massachusstts, 

Read before the Academy, April 26, 1948 

In 1921 one^ of us reported on the breeding behavior of two genetically 
distinct types of yellow-coned plants in the Black-eyed Susan which nor- 
mally has cones with purple florets. It was shown that the two types, 
though phenotypically alike, could be separated into Black Yellows and 
Red Yellows by the fact that the cones of the former turn black when 
treated with alkali and those of the latter turn red when similarly treated. 
The first of our Black Yellow plants came from open pollinated seed from a 
purple-coned plant collected from the wild in the neighborhood of Storrs, 
Conn,, in 1910. No Black Yellow plant had been found in nature since then 
until this past summer when a single yellow-coned plant was discovered at 
Saratoga Springs which by later test proved to be a Black Yellow. Red 
Yellows had been earlier found in two localities near Storrs. In one, about a 
mile from the University of Connecticut, only a single plant was observed. 
In the other locality, 6 or 7 miles away, several Red Yellows were found 
within an area of not over an acre. Since these are the only wild yellow- 
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coned plants observed by the second author who for over 35 years has been 
interested in looking at fields of Rudheckia, it can be concluded that yel- 
low-coned types are extremely rare in nature. 

So far as we are aware the present case was the first in which a sharp 
chemical distinction could be established between the genetic groups within 
a phenotype, although, theoretically, all complementary types should differ 
chemically. The discovery of a reagent which would distinguish the two 
genetic ty|>es was made by testing out a considerable number of chemicals 
at random without any knowledge of the chemical process that might be in- 
volved. It is now possible to say something as to the chemical basis of the 
tests which were established empirically about 30 years ago. 

The chemical tests reported in the present preliminary paper were made 
by the first author (S.) with florets of the Black Yellow plant found in Sara- 
toga Springs and with those of Red Yellow plants which had segregated out 
of our horticultural types of tetraploid Black-eyed Susans. 

The sap-soluble pigments of plants fall into two main groups (a) antho- 
xanthins (flavones and flavonols, yellow or cream in color) and (b) antho- 
cyanins which are red, purple or blue. The two groups are easily separated, 
since the anthoxanthins are soluble, anthocyanins insoluble in Ethyl Ace- 
tate. The crude pigments are extracted from the flowers by grinding in 
dilute (1 per cent) HCl and filtering. The clear filtrate is then sliaken re- 
peatedly with Ethyl Acetate, and thereby separated into two fractions, an 
E. A. fraction containing any anthoxanthins present, and an aqueous frac- 
tion which contains anthocyanins or leuco-anthocyanins (i.e., colorless an- 
thocyanin precursors) , The two fractions may then be subjected to various 
colorimetric tests which have been summarized by vScott-Moncrieff.^ 
Black Yellow Type from Saratoga Springs, — With cone. (8N) KOH gave 
black color (Black Yellow type). A portion of untreated cone was ex- 
tracted with 1 per cent HCl and the filtrate exhaustively extracted with 
Ethyl Acetate. (Three successive shakings with equal bulk of Ethyl Ace- 
tate.) 

(u) Ethyl Acetate Fraction,— On evaporation to dryness on a water bath, 
a very small residue, creamy white in color, was obtained which when taken 
up in a small quantity of alcohol gave an almost colorless solution. On 
addition of a few drops of 1 per cent KOH a deep golden color was produced 
showing that an anthoxanthin was present. 

(b) Aqueous Fraction—This was quite colorless and gave no color re- 
action with dilute KOH. On boiling, with cone. HCl however, a deep 
purple red color was developed, showing that an anthocyanin precursor 
(leuco-anthocyanin) was present. 

Red Yellow Type {Tetraploid) from Garden Culture. — With cone. (8N) 
KOH gave red color (Red Yellow type). 

{a) Ethyl Acetate Fraction. — ^This contained an anthoxanthin and in 
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rather larger quantities than in the corresponding fraction from the Black 
Yellow type. 

(b) Aqueous Fraction . — This was colorless and developed no red color 
on boiling with cone. HCl. There was therefore no leuco-anthocyanin 
present. 

Purple Cone Type (Tetraploul) from Gqrden Culture. — (a) Ethyl Acetate 
Fraction. This was identical with the corresponding fraction from the Red 
Yellow and Black Yellow types, i.e., an anthoxanthin giving a golden 
yellow color with dilute KOH but possibly in rather smaller quantities. 

(6) Aqueous Fraction . — This had a magenta color due to the presence of an 
anthocyanin. Anthocyanins occur in the plant in combination with vari- 
ous sugar radicles, i.e., as glycosides. A quick method is available^ for de- 
termining the nature of the glycosides, dei)endingon their partition between 
two solvents, water and iso-amyl alcohol. On shaking an aqueous solution 
of the anthocyanin under test with iso-amyl alcohol it may be classified in 
one of three groups : 

(1) Monoglycosides.— The antliocyanin is distributed between the aque- 
ous and alcoholic layers, and on dilution with water the concentration of the 
pigment in the alcoholic layer is increased. On saturating with NaCl the 
pigment is almost entirely taken up by the alcoholic layer. 

(2) Pentose Glycosides. — On diluting with water the concentration of 
the pigment in the alcoholic layer is decreased, but on saturating with NaCl 
nearly all the pigment passes into the alcoholic layer. 

(3) Diglycosides and Biosides. — ^Very little pigment is taken up by the 
alcoholic layer and its distribution is but slightly altered on dilution with 
water or on saturation with NaCl. The anthocyanin of Rudheckia belongs 
in this class. 

Anthocyanins give specific color reactions with various reagents, and can 
be differentiated on this basis according to Robinson's method (summarized 
Scott-Moncrieff^). The anthocyanin from Rudheckia gave the color re- 
actions which are summarized as follows: 

Sodium Sodium Sodium Ferric 

acetate carbonate hydroxide chloride 

Violet Violet-blue Pure blue Purplish-blue 

This combination of color reactions is characteristic of 3-glycosides of 
cyanidin (i.e., cyanidin in which the hydroxyl at position 3 in the pyran 
ring is replaced by a sugar molecule). The combined evidence from color 
reactions and partition between aqueous and iso-amyl alcohol solvents 
suggests that the pigment is probably cyanidin 3-bio^ide. To confirm this 
it will be necessary to examine the hydrolyzed pigment spectrophoto- 
metrically and compare its absorption with the known spectral absorption 
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of cyauidiu, and to detenixiae the nature of the sugar residue by standard 
chemical methods. 

Miscellaneous OhsenKitions,-~~Thiexi: is a suggestion that the Purple and 
Black Yellow types which contain an anthocyanin and a leuco-anthocyanin, 
respectively, contain less anthoxanthin than the Red Yellow types. This 
would be in accordance with general exj)erience in other genera where a 
negative correlation between anthocyanin and anthoxanthin concentration 
has been established, leading to the hypothesis’*^'^ that both classes of pig- 
ments arc derived from a common precursor, which is produced in rather 
limited quantity. In the present case the evidence is not critical since the 
flower tyjX’S examined differ in chromosome number, and probably are con- 
siderably differentiated genetically as well. 

The nature of the anthoxanthin pigment cannot be determined without 
chemical analysis of larger amounts of material than were used in the 
present studies since small scale (qualitative tests, such as have been de- 
velojxd for anth(x'yanin determination, are not available. However, 
since the anthoxanthin extract did not yield an anthocyanin pigment on 
reduction with zinc and hydrochloric acid, it probably does not contain 
glycosides of quercetin, which can lx reduced to cyanidin under these con- 
ditions. 

A Chemical Explanation of the Black Yellow' and ''Red Yellow'' Reactions 
with Strong Alkali. — Red Yellow cones were macerated in 8N KOH. The 
calyces developed a deep orange-red color, and the extract was orange. On 
acidifying with cone. HCl, the color was discharged. On adding Basic Lead 
Acetate and boiling, a deep orange precipitate was obtained — a character- 
istic reaction of anthoxanthins. It is clear that the orange-red color ob- 
tained on treating Red Yellow cones with strong alkali is due to the antlio- 
xanthin previously found to be present in the Ethyl Acetate fraction de- 
scribed earlier in this paqxT. The orange-red color is merely due to the 
extreme concentration of the anthoxanthin in the calyces of the disc florets; 
the extract is orange or yellow in color depending on the dilution. 

Black Yellow cones yielded a greenish yellow extract on grinding with 
8N KOH. This was probably due to a mixture of anthoxanthin (orange- 
red) and leuco-anthocyanin which had been partially converted to antho- 
cyanin (blue in alkaline solution). Continued grinding failed to leach out 
any darker pigment, and the color of the calyces faded shcxwing that the pig- 
ment was being removed, but the extract remained greenish yellow. Pre- 
vious experience® with certain flower types in Gossypium which contain a 
leuco-anthocyanin but no anthocyanin, had shown that under certain 
conditions of extraction the leuco-anthocyanin was unstable, and that when 
extracts were made by boiling the petals with 1 per cent HCl, the leuco- 
anthocyanin was partially converted to an anthocyanin, since the extracts 
gave green colors with alkalies changing to pink on re-acidifying. On the 
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basis of this previous experience the Black Yellow cone was extracted by 
boiling with 1 per cent HCL The extract was cooled and a few drops of 
strong KOH added. A green color was immediately produced^ i.e., the ex- 
tract behaved as if it contained a mixture of anthoxanthin (yellow) and 
anthocyanin (blue) pigments.' On standing, the blue color faded leaving 
the golden yellow color characteristic of the anthoxanthin. When the alka- 
line solution with a green color was acidilied by adding cone. HCl drop by 
drop, the green color turned to pink which also was unstable on standing. 
A pink color would be expected for an acid solution containing a mixture of 
anthoxanthin (colorless) and anthocyanin (red). Why the anthocyanin 
produced from the leuco-anthocyanin should be stable in the plant tissues 
but unstable on extraction is not known. It seems clear, however, that the 
black color produced by treating the cones with strong alkali is due to the 
super jx)sition of orange-red (from the anthoxanthin) on blue (from the con- 
verted leuco-anthocyanin), and is therefore in conformity with the pigments 
obtained in the 1 per cent HCl extracts described earlier. 

Conclusions . — The Black Yellow type of Rtulbeckia is able to produce a 
leuco-anthocyanin which is concentrated in the central cone of the flower. 
Cones of the Red Yellow types do not contabi a leuco-anthocyanin, but 
presumably this type carries a gene which is able to convert the leuco-an- 
thocyanin, as the genetic combination, Black Yellow/Red Yellow, is pheno- 
typically purple-coned and contains an anthocyanin . The anthocyanin con- 
cerned is probably — subject to confirmation by more detailed methods — a 
bioside of cyanidin. 

Our tests show that there is more than a single gene controlling cone color 
in Rudbeckia. They also give some indications of the chemical steps in- 
volved in the formation of the purple pigment. The dominant allele (RY) 
of the red-yeUow gene controls an essential chemical step in the gefie re- 
actions leading to the production of the leuco-anthocyanin. The dominant 
allele (B Y) of the black-yellow gene controls a later step which converts the 
leuco-anthocyanin to an anthocyanin and its action is therefore dependent 
on the presence of (RY). When the latter is absent, the production of both 
leuco-anthocyanin and anthocyanin in the flower-cone is blocked. On this 
basis, it wt)uld be expected that the double recessive in a 9 : 3 : 4 ratio of an 
F 2 between black-yellow (iy) and red-yellow (ry) would react as red- 
yellows. This appears to be the case. Our earlier records^ show 158 
purple-coned plants to 97 with )rellow cones in an F 2 population, which is 
close to the expected 9: 7 ratio. By the vise of KOH the yellow-coned 
types were resolved into 43 by to 52 ry. The expectation on a 3 : 4 ratio 
is 40.7:54.3: =^3.25. The ap-eement is close since the deviation is less 
than the probable error. 

The accompanying diagrams may help in an understanding of the te- 
lationships between the different cone colors. 
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Red Ydlow Red Yellow Blat'k Yellow' Purple Normal 

(double recessive) 

ryry byhy ryry HyHy RyRy byby RyHy ByBy 

cannot produce Icuco- cannot produce leuco- has leuco-anthocyanin Produces both 
anthocyanin anth(K'yanin cannot produce an tho- leuco- and an- 

cyanin thocyanin 

RY BY 

Aulhoxanthin — - - — “*-Leuco — ►Anthocyanin 


ry blocks this reaction by blocks this reaction 

producing Red Yellows producing Black Yellows 


It seems likely that the chemical mechaihsm described in this paper, 
whereby two acyatiic mutant flower types produce a cyanic “nomiar* type 
in combination, may bt‘ of rather general occurrence. Superficially similar 
cases have been reported iti Lathyrus,^ AntirrhinunP and CheiranthuSf'^ and 
it would be of interest to know whether in these genera also, one of each pair 
of complementary acyatiic flower types contains a leuco-anthocyanin. In 
Gossypium a very similar case has recently been examined* in which, as in 
Rudbeckiii^ one acyanic flower type carries a gene controlling the presence of a 
leueo-anthocyatiin, and its complementary acyanic type a gene which con- 
verts the leuco-anthocyanin to an anthocyanin. Furthermore, unpub- 
lished studies liave shown that the leuco-anthocyanin in Gossypium is in- 
timately related not only to the anthocyanin but also to the anthoxanthin 
pigments, since its sixxtral absorption is identical with that of the colorless 
intermediate reduction product obtained on reducing the anthoxanthin, 
quercetin, to the anthoc'yan pigment, cyaiiidin. in vitro. Apart from 
its intrinsic genetic interest, therefore, it is probable that a continued study 
of these and similar complementary acyanic flower mutants may lead to the 
discovery of other blocks in the syntheses of anthocyanins and anthoxan- 
thins and so yield much valuable information on the natural interrelation of 
these pigments in the plant. 

Summary, — The following flower C()ne types are known in Rudbeckia 
kirta: Purple (BY RY), Black Yellow {by RY), so-called because flortds 
turn black in strong alkali, and Red Yellow {B Y ry and by ry), which turn 
red in alkali. Chemical studies of the pigments involved have shown that 
Purple Cone contains an anthocyan pigment, cyanidin; Black Yellow a 
leuco-anthocyanin convertible to cyanidin in vitro: and Red Yellow con- 
tains neither leuco-anthocyanin nor cyanidin. The flower cones of all 
types contain a yellow anthoxanthin pigment. Cienetic and chemical find- 
ings are consistent with the hypothesis that the gene, RY, is responsible for 
the production of the leuco-anthocyanin, atid the gene, B Y, for its further 
conversion to cyanidin. The first step is blocked when RY is replaced by 
ry, and the second step is blocked when BY replaced by by. 
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ON THE p:xistence of solutions of certain equations 

IN A finite field 

By L. K. Hu a and H. S, Vandivkr 

Institute for Advanced Study, Princeton, New Jersey, and Department of 
Applied Mathematics, University of Texas 

Communicated April 7, 1948 

In another paper^ one of the authors stated that he had arrived at 
limits, both inferior and superior, for the number of solutions of the equa- 
tion 

C\Xi^^ + Wa"* + . . . + + c^i == 0 (1) 

in the x's where a’s are integers such that 0 < a < p" — 1 ; 5 ^2 for 5 ^ 0 

and .y > 2 for = 0 , the 6 ‘’s being given element's of a finite field of order 
p prime, which will be designated by Fip *") ; and 

Cl. . .c,Xi. . .Xs 0. (2) 

As a consequence of this result, one can obtain 

Theorem T. Tfie equation (i) with the restriction {2) always has at least 
k solutions in the x's for k any given positive integer provided p^ exceeds a 
certain limit. 

In this paper we shall give two quite different approaches to establish 
this theorem. The first is clovsely related to the one previously mentioned 
and the other argument, although subject to the limitation .v > 2 when 

i ^ 0 , ns far simpler and is based on a method*'* which was introduced 
by one of the authors in the study of generalized Gaussian sums over a 
finite field. 

The limit given here can be sharpened, and the proof of this will be 
published later. 

Elsewhere 2 it was shown that the exact number of solutions of (1) may 
lie determined directly if we know the exact number of solutions of 
0^^. of the equation 
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0i+mfi + 1 == 0 ( 3 ) 

for each i and j; 6 being a primitive root of F(p^); (/>” 1, === du 

i = 1,2. .... s; tn is the L.C.M. of di, (k» . . .» d^. F'urther in this argu- 
ment some or all of the a’s may equal /?’*—!. To prove this we employed 
formulae (5), (12) and (15) of the paper just mentioned and all of these 
contain positive terms only. 

We may adapt this method, however, to finding limits from the number 
of solutions of (1) by first finding limits for the number of solutions of (3) 
and then employing (5), (12) and (15) of the previous paper.’^ 

In the latter the formulae 

A (fff {c l) "f" dpt "“!), ^4^ — 6‘. 

Ank = d, h ^ k; Am ^ d — c ( 4 ) 

It ^ 0 (mod m), k ^ 0 (mod w), p" = 1 -f 

are derived; where 

(» to m -* 1 

- Y, {i> j\{i + h, j + k\ 

*, J 

and [f, j] is the number of different pairs r and t in the set 0. 1. .... c — 1 
which satisfy the equation 

1 + ^ ^ 1 ^ cm. (5) 

If \i,j] denotes the number of solutions of (3) then we note that 

f«. j) = U’.i + «!, (<)) 

where t = imJ (—1), with x — 0'"***. We have 

0 to m — 1 (» to w — 1 

Y -/>")* = L - 2m^p”[i,j\) + P'^”m- 

which gives, after employing (4) on the right as well as the known relations 

[ij] = [j + «.*■ + «] = [~j + «, * - j] = [i - j + t, -j] = [-», 

j — i] — [j — i + f, -i + f, — t], (7) 



where 

2 

D ™ \/ p*^{nt^ — 3w + 2) -f 3m H“ 1. 

m 

Here d is the number of different pairs in (7) in the sense that [A, Jk] is 
different from [hi, /fei] if h hi, or k ki (mod m). 
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The use of (8) with (6) of this paper and (5), (12) and (15) of the former 
paper yield sufjerior and inferior limits for the numl>er of solutions of (1), 
and we obtain a proof of Theorem I. 

For the sewnd proof of Theorem 1 (except for ^ 2 with 9 ^ 0) we 

proceed as follows : 

Any element a of F{p^) may be written uniquely in the form, if ^ is a 
primitive root in F(/>”), 


a = do + + ... + ^ = h{d) (9) 

where the d*s are in the included field F(p), Now 6 satisfies an irreducible 
equation fix) = 0 of degree n with coefficients in Fip) and whose roots 
are du , On, with 0i — 0, Set (here tr is short for trace) 

ZhiOi) - irhiO). 


We shall now prove 

Lemma 1. Ift — then, for n < p, 


a* 



j-fr(al) --E 


0 for < 5 ^ 0 
p* for f == 0. 


( 10 ) 


This statement is obvious for < = 0. For t ^ 0, at ranges over all the 
elements of Fip"). Hence it is sufficient to prove that 

p-i p-l n-l /p-i \ 

E r'“'> = r ■ • • L i”' * II ( E ) = o. (n) 

where 

T = Iridt, + diO + . . . + dn-iO**"^^), 

There is one of the i*s such that p does not divide tr{d^). For, if the con- 
trary is true then /r(^0 ~ 0 for all 0 g r ^ n — L Since 0i — 0, satisfies 
(jc) == 0 of degree n as do also 0^, . . On, then Newton*s relations between 
the elementary symmetric functions of these roots and the sum of the 
/1th powers of said roots give easily 0^ = c, with c in Fip), This yields 
— 2 ^ contradicting the definition of ^ as a generator of F(/>") for 
n > 1, since — 1 = (/> — l)(/)»-^ +*..+!)> n{p — 1), This proves 
( 10 ). 

We now prove 

Lemma 2. Write K for F(/>«). // 

i'it, a, f) = L r“*"> 

xtK 

XflO 


then for t 0, 


o. {•)! S (P- - 1, 


( 12 ) 
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Now 


E (Ht. ». a. f-‘)) = 

r i t K 


E 


< K 




x,yK 

*, y 0 


(i;^) 


Using Lemma 1, the right-hand member reduces to — 1. n), 

since this is the number of different solutions in x and y, ^0, of 


* , = y. 

in F{p”). Since |^(<, o, f)( == \4>{t, a, then (12) gives, if we set 

a, t) = 4'{t, a), 

i E ka o)!'' = iP' - !)(/'" - 1. «)• (14) 

P t * K 

Since, if / 5 ^ 0, the number of solutions of ty^ — q is S (/?" — 'I, cl), then 
ip’' - l)|^(/. a)|» = a)|=, 

y 9 K 

y 7*^0 

^{p* - 1 , a) 2 o)l^ 

a • K 

- l,a)W - i), 


and by (14), we then have Lemma 2. Then for the proof of Theorem 1, 
we have 

^ = r; 

P t9 K 

= - - Z (h ) . . as) H*), (ID) 

P"* P^ t^K 

tftO 


where is the number of solutions of (1), and now we count all the solu- 
tions under the restriction (2). (In connection with (5) we did not do this 
exactly, that is, all the solutions of (5) would be j].) Then 



E ai)l - . .k(c./, a,)|, 

t,K 

I ¥* 0 


and by Lemma 2, we have 



S 


g n (/)" - l.a,)-/*"*^ 
1 


whence 
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g iV g (16) 


A - U (/»" — 1, Ui). 

f’» 1 


The quantity ^ > 0 never exceeds the fixed value IT at. Set /?" — 1 = A. 
Then the left-hand member of (16) becomes, if r ~ (^ + 2)/2, 


hn ^ 


On)’) 


which for s > 2 and sufficiently large is obviously > A for A any integer. 
This proves Theorem I, for s > 2. From (16) we may also write 

N = + 0 (18) 

p 

We may now apply Theorem I to congruences with respect to an ideal 
prime modulus in any commutative ring R with a unity element. We may 
consider the congruence 

aiXi^i + + ... + + a!if+i ^ 0 (mod p), (19) 


where now the as are fixed elements in R, that is, we may fix the a*s and 
as and consider the abfjve congruence for various values of p. This is a 
bit different from the situation in Theorem I where the domain of the 
coefficients changes with each p. But if the number of incongruent 
residues (norm) in R of the ideal p is finite then the residue classes form a 
field, since a finite integral domain is a field. Hence we may apply Theorem 
I and obtain 

Theorem II. The congruence {19) always has at least k solutions in the 
x's for k any positive integer provided 


aitta. ..agXiXi , . .x$ ^ 0 (mod p) 


( 20 ) 


^ 2 for Ct^i 0 (mod p) and s > 2 for c„^i 0 (mod p) ; p tr a prime 
uleal of finite norm in a commutative ring R with a unity element, the a*s are 
fixed positive integers, the a\s are fixed elements in R, and the norm of p is 
sufficiently large. 

If R is the ring of integers in an algebraic field then every ideal has a 
finite norm so that the Theorem II bolds for any algebraic ring of this 
type with p any prime ideal in the ring. If J? is the ring of rational integers, 
then n “ 1 and R is the system of residue classes modulo p, and we have 
in particular the 
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CoROLLAKY. If in {19) the x*s are rational integers and p = {p) with 
p a prime rational integer then this congruence always has k solutions for p 
sufficiently large with the other conditions in Theorem II holdings k any integer. 
This corollaty was given by Mordell^ when ^ 0, and we include' 
«//* solutions of (19). We considered only solutions prime to p (primitive 
solutions) in our work, following the conditions (2) and (20), 

1 These pROCKKprNGS, 33, 236-242 (UH7). In this paper reference to previous results 
was made, but an important paper by Mordell, Mathematische Zeitschriftl 37, 207 (1933) 
which bore more directly on the contents, was, unfortunately, not mentioned. Other 
relevant references are Pellet, Hull. Math. Soc. France, 15, 80 93 (]88(i); Dickson, 
Crelle, 135, 181-188 (1909); Hurwitz, Crelle, 136, 272-292 (1909); Mitchell, Ann. 
Maih.t lit 18, 120 (1917); Davenport, Jour. London Math. Soc., 6, 4{>-54 (1931); Schiir, 
L, Jahresher. Deutsch. Math. Verein., 25, 114 (1916). 

Cf. a paper by Hua, Loo-Keng, "On a Double Exponential Sum," soon to appear in 
the Science Reports of Tsing Hua University. An abstract is given in the .Science Record 
of the Acad. Sinica, 1, Nos. 1-2. 

> These Procbkpinos, 32, 47-52 (1940). 

* Mordcll’s method of proof is difPt*rent from either of those used in the present paper. 

In some way^ there is quite a distinction Ix'tween finding the primitive solutions of an 
equation in a finite field and finding all solutions. The congruence 

Xi* -f- 3^2* 4* ... -f ^ 0 (mod 2) 

has no solutions in integers prime to 2, if s is odd, but evidently has solutions for some of 
the x’s even. Agaiii the congruence 4- y 4- 1 ^ 0 (mod 491) has no solutions in inte- 
gers X and y prime to 491. But the congruence x’ 4“ 1 ^ 0 (mod 491) obviously has 
solutions. 


GROUPS, CATEGORIES AND DUALITY 

By Saundrrs MacLane* 

Department of Mathematics, University op Chicago 
Communicated by Marshall Stone, May 1, 1948 

It has long been recognized that the theorems of group theory display 
a certain duality. The concept of a lattice gives a partial expression for 
this duality, in that some of the theorems about groups which can be 
formulated in terms of the lattice of subgroups of a group display the 
customary lattice duality between meet (intersection) and join (union). 
The duality is not always present, in the sense that the lattice dual of a 
true theorem on groups need not be true; for example, a Jordan Holder 
theorem holds for certain ascending well-ordered infinite composition 
series, but not for the corresponding descending series.^ Moreover, there 
are. other striking group theoretic situations where a duality is present, 
but is not readily expressible in lattice-theoretic terms. 

As an example, consider the direct product D ^ G X. II oi two groups 
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G and H, together with its canonical homoTnorphisras y{gt h) » g, 

A) « A into the given factors G and II, The system [y :D-^G; rj :Z) — ♦ JT] 
consisting of the direct product together with these homomorphisms is 
•characterized, up to isomorphism, by the following property: given any 
other such system G, for the same groups G and 

//, there is one and only one homomorphism ir:D' D such that y* » 
yiCj Tj' =* 7?7r. Dually, the free product P of groups G and H is the ‘'most 
general*' group generated by subgroups isomorphic to G and J/, respec- 
tively. This means that there are canonical homomorphisms a:G P 
and fi:H —> P of the factors into the corresponding subgroups of P. This 
system (P, a, fi) is characterized by the following property: given any 
system [a':G — > P', P'] there is one and only one homomorphism 

<t:P P' such that aa = a', crfi =* j^'. The theorem that the direct 
product of any two groups exists is thus dual to the theorem asserting the 
existence of the free product. The proofs of these two theorems are not 
dual, but the proofs of many other fonnal properties are dual, as for 
instance in the case of the associative law (G X //) X ^ G X {H X, K). 
For the direct product D, the canonical homomorphisms y and tj are homo- 
morphisms onto their respective ranges G and H; in the case of the free 
])roduct P the canonical homomorphisms a and are isomorphisms into P. 
The ‘‘dual" of a theorem about groups and homomorphisms is to be ob- 
tained by inverting the direction of each homomorphism, inverting the 
order of all products of homomorphisms and replacing homomorphisms 
onto by isomorphisms into. 

For abelian groups the duality is more marked. A free abelian group 
F can be characterized in tenns of homomorphisms of abelian groups by 
the following property for any homomorphism a: A and any second 

homomorphism /3:P -*-► .A onto the image group A there exists a homo- 
morphism 7 : P P with Py *= a. (The corresponding characterization 
applies also to free non-abelian groups.) An infinitely divisible abelian 
group D is one in which there exists for each dtD and each integer m a 
solution X of tlie equation nix » d. Any homomorphism of an abelian 
group A into D can be extended to any abelian group B containing A. 
This property characterizes the infinitely divisible abelian groups; it may 
be stated in a fonn dual to the characteristic property of free groups: 
given a:A D and an isomorphism l^:A —^BoiA into P, there exists a 
y\B D with 7 ^ « a. For an abelian group, free products reduce to 
direct products. If a factor group of an abelian group is a free group, it 
is a direct factor. Dually, if a subgroup of an abelian group is infinitely 
divisible, it is a direct factor. 

This duality for abelian groups appears in algebraic topology as a dimlity 
between homology and cohomology groups. This phenomenon is es- 
pecially striking in the axiomatic form of homology theory.* 
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For loc^illy compact tojK)logical abelian groups, the duality phenomena 
can be formulated explicitly by means of character groups;* each theorem 
then gives a dual theorem about the character groups of those groups 
involved in the original theorem. It is instructive to compare this formula- 
tion with the duality of plane projective geometry.^ A pole-polar re- 
ciprocation gives a dual to each projective figure, comparable to the 
character group of a group. Alternatively, projective geometry has an 
“axiomatic’' or “syntactical" duality: any theorem deducible from the 
incidence axioms remains true on the interchange of tlie primitive terms 
“point” and “line” in the statement of the theorem. 

Our objective is a similar formulation of a (partial) axiomatic duality 
for groups. It clearly must concern the system consisting of all groups 
and all homomoq^hisms of one group into another. For certain other 
investigations of this and similar systems, Eilenberg and the author have 
introduced the notion of a category.® A mtegory is a class of “mappings” 
(say, homomorphisms) in which the product of certain pairs of mappings 
a and jS is defined. A mapping e is called an identity if pa = a and ^ 
whenever the products in question are defined. These products must 
satisfy the axioms : 

(C-1). If the products yd and (yd)a are defined, so is §a; 

(C-lO- U products da and y{dot) are defined, so is yd; 

(C-2). If the products yd and dot are defined, so are the products {yd)ot 
and y{dot), and these products are equal. 

(C-3). For each y there is an identity e^ such that yexy is defined; 

(C-4) . For each y there is an identity such that is defined. 

It follows that the identities and Cr are unique; they may be called, 
respectively, the domain and the range of the given mapping y . A mapping * 
6 with a two-sided inverse is an equivalence. 

These axioms are clearly self dual, and a dual theory of free and direct 
products may be constructed in any category in which such products exist. 
These axioms do not, however, suffice to express the duality between 
“homomorphism onto” and “isomorphism into.” These notions can be 
formulated in terms of subgroups and factor groups; with any subgroup 
5 C G we can associate the identity injection r 5 — > G of 5 into G, and witli 
any normal subgroup of G we can associate the projection r:G G/A" 
mapping each element g of C into its coset gN in the factor group G/N. 
We propose to axiomati^e the dual notions “injection” and “projection.” 

A bi^egory is a category with two distinguished classes of mappings, 
the “injections” and the “projections,” subject to the following self dual 
axioms: 

(BC-1). Every identity is both an injection and a projection; 

(BC-2). The product of two injections {projections), when defined, is 
an injection (projection). 
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(BC-3). Every mapping 7 am be represented uniguely as a product 
7 = where ir is a projection^ 6 an equivalence and k an injection, 

A mapping of the form kO is called a mapping within {isomorphism into ) ; 
one of the form dir is called a mapping upon {homomorphtsm onto), 

(BC-4). The product of two mappings within {upon)^ when defined, is a 
mapping within {upon), 

(BC-5). Two injections {projections) with identical domains and identical 
ranges are uipntical. 

These concepts snflice to give dual definitions of “subgroups** and 
“factor groups,” Thus Ci is a “subidentity” of pa if there exists an injection 
with domain ey and range tliis inclusion relation gives a partial order 
of the identities of a bicategcjry. We may then define a lattice-ordered 
bicaiegory as any bicategory in which the subidentities and factor identities 
of any given identity form a lattice under tliis partial order. 

A gr<iup can be iiiterj>reted as a lattice-ordered bicategory with an 
identity; the mappings of the category are all equivalences, and are the 
elements of tlie group, A lattice L can be interjjreted as a lattice-ordered 
bicatcgory in which all mappings are injections: the mappings of the 
category are the pairs [a, 6] with d o b, and with product [a, 6] [&, c] - 
{a, c]. Thus the concept “lattice-ordered bicategory” is a common 
generalization of the notions “group” and “lattice.” 

We contend that most of the phenomena of universal algebra and of 
(axiomatic) group duality^ have appropriate and sitnple formulations in 
tenns of lattice-ordered bicategories. In particular, for groups, one may 
use the lattice-ordered bicategory of all homomorphisms of one group into 
another. In this category we might interpret projection mapping to mean 
, any (canonical) homomorphism r .G G/N of a group G upon its factor 
group G/N. For this interjjretation the product of two projections is not 
a projection (axiom BC-2 fails). This axiom might be saved by calling 
a projection any product of such canonical homomorphisms r, but in this 
case the projection factor x of any homomorphism is not unique (axiom 
BC-3 fails). 

This apparent difficulty can be surmounted by an attention to funda- 
mentals. A factor group G/N may be described either as a group in 
which the elements are cosets of N, and the equahty of elements is the 
equality of sets, or as a group in which the elements are the elements of 
G, and the “equality” is congruence modulo N, Both approaches are 
rigorous” and can be applied systematically (and with approximately equal 
inconvenience!) throughout group theory. The difficulties cited disappear 
when we adopt the second point of view, and regard a group G as a system 
of elements G with a reflexive symmetric and transitive ‘^equality” rela- 
tion such that logically identical elements are equal (but not necessarily 
conversely) and such that products of equal elements are equal. 
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ME7m)DS OF SYMMETRY ANH CRITICAL POINTS OF 
HARMONIC FUNCTIONS 

By J. L. Walsh 

Dupartmeni' of Mathematics, Harvard University 
Communicated March 19, 1948 

The most powerful method known for the study of the location of the 
critical points of harmonic functions is the expression of the gradient of a 
given harmonic function as the force in a field due to a suitable distribution 
of matter.^ Nevertheless simpler methods involving less machinery, 
based on topological considerations involving symmetry, yield some sur- 
prisingly deep results, as we wish to indicate in the present note. Our 
principal result is 

Theorem 1. Denote by II j and Tla the open upper and lower half -planes 
respectively. Let m(.v, y) be harmonic in a region R cut by the axis of recUs^ 
and let the relation 

u{x, y) > w(x, -y) for (x, y) in Ui (1) 

'hold whenever both (x, y) and (x, —y) lie in R. Then u{x, y) has no critical 
point in R on the axis of reals. 

Alternate sufficient conditions that u{x, y) have no critical point in R on 
the axis of reals are that R be bounded by a Jordan configuration B, that 
u(x, y) be harmonic and bounded in R, continuous in R-Y B except perhaps 
for a finite number of points^ m(x, y) not identically equal to w(x, —y) in R, and 
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i, R symmetric in the axis of reals, with u{x, y) ^ 0 on and u{x, 
y) ^ Q onB^lh, 

J?. R symmetric in the aocis of reals, with u(x, y) ^ 0 on B^Hx and u{x, 
y) ^ 0 on 

3, R symmetric in the axis of reals, with 

u(x, y) S u(x, -y) (2) 

at every point {x, y) of B* IIi. 

4, {x, y) lies in R whenever {x, ~-y) lies in -R-IIa; u{x, y) ^ 0 on B'lh 
and uix, y) ^ 0 on B^IU, 

5, R' is a region whose boundary B' is symmetric in the axis of reeds, and 
R is a subregion of /?' whose boundary in 11* is denoted by *11* + Bk{k =“ 

2), where Bk is disjoint from B'; we have (2) at every point of B** Hi; 
we denote by Uk{x, y) the function harmonic and bounded in R'-Uit defined by 
the boundary values u{x, y) on the axis of reals and on -B'-II*; we suppose 
u{x, y) S ui(x, y) on Bi, u{x, y) S Unix, y) on Ba. 

€• R is cut by the axis of reals and u{x, y) has boundary values unity 
onB'lli, zero on B'lla. 

7. R is cut by the axis of reals; the boundary values of u{x, y) on B*ll\ 
are not less than I u b [w(^c, 0) in R]; the boundary values on B*rfa are not 
greater than gib [u{x, 0) in B]. 

By a Jordan configuration we mean a set composed of a finite number 
of Jordan arcs. As a matter of convention, segments of the axis of reals 
belonging to B (or B*) are considered to belong to both B • Hi and B • Ila 
(or B**n*), and boundary values may of course be different on B-IIi 
and B- Ila. 

To prove the main part of Theorem 1 we set U{x, y) « u{x, y) — «(x, 
—y), whence in lU we have U(x, y) > 0 and in Ha we have U(x, y) <0; 
on the axis of reals lJ{x, 0) = 0, bUix, 0)/d» 0. In the neighborhood 

of a critical point (xq, yo) of U{x, y) of order k the locus U(x, y) « y©) 

consists of + 1 analytic Jordan arcs intersecting at (x©, y©) at successive 
angles of ir/ik +1); no such arc of the locus U{x, y) « 0 can lie in iJ-ITi 
or BTIa, so no critical point of U{x, y) lies on the axis of reals in if. On 
the axis we have df//djc =« 0, whence dl7/dy ^ 0, and bU/hy > 0 follows 
from the behavior of t7(x, y) in Hi and lla. We also have bU{x, 0)/dy w 
2 bu{x, 0)/dy, so 

du(x, 0)/dy >0 (3) , 

follows in if. 

Both parts 1 and 2 are contained in part 3, so we proceed to establish 
part 3. Again we set U{x, y) « u(x, y) — u(x, --y), so at every point of 
B’lti we have U(x, y) g; 0; at every point of B 'Ila we have U(x, y) » 

— Uix, — y) g 0. The function Uix, y) does not vanish identically in if 
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but vanishes on the axis of reals, so we liave [/(jc, y) > 0 in R^Tii, U(x, 
3 ^) < 0 in iJ-IIa. From the main part of Theorem I we now have at any 
point (flf, 0) of if; dUix, 0)/dy » 2 du(x, 0)/dy > 0 , so (3) follows in R* 

In part 4, let Bi denote the reflection in the axis of reals of B'lla, On 
both Bi and B Uiwe have u{x, y) ^ 0 , and on B • IIj we have u{x^ y) « 0 . 
Each point of R on the axis of reals lies in a subregion of if symmetric in 
the axis bounded wholly by points of Bi and 5*ns, so the conclusion 
follows fn>m part 1* In part 4 examples show that the condition y) » 

0 on J3 • IIj cannot be replaced by the weaker condition u{xt y) S 0 . 

To prove part 5 we note that on the boundary of if'-IIi we have u{Xt 
y) ^ u(x, —y), both on B'^Ut and on the axis of reals, whence Ux(Xt y) ^ 
ut(x, — y) in if'-IIi. From the relations u(x, y) y) on Bi and 

y) ^ UiiXf y) on B 2 we deduce tt(x, y) ^ y) in If •Hi and u{x, y) S 
Ut(x, y) in if -Ila. In sum we have for (jc, y) in if^llii «(«, y) ^ Uxix, y) ^ 
U 2 (Xt —y) ^ u(x, —y), provided {x^ — y) lies in if - 112 . Throughout a 
suitable neighborhood of any point of R on the axis of reals we have ( 2 ) 
satisfied in ITi, so the conclusion follows from part 3. 

Part 6 is contained in part 7, so we proceed to prove the latter. We set 
bi ^ I u b[u{Xt 0 ) in if], bn ^ g I 0 ) in if], so we have w(x, y) g bi 

on ii’Ilt, u(x, y) ^ 62 in if-IIi, u(x, y) g bi on B-ITa, tt(jc, y) in R*Il%, 
We set U{x, y) »= u{x, y) — u(x, — y). If I/(x, y) is defined, at a point of 
B • III we have [/(x, y) 0 and at a point of the reflection of 5 • Hi we have 
U(x, y) ^ 0 ; at a point of we have Z7(x, y) ^ 0 , and at a point of 
the reflection of S^IIj we have U(x, y) ^ 0. Every point (x, 0) in if lies 
in some subregion if' of if symmetric in the axis of reals bounded wholly 
by points of JS-IIa, and their reflections; on the boundary of if' in 
111 we have J7(x, y) ^ 0 and on the boundary of if' in II 2 we have t/(x, 
y) ^ 0. It is to be noted that the relation U(x, y) sa 0 in one region if' 
would imply that relation in every region if', and throughout if. The 
conclusion now follows as in the proof of part 3. 

In each case under Theorem 1 we have established (3) throughout if; 
consequently if each function t/«(x, y) satisfies the conditions of either 
the main part of Theorem 1 or one of the supplementary parts, with ref- 
erence to a region if*, it follows that the function ^kUtix^ y), X* >0, 
has no critical point on the axis of reals in ifi • if 2 . . . ifn. Indeed we need 
not require I7*(x, y) [/*(x, — y) if we have U{x, y) fA t7(x, — y). 

As an illustration of the power of Theorem 1 , we prove in detail 
Theorem 2 , Lei R be the interior of the Jordan curve C, and let R be 
provided with a NE {non-euclidean) geometry by means of a conformal map 
onto the interior of a circle. Let the function u{x, y) be harmonic but not 
idmlkaJly zero in if, continuous on R + non-negative on an arc Co of C 
and zero on C — Co. Then all critical points of w{x, y) in R lie in the sub- 
region of R bounded by Co and the NE Une joining the ertd-points of Co. 
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Let (xo, yo) be an arbitrary point of R not in the subregion of R mentioned. 
Map R onto the interior of the unit circle (tt^| = 1 so that (a:o, yo) is trans- 
formed into the origin, and rotate the plane so that the image of Co lies 
in the closed upper half -plane. The conclusion now follows from part 1. 

Theorem 2 is not new,^ and is presented here to show both the range 
of Theorem 1 and the kind of result that can be proved by its use. For 
an arbitrary Jordan region i?, an arbitrary NE line behaves conformally 
like an axis of symmetry, for it is the image of such an axis under a con- 
formal map of the interior of a circle onto R, Thus each part of Theorem 1 
is of significance in connection with such a map, and a number of the 
results obtained by mapping are new. 

To show the connection of Theorem 1 with fields of force we give an 
independent proof of 

Thborem 3. Let the region R be the interior of a Jordan curve C, and let 
B be a Jordan configuration in R which together with C bounds a region R\ 
Let the function u{x, y) be harmonic in R\ superharmonic in R^ continuous 
on R^ + C and zero on C. Then all critical points of «(jc, y) in R' lie in the 
smallest NE convex region of R containing B, 

Choose C as the imit circle, and choose an arbitrary NE line wholly in 
R‘ as the axis of reals, with an arbitrary preassigned point of the NE line 
at the origin and with B in the upper half-plane. It follows from a classical 
result due to F. Riesz (1930) on superharmonic functions that «(x, y) can 
be written in R as 

y) = SrG^z, t, K)dfit + h{x, y), d/jt, S 0, (4) 

where G(s, /, R) is Green's function for R with pole in t and h{Xt y) is 
harmonic in R; since u{x, y) is harmonic in R\ the function dju vanishes 
in R\ and the integral can be taken over R — R' and represents a function 
harmonic iti R\ Of course Green's function can be extended harmonically 
across C by. reflection; at corresponding points the values are the negatives 
of each other. Consequently the integral converges not merely in the 
neighborhood of C in i? but also in the neighborhood of C exterior to if; 
the function represented by the integral is continuous and vanishes on C- 
It follows from (4) that h{x, y) is (X)ntinuous on C and vanishes there, 
hence vanishes identically. Study of the field of force^ defined as the 
conjugate of the function f(z), where /(s) is an analytic function whose 
real part is wfx, y), now completes the j^roof. Theorem 3 is contained in 
part 5 of Theorem 1; the latter requires (notation of Theorem 1) w(x, 
y) ^ wi(x, y) on Bu which is closely related to the requirement of Theorem 
3 that u{x, y) be superhannonic. Riesz’s results are of still further signifi- 
cance in cf)nnection with part 5 of Theorem 1, where we use both positive 
and negative mass /i. 

We postpone for another occasion the discussion and formulation in 
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detail of further applications of Theorem 1, but mention that symmetry- 
in a point may be used in a manner similar to our present use of symmetry 
in an axis. Moreover, still other niethods are available for the study of 
critical points. For instance, topological methods, similar to our proof 
of the main part of Theorem 1 and involving the consideration of level 
curves, yield the following two results: 

Theorem 4. Let the Junction u{Xf y) be harmonic but not identically zero 
in the region R whose boundary is the Jordan curve /, continuous on R + J. 
Let u{Xt y) be respectively non-negative and non-positive on two complementary 
arcs of /, Then no critical point of w(x, y) lies on the locus y) = 0 in R, 

Theorem 5. Let the function y) be harmonic hut not identically zero 
in the annular region R bounded by the disjoint Jordan curves Ji and /a, 
continuous on R Ji J^, Let u{Xy y) be non-negative on /i, non-positive 
on /a. Then u{Xy y) has no critical point on the locus w(x, y) == 0 in R. 

Theorems 4 and 5 extend to the case where there are admitted other 
boundary components, disjoint from the Jordan curves already mentioned, 
on which u{xt y) is assumed to take the boundary value zero. 

* Walsh, J. h., these Procbedinos, 34, 111-119, 1948. 

* Walsh. J, L., Bull Am. Math. Sac., 54 , 199-205, 1948. 


TUBERCULOSIS IN GERMANY 
By Esmond R. Long 

Thk Henry Phipps Institute of tub University of Pennsylvania, Philadelphia 

Pennsylvania 

Read before the Academy, April 26, 1948 

A rise in tuberculosis is a usual concomitant of war and prolonged disas- 
ter, Germany experienced such an increase in both world wars, as did most 
countries of Eurojie. A study of the rise in tuberculosis mortality in Ger- 
many, where records of unusual accuracy were maintained in spite of ad- 
ministrative upheaval, is of considerable interest for the general under- 
standing of the epidemiology of the disease. 

The analysis here made is based on German documents printed from 
1920” 1940 and on observations made in a series of visits to Germany since 
April, 1945, and particularly on studies performed by a commission* ap- 
pointed by the Secretary of the Army in February, 1948, to '^investigate 
the incidence of and recommend control measures for tuberculosis in the 
German civilian population/* 

Like all countries with a continuing rise in the standard of living and 
simultaneous development of a public health program, Germany experi- 
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enctid a steady decline in its mortality from tuberculosis throughout the 
twentieth century until the advent of World War L Commencing im- 
mediately with the outbreak of hostilities a rise in mortality occurred, 
which reached its peak in 1918, when a level was attained (in terms of deaths 
per 100,000 population) approximately the same as that of 1900. With the 
cessation of hostilities a rapid decline occurred, and by 1921 the rate was 
again at the prewar level (Fig, 1). In the following year, however, a new 
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rise occurred which continued for a year and then subsided, after which a 
continuous decline was maintained until the outbreak of the second world 
war. 

The reasons for the wartime rise and secondary rise in 1922-1923 were 
much debated by German authorities on tuberculosis. The general con- 
clusion was that each was related to malnutrition. The wartime rise was 
attributed to the blockade to which Germany was subjected, the cessation 
of imports from adjacent food-rationed countries, the disruption of the 
organization for production and crop failures. The second rise was so 
clearly related to the fantastic inflation of 1922-1923 as not to appear a 
mere coincidence. That increase was considered due in large measure to 
the high price of food and resultant impaired nutrition. In each case 
crowding and excessive exposure to infection were believed by German ex- 
perts to be of much less moment than nutrition . The significant nutritional 
defect itself was considered to be an insufficiency of protein and fat. 

In the rise in tuberculosis mortality in World War II German authorities 
again blame malnutrition. Significant differences in the effects of the two 
wars, however, viz., a much greater destruction of housing and increased 
hardship in the homeland in the second war, permit a more accurate evalu- 
ation of the several factors influencing mortality than was the case after the 
first world war. 

Currency stabilization and resumption of a normal economic state in 
1923, with ordinary employment and disappearance of some of the factors 
supposedly responsible for the 1922 rise in mortality, were accompanied by 
the development of one of the strongest tuberculosis control programs in the 
world. In 1938 only a few countries had a lower tuberculosis death rate 
than Germany. Within Germany excessive rates prevailed in a few places, 
like Berlin, but the national average was low. A nationwide system of 
clinics (Ftirsorgestellen), a generous provision of sanatorium beds, an in- 
surance system financing treatment of all social levels, and a centralized 
authority for maintenance of a control program (Reichs Tuberkulose Aus- 
schuss), all contributed to this success. 

With the outbreak of war in 1939 deterioration in the program began. 
Military mobilizatipn led to a decrease in professional personnel for tuber- 
culosis control, and with the continuation of hostilities, hospital beds once 
used for tuberculosis were employed for the accumulating casualties. The 
continuous bombing of German cities was a factor of as yet unmeasured im- 
portance. After large raids thousands of injured civilians crowded the 
hospitals, already imdennanned through military necessity. 

As time went by, other factors came into play which are believed to have 
had a seriously adverse effect on tl;e incidence of tuberculosis. Prior to the 
war Germans with active tuberculosis were not allowed to participate in 
many forms of domestic and industrial employment. During the war, as 
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manpower needs grew, documents were published in which the element of 
contagion was minimized. Germans with active tuberculosis were again 
I>ernutted employment. It does not appear to be true that they were 
forced to work, as has been claimed by certain military observers. The 
former Secretary-General of the Reichs Tuberkulose-Ausschuss is authority 
for the statement that no coercion was used.f 

Manpower needs could not be met from the German civilian population 
and importation of labor from adjacent allied or occupied countries fol- 
lowed. Little if any screening for tuberculosis was carried out and subse- 
quent critical study has indicated that much tuberculosis was imported 
in this way. At the end of the war thousands of inmates of the notorious 
concentration camps, where tuberculosis was rife, were released, and many 
wandered at will about the countryside, furnishing further opportunity for 
chance infection. 

According to statements made by German authorities serious impairment 
of nutrition did not occur until the final months of the war. Indeed the 
statement has been made by Germans that it did not occur until after the 
war, when the reversal of authority, the extra provision for the millions of 
displaced perscmnel in the country, and the removal of men suspected of 
Nazi adherence from productive enterprise, sharply curtailed the German 
civilian ration. 

Availability of housing, on the other hand, was profoundly affected. In 
some cities, like Berlin, bombing was almost continuous. In others, like 
Frankfurt and Wurzburg, a few saturation raids virtually destroyed the 
city. In each case only a small fraction of the original houses were left in- 
tact. A great concentration of the population occurred in the few remain- 
ing homes, with inevitable opportunity for infection of the well by those 
afflicted with tuberculosis. In the cities continuously bombed, like Berlin 
and others of great industrial importance, life was under continual strain. 
Much of it was actually spent in air raid shelters. In one bunker-type 
shelter in Mannheim it is said that 18,000 people congregated during raids. 
Such concentrations clearly favored dissemination of the disease. 

When Military Government was set up in the spring of 1945 (obser- 
vations here made apply to the U. S. Zone) the German tuberculosis control 
program was found badly disorganized. City hospitals and tuberculosis 
clinics had been destroyed and their functions were being carried on in highly 
inferior quarters with inadequate equipment. Sanatoria outside of the city 
were occupied in large measure by wounded soldiers, prisoners of war and 
non-German displaced personnel. Widespread dist:uption of transpor- 
tation was doubly injurious to the program, preventing patients from going 
to clinics for diagnosis and treatment, making it very difficult for public 
health nurses and social workers to go to the homes of patients to give ad- 
vice and home care. As a result, patients who once would have received 
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prompt hospital aud sanatorium care, remained at liome. This was soon 
recognized by Crerman public health authorities as a grave threat to the 
health of the population* 

Data on the prevalence of tuberculosis and mortality rates were untrust- 
worthy in the first few months after the war. One of the principal reasons 
was an almost complete change in German public health authority. Most 
of the officials in control had records of Nazi affiliation disqualifying them 
for further service. An immediate essential step was restoration of a Ger- 
man official tuberculosis control authority in each department of health. 
Qualified men were hard to find. Data, which once went promptly to a 
centralized authority in Berlin, after the war could go no further than an in- 
ferior health department in a Land. Frequently they did not get that far. 
Remarkably, essential data were in general prest^rved at the source, and in 
time became again available. 

A reorganization was affected promptly after military occupation by the 
Military Government through its Public Health Branch. Continuous 
effort was made to establish politically acceptable, im)fessionally qualified 
personnel in responsible positions. As Anny combat forces released beds 
first used for jirisoners of war and the housing of displaced personnel, Mili- 
tary Government officers gradually secured more beds for the care of tuber- 
culosis. German barracks*which had been made into reasonably effective 
hospitals during the war become tuberculcxsis hospitals. Attack on the 
housing problem by newly constituted German officials, effecting urgently 
needed repairs in usable buildings, reduced the crowding in homes to some 
extent and thereby decreased opportunity for contagion. Material assist- 
ance was given to the new Gennan economy from available Army stocks. 
In some German tuberculosis sanatoria a principal source of food was boxed 
Army K rations. Outpatient clinics were restored to function, although in 
considerably reduced number. Gradually the sanatoria reverted to their 
original use, as prisoners of war were released and other provision was made 
for displaced personnel. 

Within a surprisingly short time a remarkably effective tuberculosis con- 
trol program was again in operation. The total number of beds available 
for the treatment of tuberculosis, which had reached the low level of less 
than one per annual tuberculosis death at the end of the war, has approxi- 
mately doubled since that time and now is not far from the accepted ideal 
standard ratio of two and a half beds per annual tuberculosis death, with 
one outstanding exception. In Berlin, a quadripartite-govenied city, 
existing as a municipal island in the Russian Zone, there is a great deficiency 
in beds for the care of tuberculosis. In former times the sanatoria for 
Berlin patients were outside the city. This is still true and now they are 
generally unavailable. An attempt is being made to create an additional 
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supply of suitable beds in the city, but thus far the program is very far 
short of the success obtained in the U. S. and British Zones. 

Coincidently with the restoration of a good tuberculosis control program 
a significant drop in tuberculosis mortality has occurred. Full data on this 
are included in the official report of the commission to which reference has 
been made. These will be the subject of later exhaustive analysis and re- 
port. For present purposes it will suffice to refer to figure 2 which shows 



the rise and fall of mortality in a representative group of German cities, in- 
cluding Berlin and the three largest cities in the U. S. 2kme, It will be 
noted that the actual levels of mortality reached in the World War I rise 
were not reached in World War II, but that the percentage increase in mor- 
tality over the prewar rate was quite as great. The excessive rate for Ber- 
lin, which was at a great disadvantage both before and after the war, is con- 
spicuous. 
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The drop in mortality since 1945 (1946 in the case of Bremen), when 
viewed in the light of the drop in 1918, is encouraging, and, it is to be hoped, 
prophetic. It is admittedly hazardous to conclude that the worst phase is 
over. The secondary rise in mortality in 1922 - 1923 shows how susceptible 
an apparent recovery is to adverse influences. German public health 
authorities themselves lay less stress on the apparent improvement in death 
rate than they do on an officially recorded great increase in re|>orted cases of 
active disease. In the opinion of the commission to which reference has 
been made this rise in reported cases does not have the full significance at- 
tributed to it by some of the German authorities. It appears in large part 
due to a greatly expanded case-finding program, and is believed to be in some 
and perhaps large degree affected by the incentive to case reporting fur- 
nished by the food supplements granted to i>ers()ns diagnosed as tubercu- 
lous. The available data will be analyzed in detail by the commission. 
In the meantime the tuberculosis problem, while still of considerable mag- 
nitude, appears less serious than was orginally feared. 

* The members of this commission were Colonel Silas B. Hays, M.C., Major Alonzo 
W. Clark, M.S.C,, Philip E. Sartwell, M.D., and Esmond R. Long, M.D. In Germany 
the group was joined by Lt. Colonel Charles H. Moseley. M,C, of Office of Military 
Ck)vemment, Land Hesse. The statistical data presented in this paper were obtained 
tlirough the assistance of public health officials in Military Government and German 
public health officials in Berlin and each Land in the U. S. Zone. 

t Personal statement to the author. 


SOME RELATIONS BETWEEN THE FS AND F'S OF X^RAY 

DIFFRACTION* 

By M. J, Buerger 

CRYSTAl.UXiRAPHlC LABORATORY, MASSACHUSETTS INSTITUTE OP TECHNOLOGY 
Communicated by W. J. Mead, March 31, 1948 

Introduction , — Last summer, Harker and Kasper* showed how Cauchy’s 
inequality could be used to derive some inequalities between the Fs and 
F's which occur in x-ray diffraction theory. In discussing these im- 
portant relationships, the writer pointed out that he knew of another 
avenue of approach to relations between Fs and although no details 
of the relations had yet been worked out. This alternate approach is 
through the implication function^ which is a transformation of the general- 
ized Harker function,® The implication has the important property that 
its maxima correspond to (a) locations of atoms in the corresponding 
projection of the crystal structure, plus (i) w — 1 alternate locations, 
known as ambiguities (where w is a function of crystal symmetry and 
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may have values of 4, 3, 2 or 1), plus (<;), in some symmetries, ‘‘satellites’*, 
geometrically related to (a) and (6). This close relation between the 
maxima of the implication function and the maxima of the electron density 
function bespeaks an intimate relation between their Fourier coefficients. 
Since the latter involves F s and the former F^’s, it is evident that there 
is a relation between these which can be fouitd along the lines of implication 
theory. The present paper outlines the method of finding these relation* 
ships, and gives the results in sufficient detail so that they can be used in 
the determination of phases in crystal structure analysis. 

General Relations between F*s and F^’i*. — The general theory underlying 
the development given here is the following: The phases of diffraction 
spectra cannot be observed, hut certain differences can be observed. It can 
also be shown that the phases are congruent to certain sets of phase differ- 
ences. To relate F’s to F'‘-’s, therefore, it is only necessiiry to determine 
the moduli of the congruences, and devise methods of isolating the appro- 
priate sets of phase differences. Thus, it is an easy matter to determine 
x*ray diffraction phases as allowed by congruences. To make the relation- 
ships of practical importance to crystal structure analysis, it is also neces- 
sary to transform squared amplitudes to amplitudes, and this gives rise to 
certain complications. 

Diffraction from the ''Squared Crystal,'' — Consider a crystal whose cell 
contains only two atoms which are located at cofirdiuates XiyiZ\ and X2ytZ2^ 
The waves diffracted-by this crystal are represented by 

Fm ^ (1) 

where 11 = —2Tcih, K == --2Trik and L = — 2W/. F^^^j represents an 

amplitude and a phase, and cannot be observed. On the other hand, 
jF^jt/j^ can be observed. This is obtained from F^^i by multiplying it by 
its complex conjugate, 

= F».,F\u 

( 2 ) 

■= /i* + + 

(*i -*i) +*■ (»i — »,) +t(», -f ,) _ 

The form of this product is exactly that of the hkl wave scattered by four 
atoms, two of which are at the origin and have scattering powers /i® and 
/,*, respectively, the other two having scattering powers ftft and located 
at codrdinates (xj - Xi), (y, - yi), (z* - Zi) and (xi - x*), (yj - y*), 
(zi — Za). An identical wave would have been scattered by a fictitious 
crystal whose atoms had these scattering powers and coordinates. For 
convenience, call this fictitious crystal the "squared crystal.” 
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Relations (1)“(3) can be easily generalized by substituting i and j for 
1 and 2, and then summing over both i and j. Thus, to each crystal there 
corresponds a “squared crystal” which has an atom for each pair of atoms 
in the crystal (including each atom and itself as a pair). The coordinates 
of the “squared atoms” are the differences of the coordinates of the two 
atoms in the pair, and their scattering powers are equal to the product 
of the scattering powers of the atoms of the pair. All of this is a simple 
and direct consequence of the mathematical rules for forming the complex 
conjugate. In this way, the always involve the differences of phases 
scattered by pairs of atoms. 

The “squared crystal” has atoms at coordinates where the Patterson 
function'*’ ^ has maxima. 

Congruence of Certain Phases with Phase Differences. — For convenience 
the amplitude factor of the wave is first neglected, the phase relations only 
being investigated. The relation between the phases of F and can be 
found by expanding FF* for each symmetry, then finding certain collec- 
tions of tertTis in F- equal of F. This method is blind and extremely 
patience-trying. 



A simpler and much more illuminating method is to consider the diffrac- . 
tion phases of Fand F® (i.e., of crystal and “squared crystal”) as mapped 
in a space which will be termed product space. The coordinates of product 
space are Ajc, ky and Iz. If an atom is located by these three cofirdinates 
in this space, then the sum of its coordinates is the phase of its diffraction 
hkU in terms of cycles, since this phase is phase of 
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F can be visually compared with that of F* by comparing the phases 
scattered by the crystal and “squared crystal/' The procedure here is a 
parallel to that used in comparing the electron density function map with 
the Marker function map and thus developing the implication theory. 
In fact, the map of a phase in product space is merely a homogeneous dis- 
tortion of the map of the atoms producing the phase, as they appear in 
the crystal. The most useful properties of product space are that (1) linear 
functions in crystal space remain linear in product space, and (2) the 
character of hx can be shifted from x to fe or the reverse at pleasure. 

TABLE I 


One Set of Symmetry-Equi valent Electrons 

HYMBtttTKV RKI^ATIONM IN THR ZONK f0()l ] 


2 

Co. hk 


2s -f- s Fzk. a A. 0 



2t 

Cl/,. Kk 

mt 

S Fth. sA. 0 




Cq, Kk 


2s 




Co. kk 


35 “f 25 4 <a-A), (A+iA). 0 



3i. 32 

Ci/t. Alb 


25i/,44(a-a). (a+*a>.o 




Co, Kk 

- 

35 



4 

Co, Kk 


45 4“ 25 F(K-'k). <A+A)« -h 5 Fs/i, sk. n 



4i, 4j 

Cl/4, A A 


^I^i/iFiK k)’ (A+A)0 




Cl/,. Ail 


s Fik. JA. 0 




Co, AA 


45 



4, 

Cl/,. AA 

* 

25 F{K~k). (A+ A>0 




Co. AA 


45 5 FiA. f a. U 



6 

Co. AA 


65 -f 25 FAfcft 4* 25 Fa-A). (A4 JA). W 

4“ 5 

Fuk. 2k, 0 

6,. (U 

Cl/,, aa 


25i/,FaA0 




CVi. AA 


25i/,F(A--A). (A+2A). 0 




Cl/i. AA 



5 

FiK. tk. 0 


Co, aa 


G5 



0,. tu 

Ci/,. AA 


2s\/^FKkO 4"2.5«/,y(A“A), fA+*A). 0 




Co, AA 

HR 

f\s 

S 

Fu. a A. 0 

6a 

Cl/,, AA 


2s Fhko 

4- 5 

Fth, 2k. 0 


C(|. AA 


65 4- 2s F(K-k). (Ki tk), 0 



3 

Ct). AA 


65 4- 25 F(a~a>. (a+sA). 0 



i 

Co. AA 


4.5 4- 5 Fih. 2A. 0 



6 

Co, Kk 

* 

65 4“ 25 F(A--A). (A+*A). 0 




An example of the resemblance of F to F^ is shown in figure 1 for sym- 
metry 4i. It is obvious that there is a gei)metrical similarity between 
F^ and F: The level V 2 / of F^ is similar to the projection of F, but has twice 
the scale, and the level VJ of F^ is similar to the projection of F, but must 
be shrunk by a factor 1/v^ and rotated 45° to bring it into coincidence 
with F In this way, F is congruent to certain sections of F* with a certain 
modulus, which is the modulus of the transformation from one figure into 
the other. 

Isolation of Levels of P. — The map of a phase of any symmetrical crystal 
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contains a figure corresponding to that shown in figure 1 for each atom of 
the crystal. The map of the phase of the same reflection of also contains 
a set of figures, corresponding to those shown in figure I, for each atom 
in the original crystal, plus some other points due to interactions between 
atoms which are not syinmetricaL It is necessary to isolate just one layer 
(with its negative equivalent) in order that the relation of congruence can 
be drawn between this layer and the projection of F. The isolation can 
be accomplished by performing a summation cos 27r Izi F* over all values 
of /, where zx is the coordinate of the desired level. It turns out that this 
gives a coefficient of = | cos 2r Izi | to F, and eliminates all other levels, 

CO 

Zy of since Iz for other values of z is zero. With the aid of 

/ »c OD 

this summation, the relations between the F’s and F-' s for the various 
symmetries shown in table 1 may be derived. The values of G are shown 
in table 13. 

Complications Due to Scattering Power » — If the crystal contained only a 
single atom, the transformation of amplitudes of F to F^ could be made by 
means of the coefficient F, defined in table 2. When more than one atom 
is involved, the situation is more complicated, since all atoms do not 
have equal /’s. If G, nui is taken to represent the phase part of the jth 
equivalent set of atoms, the appropriate correction to take care of this 
feature is found as follows: 


i, hklPj, hki 
J 


I - f f 
A * 0 


tR,fV 


t t 

h k u 


FiFi' + R%F% + . . . 

F,F + (FiF/ + F2F2' - F1F2') + . . . 

(FiFx' + F1F2' +...) + (F2F/ FxFO + . . . 

Fx(Fx' + F/ + . . .) + (F, Fi)/<V + . . . 

RxF + LCFy - Rx)f; 

RiF + A. 


The relations in table 1 can now be transformed into corresponding ones 
which take aca)unt of the scattering coefficients /. The final relations 
between F and F* for the axial symmetries are given in table 2. In this 
table, P represents the accidental Patterson interaction which occurs on 
the level z. It can be evaluated if the corresponding implication diagram 
reveals peaks which are known not to be Harker peaks. This decision 
can be made in many symmetries because of the absence of characteristic 
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satellites in the implication. The location of the peak then provides the 
phase of the E'(Pz) and the height of the peak provides the amplitude 

TABt,K :» 

CoKFFrCIliNTS OF THE flARKER lOJlNTCnON 

I.KVHI. IN 
PATTKRSoN 

SPACIi: SVMU4»t HXPANSntN 

0 « i; !/•■,,« I’ 

I 

'A = - I i/'amI" 

'A c./. = ;; \FnH\-‘ - ’A 

/-:W / = 

■A c.,. = i; I^’a,.,!* - IfaaiI* 

i»AN 

Vo f./. - i; j/Awl’ + ’A - U'a«1‘-’a 2 1 /-«,!»- 2 ifaajI* 

/'fi.V*! ( = /» 6 V +3 



Additiomil Terms Due to Reflection Symmetry . — Every operation of the 
space group which relates atoms on the level of the implication is repre- 
sented by a point on the implication. In a sin?i^ar way, every such 
operation i's represented by a term in the P expanSoAon, such as shown in 
tables 1 and 2. The forms of these terms for reflection symmetry are 
readily determined by making use of the properties of product space. In 
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this space, it is easy to relate the satellites which occur along the line 
normal to the ayiiunetry plane with the points in general positions. One 
can then solve for the conditioUvS for which one set of points in the general 
position become congruent with the satellites. How this is done can be 
illustrated for symmetry 4ww shown in figure 2, In this figure, the 
iwints due to reflection (the implication satellites) are shown as open 
dots, and are found confined to the nonnals to the reflection planes re- 
sponsible for them. Study of the figure shows that the outer collection of 
black dots, which represent F 2 H, u, 0 (see Fig, 1), become congruent to the 
open dots on the vertical line under the condition h == 0. Therefore the 
term due to the reflection plane (OfeO) is F2/,, 2k, 0, h 0 , namely 2k, 0 . 
Similarly, the inner collection of black dots, which represent Fih^k), (n^ k), 0 
according to figure 1, beamies congruent to the open dots in the diagonal 
plane under the condition k = 0. Therefore, the tenn due to the reflection 
plane (hhO) is Fit^ -k), ih+k), 0 provided ^ ~ 0, namely F^m* 

TABLE 4 

Effect of Hatelutr-Producing Symmetry Planes Parallel to Axes and 

THROUGH Origin 


AXIAI. 

8VMMUTHY 

NUMBBK, 

H 

ItINIJ AKD I^OCATXON 

OP PLANS 

IKKMS TO HJi ADDKD TO AXIAL TKRMH 

2 

Reflection (AGO) 

S Fth, 0 , 0 

4- 

Asa. 0 . 0 


Glide (hOO) 

0.0 

4* 

A* A, n. 0) 

3 

Reflection (AGO) 

S,F,h, 0, 0 

4 

A:ia. 0. 0 

4 

Reflection (hOO) 

StFik. 0. 0 

4* 

Aka. 0. 0 


Reflection (khi)) 

SgFhho 

-h 

A A AO 

fi 

Reflection (AGO) 

SgFhm 

4 

Aaoo 


Reflection (kkO) 

SgFhhf) 

4- 

Aaao 


Table 4 contains some of the important irefiection relations derived in 
this way. 

Practical Use of the Relations in Crystal Structure Analysis. The use of 
these relations in the determination of the phases of certain of the F’s is 
sketched in another place,® Both the practical importance, and some of 
the details of the methods of derivation will be treated in detail in sub- 
sequent contributions, 

' Barker, David, and Kasper, J. S., “Phases of Fourier Coefficients Directly from 
Crystal Diffraction Data,” J. Chsm. Phys., IS, 882-884 (1947). 

* Buerger, M. J., ‘The Interpretation of Barker Syntheses,” ,/. Appl. Phys., 17, 
579-595 (1946). 

* Barker, David, “Application of the Three-Dimensional Patterson Method and the 
Crystal Structures of Proustite, AgiAsS*. and Pyrargyrite, AgiSbSi,” J. Chem, Phys., 
6, 381-384 (1936). 

* Patterson, A. D., “A Fourier Series Method for the Detemunation of Interatotnic 
Dlstatices in Crystals,” Phys. Rev., 46 , 372-376 (1934). 
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STABILITY OF THE LAMINAR FLOW THROUGH A STRAIGHT 
PIPE OF CIRCULAR CROSS-SECTION TO INFINITESIMAL 
DISTURBANCES WHICH ARE SYMMETRICAL ABOUT THE 

AXIS OF 211 E PIPE 

By C. L. Pekeris 

The iNSTmiTE for Aovancbd Siudy. Princeton, New Jersey,* anp Department 

OF Appi.ied Mathematics. The Weizmann Institute, Rbhovoth, Palestine 

Communicated by J. von Neumann, March 6, 1948 

1. Introduction. — ^This investigation grew out of a study made by the 
writer of the stability <if the two-dimensional parabolic laminar flow 
between parallel fixed walls to infinitesimal disturbances. The result 
obtained for the paratH)lic flow which will be reixirted soon was that, at 
least as far as — terms in the wave number a of the disturbance are con- 
cerned, the flow is stable to infinitesimal disturbances. Since recent 
studies of the parabolic flow by Meksyn^ and Lin,^ (where terms in a higher 
than a® have either been neglected ab initio or their smallness can be 
verified a posteriori) are at variance with the writer’s stability conclusion, 
inquiries were made as to whether it would be possible to obtain experi- 
mental evidence on this point. It turned out that the establishment of 
a purely two-dimensional parabolic flow is a difficult experimental task, 
and that the flow through a circular pipe, which happens to be also para- 
bolic, is more amenable to experimental investigation. The writer then 
undertook an investigation of the stability of the flow through a pipe, 
and arrived at a stability conclusion for axially symmetrical disturbances. 
When the investigation was finished it was discovered that Sexl* had 
treated the same problem and had arrived at the same conclusion. Upon 
closer examination it appears, however, that Sexl’s argument is incomplete 
in two respects: 

1. Sexl treats only the stability in the two limits of a vanishing Rey- 
nolds number R and of large R. The experimental study of the stability of 
the boundary layer by Schubauer and Skramstad* shows, however, that 
in the latter case the flow is stable in the limits of 2? - 0 and R , 
but becomes unstable at intermediate values of J?. 

2. In his proof of stability for large R, Sexl uses an asymptotic expres- 
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sion for the solution, which is not sufficiently specified to warrant his 
conclusion. 

In addition, the method used here has the advantage that simple explicit 
expressions are obtained for the characteristic value C for small R on the 
one hand, and, asymptotic-ally, for large i?, on the other hand, in the 
relevant region of small a, and that sufficient terms are obtained in each 
case to allow a satisfactory matching at an intermediate value of R. In 
this respect, the treatment may claim to a certain measure of simplicity, 
which is essential^ for the ultimate solution of the hydrodynamic stability 
problem, as otherwise a contribution to this complicated problem may 
merely serve to elicit a comment such as Rayleigh's:® ‘The stability 
problem has further been skillfully treated by von Mises and Hopf. . . . 
Doubtless the reasoning employed was sufficient for the writers themselves, 
but the statements of it put forward hardly carry conviction to the mere 
reader." 

2, The Boundary Value Problems , — The stability of the laminar flow 
through a pipe is studied by superimposing on it a disturbance of small 
amplitude and determining from the hydrodynamic equations and the 
boundary conditions whether the disturbance grows or decays with time. 
In a cylindrical system of coordinates r, z the superimposed velocity 
field is assumed to be of the form f(r) exp. [ia{Ct — s)], and the flow is 
considered to be stable to symmetrical disturbances if for all values of the 
wave number a the imaginary part of d'^^Ci) is positive, or unstable if 
for some values of a, Ci is negative. Actually there exist an infinite set 
of possible modes for the perturbed flow, and with each mode a charac- 
teristic value of Cu so that a stability proof must embrace all modes, 
whereas instability is established as soon as it can be shown that for one 
mode Ci becomes negative. 

It will be convenient to introduce the non-dimensional codrdinates 


f' ^ r/a, 2 ' ~ s/a, t' — ill /a, R — Ua/v, (1) 

where a denotes the radius of the pipe, V the maximum velocity in the 
laminar flo^ on the axis of the pip>e, and R is the Reynolds number. If 
we limit the discussion to motion which is independent of the angular 
coordinate the velocity field can be derived from the potentials,’ 

Uf = -(l/r)(dV^2); = (l/r)(d>k/dr), = SV^ (2) 

and the exact equations of motion are 


d/ 


+ 

r^ bz 


1 

r \ dr bz 


b^ bD^^\ 2 b^ ,,, 

bz br / r^ bz 


( 3 ) 
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where 


dt 


r \dr da da dr/ R ’ ^ ' 


d* ad d* 

dr» r dr ^ da* ' 

and the primes in (1) have been dropped. We now write 

r* 


^ = ^0 + ^0 


4' 


Uo = 1 


r^ 


G^) 


( 6 ) 


where and Uq refer to the unperturbed laminar flow, so that the per- 
turbation is derived from ^ and 0. If we substitute from (6) into (3) 
and (4), and neglect squares or products in ^ and we arrive at the equa- 
tions governing symmetrical infinitesimal disturbances of the laminar 
flow in a circular pipe: 


dDH' 1 


dl2 1 

+ (1 _ == -mi, 

ot da R 


( 7 ) 

(S) 


Equations (7) and (8) show that in the case of symmetrical infinitesimal 
disturbances, the perturbation can be of either of two types which are not 
coupled, namely, motion in concentric circles in planes iierpendicular to 
the axis of the pipe (torsional, 12) or motion in planes passing through the 
axis (meridional, ^). By writing 

12 == G(r) exp. [»a(C2 - r)l, ^ = /(r) exp. [ia{Cl — a)], (9) 

(rf*//dr*) - {l/r){df/dr) - «*/^g(r), (10) 

we obtain 

(d’G/dr*) - {XJr){dGldr) - a*G + iaR{l - r * - C)G = 0, (11) 
(<f*g/<ir*) - il/r)(,dg/dr) — a^g + iai?(l - r* - C)g - 0. (12) 

The boundary conditions on G are simply that 

(G/r) =* finite at r = 0; G(l) = 0. (13) 

The boundary conditions to be satisfied by / are, from (2), 

/(O) » /(O) » /(I) = /(I) = 0, (14) 

where the dot denotes differentiation with respect to r. Equation (14) 
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can be converted into an integral condition on g as follows : An appropriate 
solution of (10) is 

(l/r)/(r) = Altiar) + M'irt(ar)K,{at) - h(at)Ki{ar)]g(t)dt. (15) 


with 

{Vr)f(r) - Aalttiar) + aX\'^[Iu{ar)Ki{af) + I^{at)Ki){ar)\g{i)dt. ( 10 ) 

On imposing the boundary conditions (14) at r ^ 1» wc find that (14) can 
be replaced by the condition 

M'h{al)g(t)dt = 0. (17) 


It is seen from equations (10), (1 1), (12), (13) and (17) that the charac- 
teristic value C depends on the two parameters a and aR, The stability 
))roblem resolves itself then into a determination of the sign of G in the 
(a^ ai?)-plane, 

3, Stability of the Laminar Flaw through a Circular Pipe to Torsional 
Perturbations . — It can be shown directly from the differential equation 
(11) that the laminar flow is stable to this type of perturbation for all 
values of the parameters and aR. Let x — then (11) can l)e written 
as 


(PC 

dx‘^ 


+ 


iai 


iaR iaR{\ — C) 
+ ' 




0. 


(IK) 


Multiply (IS) by G, the complex conjugate of G, and integrate from 0 to K 
We have 


M^G{dKildx^)dx ^ -M^GCrdx, (19 

because G vanishes at “ 0 and r =» 1 . We thus obtain 

Cr = J - [M^G-Gdx/ M'G-'G{d^/x)\, 0 < C, < 1. (20) 

C, = (aVaK) + {^l<>LR)\j:'G-Gdx( f^'G-G{dx/x)\. (21) 

Equation (21) shows that Ct is positive for all values of ot^ and oR, and for 
all modes. This proof, which the writer arrived at independently, was 
first given by Synge.* Sexl did not recognize the existence of the torsional 
type of perturbation, but he developed the proof of this section as an 
auxiliary theorem in his study of the stability of the second type of per- 
turbation. He argues, namely, that since the regular solution of (12) 
vanishes like r‘^ on the axis, the meridional perturbation is stable for such 
values of and aR for which it is possible to show that g(l) vanishes to 
a good approximation. The latter condition obtains whenever the main 
contribution to the integral in (17) arises from the vicinity of the upper 
limit. 
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4. Stability of the Laminar Flow through a Circular Pipe to Meridional 
Perturbations. — (a) Development for small values of aR. The meridional 
perturbation is governed by the system (12) and (17). Let 


g{r) « rP(r), 
Then (12) and (17) take on the form 


iaR^ff. 


d^P I dP „ 
- - + - 4- P 

dr'^ r dr 


[_L _ ^ _ qJ 0^ 


( 22 ) 

(23) 

(24) 


,/lH^{^ctr)rP{r)dr = 0 . 

We shall seek, in the first instance, a development of C wliich is valid for 
small ^ (small Reynolds number); 


C = (C- ,/d) + Co + dC, + . . . + 

and an associated development for P: 

p = Pu + dP, 4- ... d“P» + .... 


(25) 


(26) 


This can be accomplished by substituting (25) and (26) into (23) and solv- 
ing successively for the P* frotn the differential equations obtained by 


annulling the coefficient of each power of With 


F » -a' - C-u 

rd‘ Id / 1 \‘ 

|. (27) 

one thus finds that 


iP(, = 0, P„ = Ji{z), 

(28) 

«p. 

- ((Co - 1)/*'^|P„ + (l/*‘)z»P,, etc. 

(29) 


These non-homogeneous differential equations can be solved directly with 
the aid of the identities 

a[2*-‘7n(*)] * 2(n - l)z" 6(z'*+‘/,(a)] =• 2(« -f l)z"y,_,(z), 

(•iO) 

ilz*+VB(z) - [4/(« 4- 2)]z"+V,+ i(z)! = 2(« -f 3)z"-'V,_i(z). (31) 
The result for the first few terms is 
1 ) 


P - + d 

d' 


/(C„ - 1) , , 1 , J 

1 '2^ “ ^ 




c. . ^ (C„ - 
Hk* 


ly ,, . (Co - 1) ,, . 

zKh H riir-- + 


1 


360** 


I36z*y4 — 5s*y»i 


} + K 


12 *« 

CiZ 


J*jt 4 " 
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Wo-l) C, (Co 


i)» 


_S T 


(r^ 


zUi 


3^Jl 

60/fe» 


+ 


_^l+ 


(32) 


where we have written /, for /b(z)- 
Substituting now (32) into (24) we obtain from the first term 

M^rJx{kr)h{ctr)dr - [al^Hk) + kUk)Ix{a)]/{a^ + k^) - 0, (33) 


an equation which serves to determine k, and with it C-i, as a function of 
a. The second term in (32) yields 

Co - 1 - (Vi)I^‘r^/i(ar)/2(*r)dr/^V2/i(ar)72(*r)dr]. (34) 


These are rather complicated expressions, but useful information can be 
obtained from them by expanding k and the C« into power series in a®, 
as follows: 

J%{k) = 0, (35) 


(V,)«*+ .... 

^ ftK* , /2 , 4\ , / 1 ,4 8§\ . „ 

^ + \3 + rj + v~ 457* + ' 7 ) 

/ 2 20 , 880 5792\ , 

\945(c^ 7k*^ Sk* "7« / “ “*■ 


(36) 


+ 


(el* " 7) + (^7 ” 3 k « + ’7 )*“«+•••} + 


...0(«‘). (37) 

Although only a*- terms have been retained in (36) and (37), their con- 
tribution Is so small that even at a = 1 accurate values for k and C can 
be obtained. Thus, at o 1 the exact value for k, as determined from 
(33), is 5.089, whereas (36) yields 5.087; also, the exact value of Co de- 
termined from (34) is at a » 1 equal to 0.8134, compared to a value of 
0.8131 obtained from the second terms in each of the braces in (37). 

(5) Development for large values of aR. With * ««■ r*, equation (12) 
becomes 


ix(^'»g/dx^ + [-«*+ taRil - X - Q]g = 0, 


(38) 
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whose solution which is regular at the origin is 


g « e~^^xF{a, 2, 2tx); r = 

, (1 OViaR . 

a = 1 — 1- 


4 \/ iaR 


(39) 

(40) 


The integral condition (17) takes on the form 

X^h{ar)e-^^VF{a, 2, 2rr^)dr - 0. (41) 


For large values of aR the real part of r becomes large, and is positive, so 
that the following asymptotic expansion holds 


e~^HF(a, 2, 2rx) 


xe^*(2rx)^'’U^ , 

“fw \' + 


(1 -a)(2 - a) 
2rx 



(42) 


This expression is appropriate if, when substituted in (41), it yields a 
value for a such that the term (1 — a) (2 — a)/(2rx) actually becomes 
small for large r. This is indeed the case, since because of the factor 
and the monotone character of Ii{<xr) the principal contribution to the 
integral in (41) arises from a small region near the upper limit, with the 
result that we must have 


l/r(a) - 0, (I = -w, n - 0, 1, 2 . . . (43) 


as would follow by carrying out a partial integration* It follows from 
(40) that in the limit of large aR the characteristic value of Cn of the 
n-th mode has the asymptotic form 


4(1 + io^ 

\/ aR aR 


(44) 


Since the imaginary part of C„ in (44) is positive, this result implies stability 
at large aR for all modes, the damping increasing with the order of the 
mode* We note also that for large Reynolds numbers all modes are 
propagated with the maximum speed on the axis of the pipe. 

Sexl did not recognize that the regular solution of (12) is given by (39) 
which behaves asymptotically according to (42). Instead, he used (loc. 
d/., page 813) a linear combination of the standard asymptotic solutions 
of (12): 

g*(r) - r'/'(l - r!* - C)“'^'[exp. - r» - Qdr + /sCexp. -* 

- >•* - Qdr], (46) 

with the constant K left undetermined. He then states that the integral in 
(41) becomes equal to i;*(l)/t(a), a result which was obviously arrived 
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at by partial integration. This step would be justified if it could be 
shown that g*(l) becomes large, as we have done in (42) for g(l). But 
with K left arbitrary the possibility is not excluded that the solution of 
(12) which is regular at the origin is represented near r == 1 by either the 
positive exponential term in (45) alone, or by the negative exponential 
alone, in which case g*(l) may actually vanish. We therefore do not 
regarjl this part of Sexl’s argument as complete. 

(c) Development for intermediate values of oR, Though the explicit 
expressions for the characteristic value C given in (37) and (44) assure 
stability in the limits of small Reynolds numbers on the one hand and 
large Reynolds numbers on the other hand, we must still investigate the 
behavior of C in the intermediate region of aR. We shall do this for 
the first mode by deriving a correction term to (44), and then showing that 
at &R — 200 t^ie resulting expression yields a value for C which is in good 
agreement with the value derived from (37), the difference being of the 
order of the last terms used in each. For the first mode we have 

a 0, F(a, 2, z) I + af(z) + 0(a^), (40) 

/(*) “ - 1 - zKdzm (e‘/2*){l + (21/*) + (3!/2») +...], 

(47) 

S>^t-'^x!{2rx)dx (eV4r»)ll + (2/r) (48) 

Substituting (4(i) and (47) into (41), and using, in the first instance, only 
the leading term in 

h{ar) - (ar/2)[l + (aVV8) + (aVVl92) (49) 

we get 

7? ^g{x)dx -> (l/r») + flYc74r*) fl + (2/r) 0, (50) 

a-+ -4 tc '\l - (2/t) + (i^l) 

with the understanding that it is to be used only when t is sufficiently 
large to make a < < 1. By a similar treatment one can obtain an additional 
correction term to a arising from the a*-term in the bracket of (49). We 
thus obtain for the characteristic value Ci of the first mode 

Cl « 1 - ^ _ 8e-'(l - ;) + (52) 

where the first three tenns are taken from (44). As a check, we evaluate 
Cl from (37) and (52) for the case a* *■ 0, oi? “ 200. From the former 
we get a value of (0.805 + 0.154*), while the latter yields (0.798 + 0.156*), 
the term 8«“’’ having the value of (0.015 + 0.052*). 

Wc have thus shown that when the parameter a* vanishes, equatidns 
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(37) and (52) jointly cover the whole range of a/?. The a^-term in (37) 
is small numerically and, furthermore, makes a positive contribution to 
the damping in the case of the first mode. For large aR the contribution 
from the a^-term in (52) is also small, since it vanishes exponentially like 
It can lx* shown by using the same procedure as above, that for 
moderate values of a, the a^-term in (52) is replaced by 


4a r. 4an ( IT a/o(a)n ) 

h(a ) "" + rjr + vL-" + MwJ + ■■ i 


again provided this term is small. For large values of a 
hicvc) -> («“VV'2ira)[l - (3/8a) + • • 


(54) 


and the last two terms in (52) are replaced by the even smaller term of 
It appears, therefore, that/c^r Ictrge Reynolds numbers the damp- 
ing of waves of finite wave number approaches the values for vanishing wave 
number. 

5, Summary. Infinitesimal and axially symmetrical disturbances of 
the laminar flow thmugh a pipe of circular cross-section fall into t'^o 
classes which are not coupled * torsional and meridional. In the torsional 
perturbation the flow is in concentric circles in planes perpendicular to the 
axis. The laminar flow in a circular pipe is stable to this type of dis- 
turbance at all Reynolds numbers, a result which was first shown by 
vSynge.® In the meridional perturbation, the flow is in planes passing 
through the axis. The stability to meridional perturbations was studied 
by vSexl,** but his treatment is shown to be incomplete. In this investiga- 
tion an explicit expression is derived for the characteristic value in the 
case of a tneridional disturbance which is valid for small Reynolds numbers 
R (equation 37). An asymptotic expression for C, valid for large R, is 
also derived in equation (44). Additional terms are added to the latter 
in equation (52) for the first mode, which has the lowest damping. In 
the case of vanishing wave number a of the perturbation, but finite a/f, 
equations (37) and (52) match at oJ? — 200 and are, therefore, sufficient 
to cover jointly the whole range of oR from 0 to « . in this limit, the 
first mode in meridional disturbances is, therefore, demonstrated explicitly 
to be damped. For large R all modes are propagated with a velocity 
approaching the maximum velocity on the axis of the pipe. 

The a*-tenns in (37) and (52) make a relatively small contribution to^ 
C, even at a =*= 1, and, furthermore, in the case of the first mo'de they 
increase the damping. It is shown that also when a is moderate or large, 
C approaches its Wlue for a = 0 in the limit of large Reynolds numbers. 
The difference tti C between the case a = 0 and a finite a becomes, except 
for a positive imaginary term {ia*/aR)f of the order of exp.(-"4\/]?)- 
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The conclusion is, therefore, drawn that the laminar flow in a pipe of circular 
cross-section is stable to infinitesimal meridional disturbances. 

Although our discussion has been confined to axially symmetrical dis- 
turbances only, it is of interest that the experimental evidence on the 
breakdown of the laminar flow in a pipe of circular cross-section indicates 
that the so-called critical Reynolds number can be increased, apparently 
indefinitely, by minimizing the amplitude of the disturbances. The 
classical stability investigations of Reynolds'* were j)erformed on the 
flow in a circular pipe, and already then his experiments on this and other 
ty|:>es of flow led him to distinguish l)e tween cases where instability sets 
in at a critical value of /? for infinitesimal disturbances atul cp ses, like the 
flow in a pipe, where apparently only disturbances oi finite amplitude can 
cause a breakdown. While it is possible to cite in this connection the 
following quotations from Reynolds’ pa])er (p. 75): “But the fact that in 
some conditions it will break down for a large disturbance while it is stable 
for a small disturbance shows that there is a certain residual stability so 
long as the disturbances do not exceed a given amount. ’ ‘But the general 
impression left in my mind was that ... as though disturbances in the tank, 
or« arising from irregularities in the tube were necessary to the existence of 
a state of instability,” it is clear that by its very negative nature it is 
impossible to prove exj>eri mentally that stability exists for all Reynolds' 
numbers. In the summer of 1910 Ekman^^ repeated Reynolds' experi- 
ments in the original apparatus, taking extra precautions to minimize 
the disturbances. He succeeded in increasing Reynolds' critical value of 
1 M X by a factor of 4, and concluded that: “On the other hand, the 
expenments arc, as already mentioned, in favor of the opinion that there 
is no critical velocity at which approximately rectilinear flow changes into 
turbulent; but this velocity always increases with decreasing disturb- 
ances.” 

Note: Since writing this paper it was i>ointed out to the author by 
Professor G. I. Taylor that with a fixed pipe-length of only 140 cm. the 
flow in Ekman’s experiments at the high Reynolds numbers was not of 
the fully developed parabolic type, but rather of the boundary-layer type 
characteristic of the inlet. The highest Reynolds number for which the 
parabolic flow in a circular pipe was proven to be stable is 3.2 X 10^ in 
Taylor's experiments (see reference 7, page 321), whejre the pipe was long 
enough to assure a fully developed parabolic velocity distribution, 

* This .work was made possible by the general support of the Office of Naval Re- 
search, under contract N6ori-139, Task I, on which project the writer served as a con- 
sultant. 
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THE MECHANISM OF FLOW FOR SOLID METALS* 

By Hbnry Eyring, Jay W. Fredrickson, and Dan McLachlan, Jr. 

Departments of Chemistry and Metallurgy, XTnivbrsitv of Utah 
Communicated March 1, 1948 

Solids show a continuously increasing deformation if subjected to a load 
of suitable magnitude for a sufficient time. If rupture does not occur, a 
process of relaxation causes the rate of flow with constant stress to approach 
a final constant value. Rupture finally occurs in a stressed material 
whenever bonds are broken by flow faster than they mend. Whenever 
the stress on a flowing unit is relaxed, the equilibrium distribution of sur- 
rounding units is disturbed. Consequently, the exterior stress will cause 
a succession of adjustments to occur until equilibrium is restored. 

In order that an atom, molecule or group of molecules may move from 
one position of equilibrium to another, it is necessary that space be pro- 
vided into which the molecules or atoms can jump. If one thinks of the 
holes and other imperfections in a system, the following idealized classi- 
fications of solid, liquid and gas can be made. A perfect solid (Fig. 1 (a)) 
at absolute zero temperature is a system in which all lattice sites are filled 
and the material has a continuum of perfect order throughout. This 
ideal situation is never quite realized since actual solids contain holes and 
a variety of distortions even at absolute zero. At any temperature greater 
than zero and less than the temperature of melting a section through the 
solid will show empty sites (holes) as well as regions of higher than average 
density, as shown in figure 1 (6). In this case the empty sites, or holes, 
occur infrequently and are not mutually connected. The important 
concept, that of long range order, is that a continuum of nearly perfect 
order still exists extending at least as far as the boundaries of the mosaic 
block. ^ Within this continuum of order there are enclosed domains of 
imperfections (having liquid properties) which, due to thermal fluctuations, 
are short-lived and are “recrystallizing** while other such domains alter- 
nately reappear at other positions in the domain of rigidity. 

Above the temperature of melting (Fig. 1 (c)) the substance is liquid, 
characterized by a discontinuity of the nearly perfect order and an increase 
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of holes. The continuum of perfect order has now been so diminished 
that it exists only as islands in a continuum lacking long-range order. 




KIGURE 1 


Idealized mosaic block structure of solid, liquid 
and gas. 


In the gaseous state there is a prevalence of empty sites and atomic 
aggregates i^ccur only rarely and are localized. The gas phase is unique 
in that the empty sites or holes form the continuum surrounding the 
isolated atoms or molecules and, infrequently, very small regions of perfect 
order. 

Flow of material can occur only by the movement of atoms or molecules 
into holes, or, conversely, the re-distribution of holes or imperfections 
through a medium. Imperfections in solid materials may be classified 
into the following general types. 

A, Non-equilibrium imperfections of three classes: (a) Imperfections 
due to the presence of foreign material such as gas in the form of minute 
bubbles, refractory particles in glass or carbide inclusions in steel." In 
a broad sense surface scratches or indentations should be considered 
as unenclosed holes. 
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(i) Imperfections due to the inhomogeneity of the material resulting 
from poor mixing of the constituents or insufficient processing. Such 
localities produce strain or internal cracks because of the differing 
coefficients of thermal expansion of the material as a function of compo- 
sition. 

(c) Structural imperfections may be caused by two effects. When 
cooled too rapidly, a material such as an alloy quite frequently will produce 
lattices having vacant atomic sites. The second effect, often found in 
glasses or solids of complex compounds such as the mixed oxides of metals, 
results in a structural bridgework typified by dumping a load of bricks into 
a box, thereby producing cavities. Molten oxides, when quenched, 
collapse from the liquid state and are “frozen"' into non-equilibrium struc- 
tures containing bridged voids. In some substances, particularly metals, 
rapid cooling also causes a network of voids from the lack of cohesion of 
the crystallites grown from many nuclei. It is interesting to note that the 
“frozen” or bridgework, holes common to glass are usually enclosed by the 
matrix, while the bulk of the metallic voids or intercrystalline boundaries 
enclose metallic units. 

B. Equilibrium imperfections: These imperfections are characterized 
by the fact that they exist independently of man’s attempts to eliminate 
them without modifying the thermodynamic variables such as temperature 
and pressure. In general, they differ from the non-equilibrium holes in 
that they are smaller and represent “short-range” and often “short dura- 
tion” inhomogeneities. There are two important kinds of equilibrium 
imperfections: (a) those arising from fluctuations in composition, and 
(b) those arising from thermal fluctuations in density. 

(а) It can be proved statistically that no amount of stirring of the 
ingredients in an alloy mixture or a glass batch prior to melting could pos- 
sibly cause perfect homogeneity of the mixture, or batch, particles. When 
melting occurs, the attainment of composition homogeneity becomes 
easier because the problem is changed from the mixing of grains to the 
mixing of atoms or molecules. The fluctuations are of very small size, 
not only because of the smallness of the atoms or molecules, but because 
of the fact that the mutual attractions tend to force the atoms into pre- 
ferred localities. Any inhoinogeneity prevailing after solidification may 
result in the occurrence of holes which are created by regional variations 
in the coefficient of thermal expansion as a function of composition. 

(б) According to the simplest picture, any substance in equilibrium 
is uniform and not subject to spontaneous changes. However, a statistical 
viewpoint permits the calculation of local deviations from uniformity. 
Motion of these local deviations in density, os we shall see in the case of 
metals, provides the principal mechanism for the release of stress. 
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Of all the imperfections discussed above, those created by fluctuations 
in density are the least understood and are to be considered in this paper. 

The problem of density fluctuations as evidenced by light scattering has 
been studied by Lord Rayleigh'^ and many others/ and the foundation for 
the theory has been firmly established. 

Hucluatitais in density are given by the relation;* 


where 

p “ density 

V — molal volume in a small selected portion of the mate^l 
Af “ mass of the small jiortion 
A’ ar s})ecific value of entropy 

k = Boltzman constant — I.^IH X 10 erg. deg. ‘ 

E — internal energy 

PYom the thermodynamic expression 

TdS - dE + PdV 



one immediately obtains 

{ds/'dv)£ « p/r 

For the second derivative a straightforward calculation yields 

- i/r(dP/dv)A> ~ 

where 5, v, E have been defined, and 


P « pressure 
T — temperature in ^K. 


Equation (2) may be written in the form 


where 


{d^s/'dv^)E 



i9 = — l/t?(&r/dP)r = coefficient of compressibility 
a ^ 1 /v(^/i>T)p coefficient of thermal expansion 
Cf “ heat capacity at constant pressure 
Cp « heat capacity at constant volume 


( 2 ) 




For solids Cp ^ Cp and equation (3) reduces to 
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(4) 


To a good approximation, the second part of the right-hand member of 
equation (4) can be neglected and equation (1) can be written as 



(5) 


a well-known result.* 

The immediate problem is to apply equation (5) to observed data. 
Application . — The flow of metals in tension has been carefully analyzed 
in a previous paper. ^ An equation to express the rate of flow with relation 
to structural and thermodynamic parameters was seen to have the following 
form: 

i - ]/g-<r + 2Vn/VrykT/h^e ^ -sinh {V,a/2kT) (6) 

where 


€ = true strain rate 


a “ stress (applied) 

<r stress rate 

Vh — volume of hole 
Vo = volume of flow unit 
AP* = free energy of activation 
g = spring modulus 
k = Boltzman constant 
R = gas constant 

h * Planck's constant (G.f)2 X 10”*^ erg.sec.deg."^) 
T - temperature (*^K.) 


From the analysis of the behavior of brass and SAE 1020 steel in tension 
it was determined that AF* was an almost i)ure entropy term and that 
for temperatures not excessively high, AF*/T' was independent of tempera- 
ture as shown in figure 2. It is now of interest to see how these facts may 
be understood in terms of fluctuations in density. Rewriting equation (5) 
as 



kT 


( 7 ) 


and from the definitions 
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Curve's showing versus temperature relationship. 


one obtains 


{dF/dP)T - V: a « ~l/K(dlVdP)r 


-(dF/dP)Ti0P/dV)T^ V « -(dF/dtOr- V - AF 
and from this, equation (7) can be written as 


Ap/ kf 


AF* 

kT 


const. 


(«) 


It is apparent from the constancy of AF^/T for the metals investigated 
that neither the nature of the substance nor a difference in mechanism 

In 
is a 

constant we should think of the process of activation as the crowding 
together of some molecules (and the consequent rarefaction of others) 
creating the holes or imperfections necessary for the flow process. 

Another result obtained from the analyses of metals was the fact that 
Vkf the volume of the hole into which the flowing tmit jumps, was tem- 
perature dependent and that Vh/T is approximately a constant as shown 
in Fig, 3, If we identify with the amount of material whose density 
is fluctuating at any time.t we obtain the relation 


aflfects the value of since by (S) we take this equal to AF*/ki 

other words, these results suggest that since the expression (i)’ 
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kf 


= const. 


( 9 ) 



0 200 400 eoo 600 1000 



Curves showing Fa/ 7' versus temperature relationship. 


Thus, one is led to conclude that with the value of the constant and the 
compressibility known, the value of 1* is calculable from Eq. (9). How- 
ever, if one uses the known compressibilities of steel and brass one obtains 
for the volume, a value which is unreasonably small. One is led, 
therefore, to the conclusion that the material being compressed or rarefied 
in metals is not the system of whole atoms, but the system of positive 
kernels; i.e., the atoms minus their conductance electrons. 

Conductance electrons are capable of moving almost independently of 
short range motion of the kernel and consequently, the kernels can move 
relatively independent of the conductance electrons with restrictions de- 
termined largely by the proximity of the neighboring nuclei and the 
accumulation of cliarge. The conductance electrons then form a sort of 
continuum, inside of which the positively charged kernels fluctuate in 
density, Fluctuations in density of the kernels are known to be responsible 
for the thermal scattering of x-rays® and a study of this phenomenon pro- 
vides additional evidence that density variations are possible. The 
increase in electrical conductance with decreasing temperature is also 
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associated vpith a decreasing fluctuation of the density of the system of 
kernels thus increasing the mean free path of the conducting electrons. 

In 1937 Ewell and Eyring^ in their study of liquids foimd that for flow, 
metals required an apparent hole about Vw the size of the molecule as 
compared with about V 7 the size for non-metals and from this they con- 
cluded that the kernels must be flowing relatively independent of their 
conductance electrons. The size of the hole necessary for metals was 
found to be about Vfl'-V? the size of the kernel, the same proportionate 
part of the volume previously found for non-metals. 



Coefficient of corapressibility versus temperature for 
brass and SAE 1020 steel. 


One is thus led to interpret the compressibility factor in equation (9) 
as the value for the compression of a system of kernels in a sea of con- 
ductance electrons. Using the values of Vn calculated from experiment,* 
the compressibility factors (denoted fi* for the system of kernels) deter- 
mined from equation (9) are shown in figure 4 for the range of temperatures 
investigated. The results show that the kernel compressibility is about one 
thousand times that for the bulk metal and as an approximation one may 
write 


^ $X 10* 

A value of jS* so much greater than the bulk (which accounts for the 
sp^ific heat of metals in the Debye theory) indicates that flow occurs at 
special imperfect regions which comprise only a small part of all the 
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degrees of freedom. Rewriting equation (8), replacing 0 by and V by 
Vh, one obtains 


Vnil/n 

kT 


AF* 

kT 


const. 


( 10 ) 


The question naturally arises as to the applications to be made of the 
theory. By looking at equation (6) it is clear that the most important 
factor affecting flow is the volume of the hole, Fa, since AF*/T changes 
little with either temperature or the nature of the tnetal. Metals with 
a large value for Fa will flow exponentially easier than those with small 
values. 

Non-metals are not separable into conductance electrons and kernels 
and therefore one understands why these substances do not have the 
ductility of metals. Preliminary investigation has shown that the factor 
AF*/T is not independent of temperature and of substance for non-metals 
as it is for metals-^ -a result one might expect. 

The conductance electrons surrounding the kernels act as an external 
pressure on the kernels, decreasing the tendency for brands to stay broken 
permanently, thus increasing the ductility. Hydrostatic pressure can be 
very effectively utilized to increase ductility as has been shown by Bridg- 
man.^ This pres^re, when applied to metals, supplements the pressure 
due to the conductance electrons in acting against permanent bond rupture 
in the flow process. 

Any rigid imperfection or dislocation of the lattice which interferes 
with the lattice structure in such a way as to prevent the kernels from 
moving independently of their conductance electrons will constitute a 
barrier to flow. These imperfections, however they are introduced, will 
harden the pure metal. This point of view explains naturally the effect 
of the imperfections considered to be present by G. I. Taylor® and others. 

* This paper is based on a research prograin conducted at the University of Utah in 
cooperation with the Office of Naval Research, U. S- Navy Department. 

flf the volume of the hole, Ka, is not formed by a fluctuation in density as the acti- 
vated complex appears then Vh must be a hole already present in the metal as a non- 
equilibrium imperfection. In that case V and Vk could be entirely different with V 
(Eq. 8) even as much as a thousand times smaller than U* and the compressibility /S 
then approximating the compressibility of matter in bulk. We have neglected this 
possible alternative a.s less lUceJy for metals than the identification of V with K*. 

1 Compton, A. H. and Allison, S. K., *X'Rays in Theory and Experiment, D. Van 
Nostrand, New York, 1935. 

* Lord Rayleigh, PhiL Mag,, 41, 107, 274, 447 (1871) ; 12, 81 (1881) ; 44. 28 (1897) ; 
47, 375 (1899). 

* Zachariasen, W. H., Theory of X-Ray Diffraction in Crystals, John Wiley Sc Sons, 
New York, 1945. 

* Epstein, P. S., Tmihook of Th^modynamics, John Wiley & Sons, New York, 1937. 
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* Fredrickson, Jay W., and Eyring, H., ‘‘Statistical Rate Theory of Metals, Mechanism 
of Flow and Application to Tensile Properties,*' A.TM.E, (in press). 

* Lonsdale, Kathleen, “The Structure of Real Crystals,” Set. Prog., No. 137, January, 
1947. 

’’ Ewell, R. H., and Eyring, H,, ./. Chem. Phys., 5, 726 (1937). 

* Bridgman, P. W., The Physics of High Pressures, Macmillan Book Co., New York, 
1931. 

* Taylor, G. 1., Proc. Roy. Soc. [London), 145, 362 (1934). 


EVIDENCE FOR AGING AS A CONSEQUENCE OF GROIVTII 

CESSATION* 

By Albert I. Lansing 

Department of Anatomy, Washington University vScuool of Medicine 
Communicated by T. N. Sonneborn. March 27, 1948 

A previous investigation by Lansing* has indicated that a non*geiiic 
factor is active in aging of the rotifer. This factor has been shown to be 
transmissible, cumulative and reversible. The current report which is an 
extension of the initial experiments brings together new data which show 
that the aging factor becomes operative at a critical period in the life span. 
The period of growth cessation in the rotifer seems to coincide with ex- 
pression of the aging factor as measured by accelerated aging. 

The essential nature of the experimental method consi^cd of establish- 
ment by selection from isolation culture of series of generations of a par- 
thenogenetic rotifer {Philodina cilrina) with uniform parental age in all 
generations; such a series of generations was designated an “orthoclone. " 
The isolation culture technique has been described previously. ^ It should 
be stressed that the experimental method involves no procedures which 
might alter the physiology of the rotifers. The longevity differences 
observed in various orthoclones are those apparently existing in nature 
and are only unravelled by the selection procedure. 

The standardized environmental and genetic techniques yield longevity 
data for Philodina citrinn which are remarkably consistent. Figure 1 
shows diagrammatically the survival curves and egg production data for 
two closely related clones of rotifers. A wild stock group of 60 rotifers 
are contrasted with a similar group derived from^ eggs laid on the sixth day 
of life by the wild stock group. The curves for both longevity and egg 
production are virtually superimposed. The mean life span of the parent 
gnmp was 25.6 =*= 0.63 days while that of the offspring (6Fi) was 25,7 =*= 
0.55. The mean number of eggs laid per day during adult life is approxi- 
mately two eggs per day. It is interesting to note that the adult fate of 
production is reached on the sixth day of life. Egg production falls 
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off rapidly to an insignificant level after the fifteenth day of life. As 
indicated previously,^ Philodina citrina appears to produce a maximum of 
32 eggs during the life span of an individual. 

With the culture method employed Philodina citrina hatches from the 
egg in one day, initiates laying of eggs on the fourth and fifth days of life, 
reaches adult size on the sixth day and begins to show senile changes on 
approximately the fifteenth day of life. 



FIGURE 1 

Survival and egg production curves for two related groups of 
Philodina citrina. 

* Measurements of body lengths were made with a micrometer ocular 
to determine the time at which maximum size is reached. It is difficult 
to obtain accurate data by this procedure since Philodina varies its length 
during movement. These measurements were made while the rotifers 
were fully extended in creeping along the bottom surface of the pyrex 
depression slides. The results of these measurements are graphically 
illustrated in figure 2 and represent the means of ten measurements for 
each day of life studied. Philodina citrina apparently reaches maximum 
length between the fifth and sixth days of life. This time coincides with 
that of initiation of the adult rate of egg production. 

The preceding investigation^ showed that the longevity of successive 
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Graph showing changes in length of the rotifer in early life. 
Maximum length appears to be reached between the fifth and 
sixth days of life. 


generations in old (16- and IT-day) orthoclones decreased progressively 
and that such old orthoclones invariably died out. Moreover, a similar 
pattern of events held true for eleven- and eight-day orthoclones. The 
latter result, illustrated graphically in figure 3, was particularly striking, 
for an eight-day old rotifer is a vigorous young adult animal. Since it 
was shown that orthoclones derived from adolescent (5-day old) rotifers 
manifest a progressive increase in longevity rather than a decrease, it 
seemed apparent that the aging factor must make its appearance or express 
itself early in life at some time between adolescence and early maturity. 
Six- and seven-day orthoclones were traced in detail in order to determine 
whether the factor appears abruptly or gradually between adolescence 
and early adult life. 

Figure 4 contains the essential data of the 7-day orthoclone experiment. 
Survival curves for each generation in the orthoclone are shown in relation 
to one another. The pattern of events in the seven-day orthoclone parallels 
that of older orthodones. The middle portion of the rectangular survival 
curve found in the first few generations tends to collapse as more animals 
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Three-dimensional graph of survival curves in successive genera- 
tions of an 8-day orthoclone. 


die at an early age. The 7F& and vsucceeding generations show a fairly 
uniform mortality rate with little change in maximum life span. The 
7 Fx 2 exhibits a distinct drop in mean life span and this is furthered through 
the 7F3ft which yielded a mean life span of 6.5 ^ 0.19 days. The 7Fi6 was 
the last generation that could be obtained since no eggs were laid by these 
animals at any time during their short life spans. 

The six-day orthoclone (Fig. 5) exhibits a pattern of change essentially 
like that of the 7-day orthoclone. Here, again, the middle portion of the 
survival curve collapses, no further marked changes occur until the four- 
teenth generation. The orthoclone died out for lack of eggs in the seven- 
teenth generation which 5 rielded a mean life span of 7.7 0.27 days. 

It appears, then, that the aging factor expresses itself at some time 
between the fifth and sixth day of life. The time cannot be defined more 
clearly with the present technique since observations are made at 24-hour 
intervals. 

The fact that the period between the fifth and sixth days of life in PhUo- 
dim cUrim marks the transition is significant when related to appearance 
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of the aging factor. Certainly the view that aging begins in the fertilized 
ovum becomes untenable. These experiments to the contrary suggest 
that aging is a direct sequel to growth cessation. Apparently, at any 
time during active growth the organism is at least potentially immortal. 
It is only with growth cessation that the capacity for aging develops. 



Three-dimensional ^aph showing: relation between successive generations of a 7-day 
orthoclone. 


Examination of figure 6 indicates that there is an orderly relation be- 
tween longevity in generations of an orthoclone and age of the orthoclone. 
The curve that can be derived from the block diagram is essentially 
asymptotic. It seems, therefore, that the aging factor not only appears 
abruptly during the period of growth cessation but also increases with age 
after tnaturity. 


«*CtNT SIMvtVOftS 
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Some critical observations remain to be made. The vertical limb of the 
asymptotic curve in 6 suggests that the longevity of a five-day 

orthoclone should be essentially infinite. This possibility is in accord 
with the observation that longevity of five-day orthoclones tends to in- 
crease. It remains to be demonstrated that the five-day orthoclone can 



DAYS 


Fi;pURE 6 

Three-dimensional g^raph showing relation between successive generations of a 6-day 
ofthoclone. 


be maintained indefinitely. Further, there as yet is no indication as to the 
maximum life span of rotifers in a five-day orthoclone. 

The behavior of the aging factor and its relation to growth assumes 
additional significance when one examines in retrospect the meager litera- 
ture on aging. Various experiments** ^ on the efifect of starvation on 
longevity contain the basic pattern that extension of the period of growth 
results in extension of the total life span. SonnebornV experiments on 
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AGE OF ORTHOCLONE - DAYS 


FIGtJRE 6 

Recapitulation of relation between longevity of orthocloncs and 
age of various orthoclones. 

Stenostomum suggest that growing tissues do not age while non*growing 
tissues do age. In general it seems true that post-mitotic cells are the only 
ones which |ge, growing intermitotic cells do not show age changes.® 
Summary— li. has been shown that aging of the rotifer involves a non- 
genic factor which is transmissible, cumulative and reversible. New data 
have been obtained which indicate that the time of appearance of this 
aging factf)r coincides, within the limits of the experimental technique, 
with the time of cessation of growth. 

There appears to be an inverse relation between the age of an adult 

orthoclone and longevity of such orthoclones, 

* 

• Aided by a ftrant from the U. S. Public Health Service. 

« Lansing, A. I., J. Gerontol, 2, 228-239 (1947). 

• Lansing, A. I., J. Exp. ZoOl, 91, 196-211 (1942). 

• McCay, C. M., in Problems of A geing, B. V. Cowdry, Williams & Wiltdns, B^timore 
(1942). 

• Kopec, S.. Brit. J. Exp. Biol, S, 204-211 (1928). 

• Sonneborn, T. M., J. Exp. Zo6l, 57, 67-108 (1930). 

• Cowdry, E. V„ Problems of Ageing, Williams & Wilkins, Baltimore (1942). 



PROCEEDINGS , 

OF THE 

NATIONAL ACADEMY OF SCIENCES 

Volume 34 July 15, 1948 Number 7 


REFLECTION EFFECT IN ECLIPSING BINARIES FOR A POINT- 

SOURCE OF LIGHT 

By H. K. Sen 

Harvard College Observatory 
Communicated by Harlow Shapley, May 17» 1948 

Milne, ^ it is well known, was the first to formulate a darkening law for 
the reflected radiation and deduce the reflection effect in eclipsing binaries. 
Milne's phase law is, however, true to the order of the square of the radius 
(in units of the distance separating the two stars) of the reflecting com- 
ponent, as he considered the components to be so widely separated that 
the incident light constituted an approximately parallel beam. 

KopaP drew attention to the need for the evaluation of the reflection 
effect to higher order terms, as the fractional radii of the components in 
eclipsing binary systems are quantities of the order of one-tenth. In 
Kopal’s words, 

'*ln order to establish a closer picture of conditions to be met in actual 
binary systems..., the convergence of the cone of fncident radiation 
should be considered as well as the finite angular size of the illuminating 
star. The respective exact equations belong to the class of those which 
are as easy to formulate as they are difficult to solve ; so that relatively 
little is known about the behaviour of higher order reflection terms so far." 

In the present paper, the finite radius of the reflecting star and the con- 
vergence of the incident beam are taken into account, but the illuminating 
star is treated as a luminous point.* The phase-function has been found 
correct to the fourth power of the stellar radius (in units of the distance 
between the two stars). The results should be applicable to supergiant 
components with early-type companions in eclipsing sj^tems like f Aurigae 
or W Cephei. The present investigation is only a first step towards a 
complete solution, ahd it is hoped that the finite radius and the darkening 
of the illuminating star will be considered in a future communication. 

To simplify the treatment, a cosine law of reflection has been assumed, 
analogous to Lambert's law in planetary photometry. The results, it 
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may be noted, would not be greatly vitiated by this assumption, as Kopal 
has shown by Fourier expansion that the simple cosine law does not deviate 
much from the more accurate phase laws.^ The approximation fails at 
the edge where, according to the cosine law, the intensity should vanish. 
Near the edge, however, the reflected radiation is so feeble in intensity 
that it contributes little to the total reflected light.* 

We have taken as the unit of length the distance between the centers of 
gravity of the two stars, and have treated the reflecting star as spherical. 
This is valid to our order of approximation (fourth power of stellar radius), 
as the distortion is of the order of the cube of the radius and would therefore 
introduce terms of the order of the fifth and higher powers of the radius, 
in the reflected light.® 


Q 



In figure 1, is the illuminating star, regarded as a point source of 
light. The illuminated star Ss is of radius a, and the distance StS^ « 1. 
SiE is the direction of the observer. P is any point on the surface of 
S2t and SiP «= r. Let the pha^e-angle SAE — €, the angle of foreshorten- 
ing PS2E » 7, the angle of incidence SiPQ = a, and the angle SiStP **• 7'. 
We hawe, by proiection on 

cos 7' » a + r cos a* (1) 

cos 7' — a 
r 

« (M-«)(1+Pia + P9a*+ ...) 

« M “ (1 — — |m(1 — mV** • m (2) 


which gives 


cos a 


t 
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where a* « cos y\ and Pi, Pj, ... are Legendre functions of ix. 

We shall retain, as already mentioned, terms up to a\ 

We express the position of P by spherical polar coordinates (Fig. 2) on 
the sphere *Si. 

N is the pole of SiE, Let NP = ly, and the angle PiV5i « <i>\ 

The element on the surface of 5a, 

d<r — sin i? d7f d4>\ (3) 


N 



FIGURE 2 


Also, from spherical triangles, NPSi and NPE^ we have 

At = cos 7 ' « sin ri cos <t>\ (4) 

and 

cos y ^ sin ft cos (€ — (*^) 

We shall assume, as already stated, that the reflected radiation is uni- 
formly distributed in intensity according to the cosine law 

/ =« 5 cos a, ( 6 ) 

where ir5 is the flux per unit area normal to itself, and a is the angle of 
incidence with the surface normal. 

Now, we have 
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At 


1 + 2Ma + (4 m® -- 


where L is the luminosity of the illuminating star (5i), 

From equations (2), (6) and (7), we have « 

/ = + CV - Da + . j. 


(7) 


( 8 ) 


From equations (3), (5) and (8), we have that the amount of reflected 
light received by the observer'is given by 

/ J^ a /'ir — »ec ^') / 

I cos y da ^ —o’" / / "! /* + (3 m* — l)a + 

fc/i — ir/2 (a sec V 




cos (e — <j>') sin® i? dit>^ di). (9) 


The limits for i) are derived from the consideration of the section of the 
plane « constant by the base of the enveloping cone. This is given by 
sin ri - a sec (i>\ The limits for 0' indicate that we are considering at 
first the partial phase, that is, when a part only of the illuminated portion 
of 52 is visible to the observer. The integration in the right-hand side of 
the equation (9) is to be performed with respect to t; first. 

We substitute for m from (4) in (9) and integrate (9) term by term, 
evaluating each partial integral at first in closed form and then expanding 
the latter in ascending }X)wers of a. Denoting the partial integrals by 
Ji, I 2 and Isf we arrive at the following values: 

h « j:i% ‘ 7:'n“.“;r.civr cos cos (« - <^0 sin* , dr, 


{ (ir — e) cos € + sin 6 } — o* sin * 


( 10 ) 


i^cos“^ a — sin"i (a sec ^0 

h ^ d f I (3 sin® tj cos® — 1) cos (c — 

*/ •“ir/2 */sJn“i (a sec 


3ir 


<^i0.sin® dn) ^ + 2cos€ + cos®€) — + 

cose) + 2a® sine. (11) 

a® / / ( — sin* ri cos* 2 sin t? cos 4 >' ) 

fc/*Jn"» (a »ec 0') \2 2 / 

COS (e ^ ^') sin® d<ti' drj «= *a® sin* e. (12) 
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Hence we have for the reflection effect for the partial phase 
_ 


(w — e) cost + sine) + g a(3 cos’ t + 2 cos t — 1) + 

]■ 


sin c cos^ ej. (13) 

,We shall now consider the complete phase, that is, when the illuminated 
portion of 52 is fully visible to the observer. This will be so long as € < 
sin™^ a. The limits for in this case will be cos“^ a and —cos“^ a. 

We have for the complete phase 

. 2 

J l = cos c, 
o 


h — ^tra cos € — xa cos €, 

and /a =«= ^ira^ cos e — 3ira^ cos «. 

Hence we have the reflection effect for the complete phase 




cos € + ^ cos e + 0 


:4 


(14) 


It should be noted that when tt — sin~^ a < e < tt, the star 52 will be 
in eclipse phase, that is, no reflected light will be received by the observer. 

In a letter to Kopal,® Russell mentioned the following useful check which 
the formulae for the reflection effect should satisfy. The portion of the 
incident light from 5i intercepted by 52 lies within the solid angle 


« » 2ir(l — cos s)t 


(15) 


where ^ is the angle which the tangent from the point 5i to the star Ssi 
makes with the line S 1 S 2 (see Fig. 1). 

Now, we have 


cos s “s a* 


1 1 2 1 4 

1 - 2® - 8“ 


(16) 


to our order of approximation. 

From equations (15) and (16) we have that the proportion of the incident 
light of star 5i intercepted by 52 is 

+ (17) 


As all incident light is reflected back, the proportion of the incident 
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light received as reflected light by the observer should also satisfy equation 
(17). We verify below that our formulae satisfy Russell’s check. 

We evaluate the proportion of reflected light received by the observer 
in three steps as follows : 

(1) Partial phase (a < e < ir — a). 


2ir 

L 


J* Lp sin ^ de “ J" { (tt — e) cos € + sin e} + 

^(3 cos^ e + 2 cos e — 1) + a* sin € cos^ e J sin € <fe 



(2) Complete phase (0 < € < a). 


L 


J Lfsm,(U = /•(i TT + cos € sin € de 




(3) Eclipse phase (ir — a < e < ir). 

There is obviously no contribution to the reflected light in this phase. 
Hence the proportion of the incident light received as reflected light by 
the observer is 


(17) 

Our formulae for the reflection effect therefore satisfy Russell’s check 
to the adopted order of approximation. 

The author desires to offer his sincere thanks to Dr. Zdenfek Koparfor 
suggesting the problem and for considerable helpful criticism during the 
course of the work. The author’s best thanks are also due to Professor 
Henry Norris Russell for illuminating discussion, to Professor Harlow 
Shapley for the very valuable privilege of working at the Harvard College 
Observatory, and to Mr. Arthur Hoag for kindly drawing the figures. 

Summary . — The reflection effect for a point illuminating source has been 
evaluated, correct to the fourth power of the ratio of the radius of the 
illuminating star to the distance between the two stars, on the hypothesis 
of a cosine law of reflection. • 

1 M. N., 87, 43 (1926). 

* An Introduction to the Study of Eclipsing Variables, 1946, p. 165. 

» Dr. Kopal In his Eclipsing Variables (loc, cit„ p, 166) has given an outline of a solu- 
tion initiated by Takeda {KytAo Mem., A17, 197 (1934)). But, as Prof, Russell pointed 
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out in a letter to Dr. Kopal, the upper limit of ir/2 in Dr. Xopars integral of the reflec- 
tion effect extends it beyond the convergent cone. At Dr. Kopars suggestion, the 
author has rigorously evaluated, in this paper, the integral with the proper limits. 

^ Loc. ciL^ p. 164. 

‘ Kopal, Annals t New York Academy Sciences, 41, 26 (footnote), 1941. 

• Kopal, Eclipsing t^ariables, p. 164. 


THE STIMULATORY ACTION OF CERTAIN FRACTIONS FROM 
BACTERIA AND YEAST ON THE FORMATION OF A BACTERIAL 

VIRUS 

By Winston H Price 

Rocxbfbllbr Institijte for Mbdical Research, Princeton, N. J. 

Communicated by John H. Northrop, June 3, 1948 

Recent experiments have shown that the formation of bacterial viruses 
and the response of the host cells depend upon the composition of the 
culture medium. WahP has shown that some coli bacteriophages may be 
formed in synthetic medium without lysis of the host provided a certain 
concentration of thiamin and calcium is added to the medium. Raising 
the concentration of thiamin results in lysis of the host although no more 
virus is formed than without lysis. Experiments from this laboratory* 
have shown that Staphylococcus muscae phage can also be released in 
S)mthetic medium without lysis of the host. The addition of a substance 
present in vfeal infusion results in lysis of the host in the latter system, 
Fowler and Cohen,* using a coli phage, have been able to increase the 
virus yield per cell by varying the composition qf the medium. Maurer 
and Woolley^ have reported that the addition of apple pectin to synthetic 
medium permits the release of jE. coli phage without cellular lysis. 

It has now been found that a fraction from yeast or from the bacterial 
cell stimulates the formation of a bacterial virus. This fraction has a high 
concentration of ribonucleoprotein and has been referred to as the ribo- 
nucleoprotein fraction by other workers.* The phage-stimulating property 
parallels the ribonucleoprotein fraction during purification. Splitting the 
ribonucleoprotein into free nucleic add and protein causCvS complete loss 
of the phage-promoting activity. In view of these results, our working 
hypothesis is that the active substance is a ribonucleoprotein until ex- 
periments may prove otherwise. 

A ribonucleoprotein fraction from yeast has recently been shown to 
stimulate the formation of adaptive enzymes in yeast.® This nudeopro- 
tdn fraction has also been found to accelerate the formation of a bacterial 
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vinis. These resiilts, together with a comparison of adaptive enzyme 
formation and bacterial virus formation, will be described in this paper. 

Experimentah — The Staphylococcus muscae phage system described 
previously was used in all the experiments.^ The cells and virus were 
grown as reported earlier.® Bacteria and phage were determined as in 
earlier experiments.’ The synthetic medium was the same as that de- 



Minutes 

FIGURE 1 


The effect of the bacterial ribonucleoprotein fraction on the formation of bacterial 
viruses. The bacterial cells .were washed off a 2()-hour old veal infusion agar slant and 
prepared as described under Methods. Two tubes of synthetic medium containing 2.0 
mg. of hydrolyzed casein were inoculated with 5.8 X 10' cells per ml. Tube A was the 
control and tube B received 0.1 ml. of the ribonucleoprotein fraction containing 0.7 7 
of nitrogen per ml. After 1 hour of incubation both tubes contained 6.2 X 10' cells per 
ml. To each tube 0.1 ml. of a virus solution was then added to give a final titer of 4.8 
X 10' particles per ml. The tubes were shaken 18 minutes and then diluted 1:2000 in 
their respective media. The control tube showed 43% of the virus adsorbed and the 
tube containing the nucleoprotein showed 40.7% of the virus adsorbed. Samples were 
taken from the diluted tubes for virus assay at various times. 

scribed previously.® One-step growth curves were carried out according 
to Delbriick and Luria.* 

Most of the nucleoprotein fractions were prepared from bacterial cells 
first ground with powdered glass and then extracted with water. After 
centrifugation the supernatant fluid was adjusted to pH 4.0 with 10% 
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acetic acid and 1 volume of alcohol added. The precipitate wavS collected, 
resuspended in water and adjusted to pH 6.3 with 0.5 M NaHCOg. This 
solution was adjusted to pH 3.7 with 10% acetic acid. The precipitate 
was collected and the acid precipitation repeated. The yeast ribonucleo- 
protein fraction was prepared from fresh baker's yeast in a similar manner, 
except that the crude water extract was dialyzed against water for 10 
hours before the alcohol fractionation. All operations were carried out 
at 5^. 

Results. The addition of the nucleoprotein fraction docs not increase 

the per cent adsorption of the vdrus to the cell nor does it decrease the 
minimum latent period (Experimental Procedure in figure 1). It does 
increase the yield of virus per cell. As shown in figure 1 , for the first 30 
minutes the phage count, which represents the unadsorbed phage and the 

TABLE I 

The Effect of Varying Concentrations of the Bacterial Nucleoprotein Frac* 

TION ON THE FORMATION OF THE BACTERIAL ViRUS 

The same conditions were used as in figure 1. The values below represent the maxi- 
mum titer at the end of a one-step growth curve. The initial titer was 2. 1 X 10* plaque 


counts per ml. 




7 .V OF 

' KTBONUCl.KOPKOTBtN 
iiAMPI.ri FRACTION ADI>BD PBR «L. 

% ADSORPTION 

OF VIRUS TO CBLL 

PlNAl. PLAQUR 
COUNTS PRR ML. 

1 


40,2 

1.1 X 10» 

2 

0.22 

42.1 

2.1 X 10* 

3 

0.44 

38.0 

3.1 X 10* 

4 

0.88 

41.3 

5,3 X 10* 

5 

1.0 

39.1 

5.6 X 10* 

adsorbed phage, remains constant. This period is 

called the minimum 

latent period,® 

At the end of 30 minutes, the phage titer goes up for 30 

minutes as the 

virus particles are 

released by the infected cells. Due to 


the high dilution step used in the one-step growth curve, the phage titer 
no longer increases after the initially infected bacteria have released their 
phage, since there is no readsorption of the released virus particles to new 
cells. The average yield of viruses per cell may be calculated by the 
equation® below. 

^ . final virus — initially unadsorbed virus 

Average burst size —7-: — : . ^ — ~ — r™' 

initial virus — initially unadsorbed virus 

In the experiment shown in figure 1 the control tube formed an average 
of 7 viruses per cell and the tube containing the nucleoprotein fraction, 
31 virus particles per cell. In the hundreds of tests that have been run, 
the nucleoprotein fraction from yeast or bacteria has increased the relative 
phage titer from 2 to 30 times over the control. The average stimulation 
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is generally fourfold. It should be noticed that these tests are run with 
cells in the resting phase. Cells in the log phase form more phage than 
those in the resting phase and under these conditions the nucleoprotein 
fraction has only a slight effect, increasing the formation of phage not quite 
two times. It appears that tliis substance may be synthesized by rapidly 
growing cells. The experiment in table 1 shows the effect of varying 
concentrations of the nucleoprotein fraction on the formation of the virus. 

The ultra-violet absorption curve of a highly pixrified fraction of the 
yeast ribonucleoprotein fraction shows a sharp maximum at 2000^ A. U. 
and a minimum at 2450 A. The minimum at 2450 A is characteristic of 
nucleoproteins rather than free nucleic acid. The minimum of free 
nucleic acid is at 2300 A.® Splitting the nucleoprotein into free nucleic 
acid and protein causes a complete loss of phage-proraoting activity. In 
the present state of purity, the phage-stimulating activity of the ribonucleo- 
protein fraction is not destroyed on incubation with trypsin, chymo- 
trypsin, pepsin, ribonuclease or desoxynuclease. It is, of course, not 
dialyzable. It is not precipitated by cold trichloroacetic or metaphos- 
phoric acid, is very poorly precipitated by ammonium sulfate, and is 
maximally precipitated by acid at aromid pH 3.7. It is not spun down by 
centrifuging 1 hour at 24,000 r. p. m. at pH 6.8 in a Bauer-Pickels air- 
driven centrifuge. The best bacterial preparation coijtained 15.3% 
nitrogen and 2.6% phosphorus. The nucleic acid is all of the ribose type. 

llibonucleoprotein fractions prepared from calf thymus, pancreas and 
liver are inactive. The virus, which contains mostly if not all desoxy- 
nucleic acid, inactivated by mild heating or acid, has no phage-promoting* 
activity imder our conditions. The conditions used to inactivate the 
phage do not inactivate the ribonucleoprotein factor. Tobacco mosaic 
* virus, which is a ribonucleoprotein, shows no phage stimulating activity 
in our system. 

Several months ago in a short abstract Reiner and Spiegelman announced 
the isolation from yeast of a ribonucleoprotein fraction which stimulated 
the formation of adaptive enzymes in yeast.® In view of the great simi- 
larity between their substance and the substance being studied in this 
laboratory, their adaptive enzyme fraction was tried in our phage system. 
Tabled shows that it acted exactly like the fraction isolated by us and had 
approximately the same activity per mg. of nitrogen as our fraction. All 
three purified preparations sent to us by Dr. J. Reiner were active in our 
system. Our compound is not active in the adaptive enzyme system. 
This is not surprising since their substance must isolated in the presence 
of galactose. 

Discussion . — The experiments reported in this paper show that the 
addition of a fraction, from the host bacterium or from yeast, containing 
ribonucleoprotein increases the virus yield per cell of infected bacteria. 
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The ribonucleoprotein fi action isolated from yeast by Reiner and Spiegel- 
man® which stimulates adaptive enzyme formation is very similar to the 
substance isolated in this laboratory. Indeed, it may replace it in stimu- 
lating phage formation. 

It is difficult at the present time to understand the mechanism involved 
in the stimulation of the formation of a phage containing desoxy nucleic 
acid by the ribonucleoprotein fraction. A theory has been proposed by 
Spiegelman^^ to account for the action of his ribonucleoprotein fraction 
in enzyme formation. We have no evidence for or against his theory at 
the present time. 

It appears to us that two possibilities exist: (1) the factor acts as a pre« 
cursor-like or nutrient substance or (2) it effects some reaction necessary 
in virus synthesis. As a working hypothesis, the latter theory is being 
tested. From the work of Caspersson^^ and Brachet^^ it appears that 

TABLE 2 

The Effect of the Yeast Adaptive Enzyme Factor on the Formation of the 

Bacterial Virus 

The same concUtions were used as described in figure 1. The values below represent 
the maximum virus titer at the end of a one-step growth curve, The amounts of 
nitrogen used represent that concentration which gave 60% stimulation. The initial 
titer was 3.1 X 10^ plaque counts per ml. The adsorption was approximately 40% 
in all samples. 


PtNAt PI.AQUB 

SAMPLE AUOITJON8 COUNTS PER ML. 

1 1 . 1 X 10» 

2 Ribonucleoprotein fraction isolated in 2.7 X 10* 

this laboratory (I.I 7 N per ml.) 

3 Enzyme stimulatory factor (0.81 7 ^ 3.1 X 10* 

per ml.) 


ribonucleic acid is somehow concerned in protein formation. This, to- 
gether with tlie observation that the riljonucleoprotein fraction also in- 
creases enzyme formation, makes it a likely hypothesis that the fraction 
is somehow accelerating protein synthesis. Chemical determinations of 
cells grown in the presence of this fraction have so far shown no differences 
over control cells, and cells, even in the lag phase, do not multiply faster 
in the presence of the compound. 

Another interesting point brought out by these experiments is the 
similarity between adaptive enzyme formation and bacterial virus forma- 
tion. This similarity was pointed out by Northrop^® and, although this 
view was not very popular, it should be reexamined in the light of new 
experimental evidence. An adaptive enzyme is formed by cells when 
grown in the presence of its substrate just as cells form phage when grown 
in the presence of phage. Before the production of either adaptive 
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enzyme^^ or virus/ there is a lag petiod. Both enzyme^^ and virus** may 
be formed in non-viable cells. Cells which have the ability to multiply 
rapidly appear to form adaptive enzymes*® and viruses*’ better than old 
cells. A ribonucleoprotein fraction from yeast stimulates both virus and 
adaptive enzyme formation. One of the great differences that has existed 
between adaptive enzymes and viruses has been the destructive effect of 
the virus on the host. Even this difference, however, is not a very sharp 
one, since it has been found that the pathological response of the host to 
the virus may be modified by varying the medium.*' ^ 

Competitive interactions in the cell exist in the fonnation of both 
adaptive enzymes and bacterial viruses. Thus Spiegelman*® has shown 
that the fonnation of an adaptive enzyme in yeast may cause decreases in 
the other enzyme systems of the cell. In the formation of bacterial viruses 
in the E. coli system, Cohen has presented evidence that the formation 
of the virus prevents the synthesis of cellular coHvStituents. The very* 
interesting observations of Monod’® on the formation of adaptive enzymes 
in bacteria are important in this connection. On exposing a cell to two 
sugars simultaneously, only one adaptive enzyme was synthesized. A 
similar situation in phage fonnation has been found by Delbruck and 
Luria* who infected a bacterium with two different viruses and found that 
only one multiplied. Thus in both adaptive enzyme formation and bac- 
terial virus multiplication there may exist a mutual exclusion effect. 
Finally, there are the observations, with a few exceptions, that in bacteria, 
viruses*® and adaptive enzymes’^ both need a source of external nitrogen 
for their formation. 
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VITAMIN Ki AS AN INHIBITOR OF THE GROWTH OF FUNGI 
AND OF FERMENTATION BY YEAST* 

By Robfrtson Pratt, Peter P. T. Sah, Jean Dufrenoy, and Virginia 

L. Pickering 

ITNfIVERSrrY OF CALIFORNtA COLLEGE OF PHARMACY, ThE MbIHCAL CENTER, 

San Francjsoo 22 

Communicated by E. W. Sinnott, June 3, 1948 

The present report is concerned with new biological observations on 
one of the vitamin K analogues, vitamin Ke, known chemically as 2- 
methyl-4“amino-l-naphthol hydrochloride. This compound which has 
been used with remarkable success as a water-soluble form of antihemor- 
rhagic vitamin,^ is characterised by low toxicity for animals, the LDw for 
mice lieing ‘appn)xipiately 750 nig./Kg. when administered orally* or 
intraperitoneally.* Discussion of the chemistry and pharmacology of 
vitamin K and related compounds and methods of laboratory synthesis 
of different analogues of the former have been published.'*’ * Due to 
their inhibitory action on the formation of acid in s£iliva, both vitamins 
Ks (2-methyl- 1,4-naphthoquinone) and Ks may find practical application 
in prevention of dental caries.'^’ * Vitamin Ks and 2-methyl- 1,4-naphtho- 
hydroquinone retard the growth of Penicillium notatum,^ of other fungi, 
and of yeasts,*® Vitamin K^, however, appears not to have been studied 
for antifungal properties. 

The vitamin Ks (2-mcthyl-4-amino-l-naphthol hydrochloride) used in 
the following experiments was synthesized as previously described by one 
of us** with slight modifications to improve the yield. 

Inhibition of Growth of Fungi. — Penicillium notatum and Trichophyton 
mentagrophytes were selected for study as repre.sentatives of non-pathogenic 
and pathogenic fungi, respectively. A heavy inoculum of spores of P, 
notntum was seeded into each of several mushroom spawn bottles con-, 
taining a corn steep liquor and mineral salt culture solution to which 
different amounts of vitamin Ks were added. The initial pH of all solu- 
tions was adjusted to 5.5. Each concentration was studied in duplicate 
or triplicate in each experiment. The experiment was repeated three 
times, always with the same result. Growth of the mold was inversely 
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related to the concentration of K^: a concentration of 100 ing*/L. (100 
p. p. tn.) suppressed all growth. This is shown in figure 1 which is a re- 
production of a photograph taken two weeks after inoculation. 

The effect of Ka on T, mentugrophytes was studied using Sabouraud’s 
medium and the well-known agar cup-plate technique. The Petri dishes 
used were 9 cm. in diameter: the central wells cut in the agar with a sterile 



FIGURE 1 


Growth of Penicillium notatum on a culture solution containing com steep liquor i 
mineral salts, and different amounts of vitamin Kt. The concentrations of K* are indi- 
cated iinng./b. at the bottom of each bottle. Photograph taken two weeks after inocu- 
lation. Growth was markedly retarded by a concentration of 50 mg./L. and was 
checked completely by a concentration of 100 mg./L. 

cork borer were LI cm. in diameter. A 1 per cent solution of K® checked 
growth of the fungus on the entire surface of the plates when placed in the 
central wells, A 0.1 per cent solution (1000 p. p. m.) produced zones that 
averaged 6.2-0.3 cm. in diameter. It seems probable that in broth cul- 
tures where the factor of diffusion of the comparatively large molecule 
through agar would be eliminated, lower concentrations might suffice 
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to prevent growth of this organism, since the compound completely checked 
growth of the fungus when incorporated in the nutrient agar in a concen- 
tration of 0.001 per cent. 

Similarly vitamin K* was observed to be endowed with strong fungistatic 



HOURS 


FIGURE 2 

Change in gas pressure produced by yeast cultures in 10 per cent glucose with different 
concentrations of vitamin K*. 

activity when Microsporum mnis^ M. atcdouini and the plant pathogen 
Botrytis aUii were employed as test organisms. 

Inhibition of YeasL — ^The effect of different concentrations of vitamin 
K$ on production of CDs by yeast {Saccharomyces ceretdsiae) in 10 per cent 
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glucose was studied manometrically by means of the Warburg technique. 
All solutions were adjusted to pH 4.8. The averaged results of several 
experiments are shown in figure 2. Since the suspensions of yeast cells 
were placed in vessels with no KOH or other agent to absorb the gas that 
was liberated, an increavSe in pressure (curves with a positive slope) may 
be interpreted to mean that evolution of CO 2 exceeded consumption of 
O 2 , and a decrease in pressure (curves with a negative slope) may be 
interpreted to indicate the opposite condition, i.e., consumption of O 2 
exceeded evolution of CO 2 during the period of measurement. 

The data plotted in figure 2 show that vitamin Kg at a concentration of 
25 mg./L. increased absorption of Oj relative to evolution of CO 2 . It is 
noteworthy that the points describe two straight lines rather than a curve 
with continuously changing slope. The sharp break in the curve suggests 
that the availability of a substrate on which rapid O 2 uptake depends was 
diminished imtil its concentration fell below a certain threshold, at which 
time another substrate must have come into play. 

A similar but less pronounced excess of O 2 uptake relative to CO 2 evolu- 
tion was apparent in the presence of 50 mg. Kb/L. At a concentration of 
100 mg./L. the r(^lative excess of O 2 uptake bctcamc apparent after an 
initial lag period of approximately one-half hour and continued for ap- 
proximately two hours. Then the curve of slight negative slope reached 
the initial zero line where it remained throughout the duration of the 
experiment, due either to restoration of an RQ of 1 or to complete blocking 
of gas exchanges between the cells and the external medium. 

The control curve shows that in the absence of vitamin Kj a constant 
RQ greater than 1 was reached after approximately one hour and was 
maintained for the duration of the experiment. 

The experimental results are reminiscent of the observation that' appro- 
priate concentrations of naphthoquinones or related compounds induce a 
transient increase in the rate of utilization of intracellular materials in 
algae, but hinder that of substances entering the cell from outside and 
thereby eventually disrupt metaholic activity.^- 

Vitamin Kb at concentrations as high as 100 mg./L. did not inhibit the 
ability of the yeast to reduce colorless triphenyltetrazolium chloride to 
the red formazan, a reaction which is considered to depend upon dehydro- 
genase systems requiring coenzymes I and II. Conversely, solutions 
containing 25 mg. or more of Kb per L. inhibited the indophenol oxidase* 
system in yeast. Normally yeast cells promote rapid formation of indo- 
phenol-blue from a mixture of diraethyI-/)-phenylcne-diamine and thymol, 
but after having been exposed to solutions containing 25 to 100 mg. 
Kb/L., they not only tend to prevent formation of indophenol-blue but, 
if brought into the presence of the dye, they reduce it. 

Discussion —Ovkx experimental results with vitamin Kb are in accord 
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with those of Ball, et who found that substituted naphthoquinones 
prevent the oxidation of /^-phenylencdiainine and interfere with the re- 
spiratory systems at a redox potential between those at which cytochrome 
C and cytochrome B operate. More specifically vitamin K6 may be 
assumed to interfere with the component which Bach, et a/,,'** consider 
necessary for the reduction of cytochrome C by cytochrome B, and which 
Slater^® tentatively identified as a haematin compound. It may be 
suggested that vitamin may act by the same mechanism that Schonberg 
and co-workers postulated for the various naphthoquinones, viz., by 
virtue of a high oxidation-reduction potential. 

Because of its fungistatic activity and its low toxicity, vitamin Kg may 
prove of value for the preservation of foods and beverages as well as for 
clinical treatment of derma tophy tic fungi. 

Summary. Ks (2-mcthyl-4-amirio-hnaphthol hydrochloride) 
at a concentration of 0.1 Gm./L. prevents growth of PenicilUum notatum 
NRRL 124y.B4 on a rich culture medium. Growdih of Trichophyton 
nrentagrophyies was prevented by at a concentration of 10 Gm./L. in 
agar cup-plate tests or by 0.01 Gm./L. when the compound was incorpo- 
rated in the nutrient substratum. The compound is strongly antagonistic 
also to Microsportitn cafiis^ M. atulouini, and Botrytis allii. Concen- 
trations of 25 mg. or more of K^/L. checked fermentation by yeast {Sac- 
charomyces ceremsiae) in a 10 per cent glucose solution. 

The results are interpreted in terms of altered redox potentials. 

The possible use of vitamin in clinical treatment of dermatomycoses 
and as a preservative in the food and beverage industries is suggested. 

* This work was supported in part by a generous research grant from the Cutter 
Laboratories, Berkeley, California, 
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INACTIVATION OF ENZYME-SUBSTRATE FILMS BY SMALL 

DOSES OF X-RA YS 

By Daniel Mazia* and Gertrude Blumknthal 

DEPARTMliNT OF ZOOLOGY, UNIVERSITY OF MISSOURI 

Conimuuicaied by L, J. Stadler, May 17, 1048 

The analysis of the biological effects of radiations in terms of their effects 
on simpler biochemical systems is rendered difficult by the fact that most 
biochemical systems seem so insensitive to radiations. In particular, chro- 
mosomes are often affected, structurally and genetically, by doses smaller 
by orders of magnitude than those which affect enzyme solutions, virus prep- 
arations, etc., measurably. This apparent paradox contains certain clues 
for the further analyvsis of biological effects. It focuses attention on the 
chromosomes as the sensitive agents in the cell. This apparent sensitivity 
is based in part on method. Chromosomal effects are often expressed as 
visible changes, so that a single effect may be detected. The genetic units 
in the chromosome are unique, so that the consequences of a single event at 
the molecular level can be far-reaching and persistent. This contrasts with 
the statistical nature of most chemical measurements. 

But the question of the radiation sensitivity of chromosomes involves 
factors not represented in an enzyme or virus solution, most clearly evident 
where a single radiation event produces a break in a microscopic structure. 
The cliromosome is a continuous "solid’' body, varying in both structure 
and sensitivity through its own cycle and according to experimental condi- 
tions. In attempting to visualize the effects of radiation, the structural fac- 
tor has to be introduced. Therefore it would be desirable to set up a bio- 
chemical system in which the factor of intermolecular structure was present 
and in which the variables encountered by the chromosomes could be 
tested. If such a system showed a high radiation sensitivity, this would in 
itself suggest a relation between structure and sensitivity . 

We have, in accordance with these requirements, investigated the radia- 
tion sensitivity of surface films containing a proteolytic enzyme and its sub- 
strate. Mazia, Hayashi and Yudowitch' have described the structure and 
enzymatic activity of such a system involving pepsin and albumin, and have 
cofisidered possible parallels with chromosome structure and activity. Pre- 
liminary experiments showed that this system was indeed sensitive to radia- 
tions. X-ray doses of the 50-150 r order produced extensive ihactivation. 
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The sensitivity seemed to depend on the structural configuration, for the 
same doses applied to the solutions from which the films were prepared had 
no detectable effect. The sensitivity might depend on alterations of the 
molecules on spreading, on the participation of sensitive intermolecular 
^ bonds, not present in the solution, in the reaction, or merely on the geom- 
etry of the exposure of the films to the irradiated medium. All of these 
possibilities may also be implicated in the sensitivity of chromosomes, and 
all of them would be absent in experiments on solutions. The present series 
of investigations is an exploration of these structural factors in radiation 
sensitivity. The possible analogies between the actual structure of the 
films and of chromosomes are not essential to such an exploration. 

Methods . — Each experiment consists of the following steps. (1) A film 
containing both enzyme and substrate is prepared by spreading at a pH at 
which the activity of the enzyme is negligible. (2) The film is irradiated. 

(3) The film is compressed into a fiber which is removed and washed. 

(4) The enzymatic activity in the fiber is estimated by bringing the fiber 
to the pH optimum of the enzyme and timing its self-digestion as observed 
microscopically. 

Solutions . — The stai^ting solutions consisted of mixtures of crystalline egg 
albumin, prepared by the method of LaRosa,® and crystalline pepsin (Lehn 
and Fink Co.) in water. The albumin was dialyzed in the cold and frozen 
dried. As this treatment produced pepsin preparations of varying activity, 
we used the pepsin-MgSO^ mixture without further purification, estimating 
its protein content by the method of Robinson and Hogden.* The total 
protein concentration used was 0,2 per cent. A small amount of isopropyl 
alcohol was used to improve spreading. 

Preparation of The films were spread over 10-fold diluted Mac- 

Ilvaine buffer, the final pH being 4.0, in a Cenco Hydrophil tray. Pyrex- 
redistilled water was used. The protein solution was measured onto the 
previously swept surface with a 0.1 ml. pipette. In most of the experi- 
ments, 0.05 ml. of the solution, a slight excess over what would be required 
to cover the surface imder ideal conditions, was used. This meant that 
there was a small amomii of surplus protein, about 0.03 mg. of albumin and 
about 0.001 mg. of pepsin, dissolved in the liter or so of buffer imder the 
film. The buffer was changed for each experiment, so that there would be 
no accumulation of dissolved protein. The possibility of misinterpretation 
of the results because of the presence of dissolved enzyme will be considered 
later. 

Irradiation . — The film trough was placed under the x-ray tube so that the 
target was directly over the center of the film. The standard area irradiated 
was 18 X 32 cm. The dose rate was controlled by varying the targe t-to- 
film distance, but, to insure covering the film, this was never less than 20 cm. 

The Coolidgfe tube was operated at 150 kv. and 4 amperes with a l-mm. 
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A1 filter. Dose was not measured for each experiment, but was calculated 
from calibrations made with a Victoreen dosimeter set at various points in 
the him tray, the tray being filled with paraffin. By this means, allowance 
could be made for back-radiation, and for variations inherent in the geom- 
etry of the system. Doses given iti the data below are those immediately 
below the target, and therefore represent the maximum received by the 
films. 

Test of Activity, — The activity of ^epsin-albumiti films may be detected 
and measured microscopically. The film is compressed into a fiber by 
bringing the barriers together, and the fiber is removed and washed as free 
as fxjssible of stdutes from the trough with distilled water. The washed 
fiber is then placed in HCl at pH 1 .5 and observed microscopically. Fibers 
containing active pepsin are observed to digest themselves and disappear 
rapidly. Control fibers containing albumin and pepsin in a 40 to 1 ratio 
digest in 30 to 50 seconds at pH 1.5 and 2b^C, Mazia and Hayashi^ have 
tested this microscopic method by comparison with measurements on the 
rate of liberation, under similar cojiditions, of trichloracetic-soluble split 
products, following the methods of Anson.® The results have invariably 
been parallel; the slower the disappearance of the fibers, the lower is the 
rate of release of split products. While the time required for visible diges- 
tion may not be a precise measure of the rate of digestion, we have never en- 
countered a case where visible digestion was not accompanied by release of 
split products or where a fiber that did not visibly digest gave a full yield of 
split products. We consider, therefore, that a slowing down or complete 
inhibition of visible digestion is a measure of inactivation, and this was the 
measure used in testing the effects of irradiation. For the present, our 
chemical method is not suitable for the type of experiment described in this 
paper, since it requires about 1 mg. of dried fiber. 

Results, — Rate of Digestion as a function of x-ray Dose.— Th^t effects of 
radiation on digestion -time are shown in figure 1 . The two curves represent 
films prepared from solutions containing pepsin-albumin ratios of 20:1 and 
40:1. Each point represents a completely independent experiment. We 
shall not at this time consider the source of variability in the observations, 
except to mention that later work indicates that sensitivity is very depend- 
ent on surface pressure which was not controlled in the experiments shown 
in figure 1 . The trend of the results is clear enough. Effects of doses of the 
order of 50 r may be detected and doses over 150 r produce the maximum 
effect that can be observed : coinplete failure of the compressed film to di- 
gest. The results suggest very strongly a '^threshold'' effect. In terms of 
delay in digestion time, doses below 50 r are not very effective compared 
with the same increments of dose above 50 r. 

Measurement of Effect, — While the results given do show that we are 
dealing with a highly radiosensitive enzyme system, the bare data do not 
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permit a quantitative evaluation of the effect. For this purpose it would be 
desirable to express the results as the proportion or number of active units 



FIGURE 1 

Rdation between digestion rate and x^ray dose. Each point represents an 
independent experiment. Ratios are albumin-pepsin ratios in solutions from which 
films were prepared. 



FIGURE 2 


Relation between enzyme content of film,s and digestion rate. Curve B represents 
digestion rates for various albumin pepsin ratios (Scale B). Ratios are those in solu- 
tions from which fihns were prepared. Curves A (read against scale ,<4) ore calculated 
from Curve B, Enzyme content of 20: 1 and 40:1 films arc taken as unity, digestion 
rate is plotted against fractions of initial enzyme content. 


affected. This is possible if a relation can be found between the number of 
active units and the digestion rate. Such a ‘'calibration'* is obviously pos- 
sible, for all that is necessary is to determine the digestion rate of films pre- 
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pared from solutions containing various substrate enzyme ratios. The re- 
sults of such a calibration arc given in figure 2. 

The use of this calibration depends on certain assumptions. First, it has 
to be assumed that there is a definite relation between the enzyme and sub- 
strate concentrations in the solutions and in the film. It is assumed, in the 
plot, that the ratios in the film approximate those in the solutions. Second,, 
it must be assumed that any decrease in the digestion rate after irradiation 
results from the inactivation of a certain proportion of enzyme molecules 
rather than other conceivable causes. This assumption is difficult to test. 
It is, however, present in every enzyme experiment where the amount of 
active enzyme is deduced by comparison with a concentration-activity 
curve. The only alternative would be the impracticable one of isolating the 
active fraction. 



Relation between x-ray dose and surviving active fraction of enzyme in film. Data 
from figure 1 are replotted using calibration data of figure 2, 

In figure 2, Curve B represents the actual relation between the substrate 
enzyme ratio and the rate of digestion, as determined by separate experi- 
ments on various mixtures. The other curves are based on the same data 
and are introduced merely for convenience. They represent the relation be- 
tween the active fraction of the enzyme and digestion rate where certain 
substrate-enzyme ratios are taken as unity. 

These curves may then be used to express the radiation data of figure 1 in 
terms of the surviving fraction of the initial activity. Obviously, they can 
also be used to calculate the number of units inactivated, using the area of 
the film and the molecular weights of the proteins. 

Figure 3 shows the radiation dat^ plotted as dose against active fraction. 
If the calibration of the method is valid, this plot establishes the high sen- 
sitivity of the system in an absolute sense, for it is seen that a dose of 100 r 



VoL. 34, 1949 


GENETICS: MAZtA AND BLVUENTHAL 


destroys more than half of the activity present. Certain other points are 
suggested by the plot. 

1, The '‘threshold” effect suggested by figure 1 remains. The point of 
deflection is difficult to determine as might be expected where individual 
films vary in sensitivity. 

2. There is an^^unexplained difference between the two films of different 
composition. The threshold effect is kvSs pronounced in the film with a 40;1 
substrate enzyme ratio than in the 20:1 film. Moreover the whole dose- 
effect relationship is different for the two films. If we were dealing with a 
“hit” relationship, we could expect the curves to coincide, since the fraction 
affected would not be. a function of the size of the population. If we were 
dealing with an indirect action as described by Dale, it would be expected 



KIGURE 4 

Relation between surface compression and radiation sensitivity. Compression 
given in units of area, not pressure. Inactivation calculated from calibration in figure 2. 
Curve represents inactivation by 96 r. The single point gives inactivation by 240 r 
at 28 per cent compression. 

that the total number of units affected by a given dose would be independ* 
ent of the number present. This is not the case. It is obvious that the 
composition affects the sensitivity in a way that is not simple. 

Effed of Compression on Sensitivity , — These films are more sensitive to 
radiation than would be predicted from their composition alone, and the 
structural factors in their sensitivity have to be taken into account. One pos- 
sibility is that the spreading of the enzyme molecule (however incomplete) 
may increase its sensitivity. Another is that the structural continuity may 
be a factor. These variables may be tested by deter juining the effect of 
surface compression on radiation sensitivity. In these experiments, the 
films were spread as already described, compressed to a given area, irradia- 
ted, then fully compressed and tested for digestion rate. The results arc 
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given in figure 4, There is evidently a sharp, discontinuotis effect. Sensi- 
tivity begins to fall off at about 10 per cent compression, and at about 28 
per cent compression is lowered to the point where the effects of a dose of 96 
r are not detectable. Sensitivity is only lowered, not destroyed. At 28 per 
cent compression, 240 r produce about the same effect as 96 r at 13 per 
cent compression. If krea of exposure to irradiated medium determined the 
sensitivity, one would expect some simple proportionality between area and 
radiation effect instead of tlie discontinuous relationship observed. It 
seems clear that, regardless of the mechanism of the radiation effect, the 
effect is on the film itself rather than on di>ssolved enzyme and that the sen- 
sitivity is determined by the physical configuration of the film. Obviously, 
the “compression" shown in the data is only a very rough index of changes 
in surface pressure, and it is necessary to investigate the relationship be- 
tween actual pressure and sensitivity. Such an investigation is now under 
way. 

Calculations . — Although the experiments bearing on the mechanism of 
x-ray action on the enzyme substrate films will be reported in a second 
paper, the nature of the problem can be indicated by some pi eliminary cal- 
^culations. In making these, we have relied on the tables comjmted by Lea.** 
First, the number of units affected may be estimated from figure 3. The 
film area used in our experiments was 570 cm.‘^ Film pressure determina- 
tions show this to contain about 0.07 mg. of protein, or a total of 10**^ mole- 
cules of molecular weight 34,000. A 20:1 albumin pepsin film would con- 
tain about 5 X 10^® pepsin molecules and a 40 ;1 film half this number. In 
orders of magnitude, 100 r, according to figure 3, would produce inactiva- 
tion equivalent to the removal of 10’® pepsin molecules. 

The expected number of ionizations in the film itself may be estimated 
on the basis of the mass of protein, neglecting geometric considerations 
which would make the true figure lower than the estimate. For the film 
containing 0.07 mg. of protein, 100 r of 0.15 A x-rays would yield about 
10’® ionizations, a figure lower by orders of magnitude than the estimated 
number of pepsin molecules inactivated. 

If the effect is through ionization products in the medium, the calculation 
has to be made on the basis of unstable products of water decx>mposition. 
Experiments in which films were spread over solution that had previously 
received large doses of radiation showed no differences from controls, and 
therefore the formation of adequate concentrations of stable products must 
be excluded. Using Lea^s data again, it is calculated that the number of 
radicals produced by 100 r is of the order of 10’* per cc. One may calculate 
the time that would be required for 10’® radicals to reach the Mm if they 
were stable. The equation for diffusion across a plane from a semi-infinite 
column into a column of zero concentration is given by Jacobs ^ (equation 
104). We use as diffusion constant the value of 2 X lO**^ cm.® sec.*’, the 
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constant for DaO in HjO, The calculation shows that it requires 10^* 

seconds for 10** radicals to reach the surface. If, then, radicals produced by 
the decomposition of water were the effective agents, the simple calculation 
would require their half-life tcv be of this order. If only radicals finding a 
pepsin molecule were effective, the time would be 20-40 times greater. Lea 
estimates 10 seconds as their half-life in water, and less in the presence of 
solutes such as citric acid which was present in 0.01 M concentration in our 
experiments. 

On the face of these considerations, our results would require the assump- 
tion that the effects of a single radiation event, whether in direct action 
through ionization or indirect action through ionization products, are 
spread over a considerable number of pepsin molecules. * These calculations 
alone, however, cannot be considered to be a demonstration of the spread of 
the effect. Lea’s estimate of the half-life of radicals produced by irradiation 
of water may be too low. Moreover, it may not be valid to bavse the number 
of inactivations on numbers of pepsin molecules. The film may in fact be a 
complex polymer, where the scope of a unit inactivation would be diilicult 
to define. 

Discussion. "Wt have restricted ourselves to the description of the radia- 
tion sensitivity f)f the film enzyme-substrate system, and will present data 
bearing on the mechanism of the effect in a subsequent publication. The 
basic fact is that the pepsin-albumin films described are unexpectedly sensi- 
tive to x-rays, doses of less than 200 r causing the maximum measurable 
inactivation and doses of the order of 50 r producing readily detectable in- 
activation. In absolute terms, this sensitivity exceeds that of biological 
systems, where we do not obtain, with such doses, such large percentages of 
all possible effects. 

The dose-effect curves, with the indicated ‘Threshold" effect, suggest 
nothing so much as “multiple hit" curves, but their analysis must await the 
decision as to the type of mechanism causing the effect. 

The interest of these observations rests not so much on the sensitivity 
itself, which might conceivably be duplicated in dilute pure solutions, as on 
the fact that the sensitivity is obtained in a situation conceptually compar- 
able to that in chromosomes. By organizing the enzyme system into a solid 
film we are liberated from the restrictions of a dilute solution. The films 
are as “concentrated" as can be imagined and may contain any number of 
components. The only possible “protective" action that need be considered 
is that of the solutes in the adjacent liquid phase. Without pressing de- 
tailed analogies between films and cellular structures, it is obvious that with 
the films certain variables arising in cytological problems may be inv.;sti- 
gated at a biochemical level. Examples are the question of the spreading 
effect of a single radiation event within a structure, the range of ionization 
p;*oduct8, and, particularly, the relation between physical structure and 
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radiation sensitivity. The aim of further work along these lines is to find 
ways of picturing biological effects of radiation and premises to be used in 
their interpretation. 

Summary. — (1) Pepsin-albumin films may be inactivated by small 
doses of x-rays. Doses of about 100 r produce about 50 per cent inactiva- 
tion. 

(2) The sensitivity to radiation depends on the physical configuration 
of the molecules. It may be varied by surface compression. 

(3) Calculations suggest that the 'effects of a single radiation event 
(ionization or radical production) may be spread to include a large 
number of enzyme molecules. 

* This work has been supported by a grant from the Committee on Growth, National 
Rbsbarch Council, acting for the American Cancer Society. The authors wish to 
thank Dr. A. C. Faberge for carrying out the dosimetry. 
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NOTES ON INTEGRATION, / * , 

Bv M. H. Stone 

Department of Mathematics, The University of Chicaoo 
Communicated June 3, 1948 

The theory of integration, because of its central r61e in mathematical 
analysis and geometry^ continues to afford opportunities for serious in- 
vestigation. The need for extending and rounding out the classical 
studies of Riemann, Stieltjes and Lebesgue has stimulated considerable 
interest not only in new asf)ects of the theory but also in the simplification 
and perfection of the old. The present series of communications is in- 
tend^ to outline a treatment which, while exploiting fully the possibilities 
for simplification, will attain a high degree of generality. Among the 
many contributions to the mathematical literature which have provided 
material for our handling of the subject we wish to oite above all an im- 
portant paper of DanielL^ In spite of the fact that the basic ideas in the 
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present discussion arc the common j>roperty of mathematicians, some of 
our results appear to be novel. If they are, it is because we have chosen 
to introduce and exploit an adaptation of the concept of an “upper 
integral,” making this the technical foundation of the whole theory.* 

With Daniell, we assume an initially given elementary integral E{f ) which 
is defined for a non-void class (S of real functions /, called the elementary 
functions^ with a fixed abstract set X as domain. Specifically, our basic 
postulates are the following slight modifications of those given by Daniell : 

(1) is a non-void class of real functions/ on an arbitrary non- void 
domain X, such that a/, / + g, and |/j are in (£ whenever a is a real number 
and / and g are both in. (S; and £ is a real- valued function (or operation) 
defined over (£, such that 

E{<xf) - aE(/), £(/ + £)»£(/) + E{g), £(|/1) ^ 0; 

Oft 

(2) if /and/, are in g and |/j g ^ |/,(, then 

£’(|/|) g E^d/nl). 

At a certain stage in the development, we shall introduce the further 
requirement that 

(3) if /is in then min (I,/) * g (1 +/- jl - /|) isin 

Technically (1) means that @ is a vector lattice under its natural ordering 
and^JE is a positive linear functional on The r61es played by (2) and 

(3) will be brought out below. 

In many important instances of the general theory, S consists of the 
continuous real fimctions with compact nucleus* on a locally compact 
space X. Under these conditions (2) and (3) both follow from (1) : (3) is 
evident, while (2) is established by constructing a non-negative elementary 
function g strictly positive on the nucleus of / and demonstrating the 

M 

existence of an integer m «= mie), e > 0, such that |/| — eg ^ 53 |/n|- 

By way of illustration we cite the Riemann integral on a bounded closed 
domain in »-space or on an n-dimensional manifold, and the Haar integral 
on a locally compact topological group, ^ Other important instances of 
the general theory are constructed from distributions of simple type given 
in advance on X: in AT a class of subsets is distinguished and each dis- 
tinguished set V is assumed to bear a non-negative weight or measure, 

10 ; the real linear lattice combinations of the characteristic functions of 
distinguished sets are taken as the elementary functions; and the ele- 
mentary integral is then determined in harmony with the requirement 
that E(f) M(i^) fot the characteristic function /of any distinguished set 
F, The detailed construction is not difficult once the appropriate tech- 
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niques have been provided for relatitjg the data to the requirements of 
(1) and (2), We mention in particular that the given measure must be 
additive : if F, Z, and Y u Z are distinguished sets, and F and Z are 
disjoint, then m(F u Z) = u(F) + ii{Z). The theory of the Lebesgue- 
Stieltjes integral illustrate^s the general concepts which have just been 
described. 

We shall consider the class of all extended-real functions defined on 
the domain X. The admission of +„ <» and — » as functional values 
renders a little awkward the definition of such algebraic combinations of 
functions as 0 •/, / + g and / — g. In the present context it is appropriate 
to let 0*/, / -f g, / — g designate (ambiguously I) any function in @ which 
assumes the respective values 0-/(x), f(x) + g(x), f(x) — g(x) at every x 
where the latter quantities are defined. As we shall see, this ambiguity 
raises no serious obstacles in the sequel. 

Over ® we define an extended-real function N by putting 

(i) Nif) = inf {X: X - f: JS(|/,|), I/I ^ E |/.|./» * (SI. 

n-l n-l 

Por non-negative functions, N{f) has the properties of an upper integral; 
and for certain non-negative functions it coincides with the integral which 
is presently to be defined. Thus we already have in our possession the 
mathematical object upon which our interest is concentrated. The 
formal definition given in (4) is capable of an informal presentation which 
brings out clearly and rather simply its intuitive justification. Con- 
fining our attention to non-negative functions, we may regard (4) as the 
condensed description of a measuring process. We may think of (S as 
providing a stock of measuring rods, the non-negative elementary functions, 
by means of which the non-negative functions in are to be gauged. 
Each measuring rod has a magnitude given by its elementary integral. 
The basic measuring process consists in choosing from stock such an 
infinite sequence of measuring rods/n *= l/n| S 0 that by addition they 

combine to surpass / - |/j ^ 0 in the sense indicated by the inequality 
00 ® 

/ S E/n- The real number X = obtained by adding together 

n-1 n»l 

the magnitudes of the particular measuring rods thus employed is then 
accepted as an estimate, generally in excess, of the magnitude of /. Repe- 
titions of this basic process furnish successively better estimates, con- 
vergent to the quantity A(/), when suitable precautions are taken. It 
is, of course, conceivable that the basic process will fail to produce any 

real numbers as estimates of the magnitude of a particular function / — 

00 ■ ' 

either because the inequality / 5 cannot be realized, or because it 

i*-i 
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implies the divergence of the series Under these circumstances 

«=- 1 

the formal definition requires that we take N(f) ^ + <» in accordance 
with a well-kno\yn convention. The principal properties of the function 
all easily deduced from (4), can be listed as follows: 

(5) 0 g N{f) g + «> ; 

(6) N{af) — I «| .Ar(/) unless a = 0 and N{f) « + oo ; 

(7) |/1 g Sl/nl implies 7V(/) ^ 

(8) iV(|/|) = N{f). 

By specializing (7) we see that N(f + g) ^ N(f) + that 

N{f) g N(g) whenever 1/| ^ j^j. The ambiguity of the expressions 
«/» / + ^ not affect the truth of these relations; nor does (2) enter 
into their proofs. It is only in deriving the property 

(9) when /is elementary, N(f) = E{\f\) 

that (2) finds any direct application in our theory. Clearly (2) and (9) 
are equivalent assertions, so that whenever we use. (9) in the sequel we 
also use (2) in an essential though implicit manner. 

Henceforth we slmll be concerned primarily with that part, 5, of &> 
which is characterized by the inequality N(f) < + . I'he expression 
Nif — g) has in 5 the properties of a pseudo-metric. Hence, if we identify 
functions / and g for which N{f ^ g) ^ 0, we can treat ^ as a real normed 
vector-lattice with N as its norm-function. The detailed discussion 
involves attention to those functions /, called null functions, for which 
7V(/) = 0. In this connection it is convenient to introduce also the follow- 
ing definitions; a subset of X is called a null set if its characteristic function 
is a null function; the phrase ^^almost tfnerywhere' signifies “with the 
exception of the jx^ints of a certain null set.” By the use of (7) it is easy 
to show that a function is a null function if and only if it vanishes almost 
everywhere ; that any set covered by a countable family of null sets is a 
null set; and that every function in 5 is finite almost everywhere. These 
and similar properties show that the null sets play here a r61e analogous to^ 
that played by the sets of measure zero in the Ixibesgue theory. The 
identification of functions in 5 is now seen to remove all ambiguity in the 
meaning of the expressions «/,/+£,/— g since every function in 5 is 
finite almost everywhere. Once these more or less routine matters are 
disposed of, we can establish the most important single result® concerning 
55, namely: 

(10) the normed vector space 55 is complete (and henoe a Banach 
space). 
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The proof will be sketched. Let |/«} be a Cauchy sequence in 5* 
Without loss of generality we may suppose that /« is everywhere finite 
(otherwise we could modify on a null set so that the resulting function 
would be everywhere finite) and that A^(/h+i — /») ^ 2“* (otherwise we 
could choose a .subsequence which converges with the desited rapidity). 

CD 

The series j/i | + X) |/»4 1 ~ I has the sum g in &. Since N{g) g N{fj) -f- 
- fn) + Ea- ^ N(fi) + ] < + a. by ( 7 ) . g is actuaUy 

n * 1 « •‘1 

in 5* Hence the series above converges almost everywhere, and so also 
<0 

do the series fi -h ^ fn) the sequence (/„ ) . Let / be any func- 

tion in @ which is equal to the sum of the latter series or, equivalently, to 
lim fn wherever these quantities are defined: we may, for example, take 

n— to 

/ = lim sup /« or / “ lim inf /„. We then have (/| g g, N{f) g N(g) < + «> , 
f t 5. Moreover |/ - /*[ S f^\fn+i - /»| and N(f - /*) g ~ 

n n 

fn) S SO that the Cauchy sequence {/„} has/ as its limit in g. This 

completes the proof. 

On g we now define the function F by putting F{f) — iV(/'^) — N{f‘^) 

where /+ “ g (|/1 ) +/) S 0,/- = g (|/| - /) S 0. Since |/+ - g+| S 

I/ — g\ and |/“ — g~| ^1/— g|, this function is continuous in accordance 
with the inequalities \F{f) - f^(g)| g |iV(/+) - N(g+)\ + \N(f-) - 
mg-)\ ^ N(J^ - g+) + mf- - g-) g 2N(f -g). On e c g we have 
F(J) - £(/+) - E{f-) « E(f) by (9). Let « be the closure of (g in g, 
and let L be the contraction of F to S. A function in ? is said to be 
integrablet and its general integral is taken to be L{j) ** ^(/^) — Nif~)^ 
The integrable functions are the functions which can be approximated by 
elementary functions in the sense of the norm for g. On the other hand, 
the results of the preceding paragraph show that every integrable function 
/ is equal almost everywhere to lim sup /», where l/„ j is a suitably chosen 

CD 

sequence of elementary functions. The following assertions concerning 

the general integral can now be justified: 

* 

(11) 2 and L enjoy the properties assumed for (£ and E, respectively, 
in (1), 2 being a complete vector subspace of g with norm N{f) » L(|/| ); 

(12) the sum of a positive- term series of integrable functions is 
integrable if and only if the corresponding series of integrals converges 
(necessarily to the integral of the sum-function). 

It is clear that (11) follows from (1) by simple continuity arguments. 
We observe that (12) may be regarded as a sharpened version of (2) formu- 
lated in terms of 2 and L; and also that (12) is a generalized form of the 
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theorem of B. Levi in the Lebesgue theory. A proof of (12) will now be 
sketched. Let/ - where /» g 0 and/„ € If/e g, then I]L(/«) « 

w. mn«“l «> 

HJlfn) =“ ^ N{f)< + CO SO that is a convergent positive- 

« -«l n *1 f» wl 

CD 

4:erm series. On the other hand, if^cr = X)^(/«) + <», we have Nif) g 

00 00 « “* 1 m 

TNifn) == TL'fn) < +» SO that/* 8. Moreover Nif - E/«) S 

n**l n«l 

CD 00 m rtt 

E ^ifn) = L ^(/«) s" that E/k converges in ? to / and i(E/n) con- 

«*«1 «*rjl 

verges to L(/), with the result that L{f) “ <r. From (12) it is now possible 
to deduce other convergence theorems which correspond in our general 
theory to such standard results as the Lebesgue dominated-convergence 
theorem and the Fatou theorem in the Lebesgue theory. As the classical 
arguments apply without change to the present situation we do not heed 
to go into detail. . 

Let ^rn be the class of ail positively homogeneous continuous real func* 
tions of w real variables \i, , , , , To belong the functions Xx, ...» 
\m and all the linear lattice combinations which can be formed from them. 
On the other hand, it is known that on the compact set where jXi) -f 
► . . “f I X,„| 1 any continuous function can be uniformly approximated 

by such combinations.® Hence if we can find such a combination 


that I 

dxil + . • • + 


g 1/^ on this set. 
X„|). Since ^t(/i, 
fff, aie, as we noted in (11), and since 


It follows that I — ^jt| S l/k 
..,/„,) is intcgrable when fu ...» 


N{^{fu . . /m) - Ufu . . ^,/J) g {Nifi) + . . . + N{U))/k 0 


when 00 , we conclude that <p{fu - . . i/m) is integrable. The dominated- 
convergence theorem enables us to extend this result to the i)ositively 
homogeneous Baire functions: 

(13) if V? is a positively homogeneous real function *of m real variables 
Xi, . . . , Xw whose contraction to the set | Xi| + ... + | X„*| = 1 is a bounded 
Baire function, and if fu ...» fm arc integrable, then <p(fi, ...,/„) is in- 
tegrable. 

In order to rid ourselves of the restriction to homogeneous functions, 
we now assume that (3) holds. ^ We find that (13) can be replaced by: 

(14) if ^ is a finite, not necessarily bounded Baire function of m real 
variables Xi, . . X« such that <^(0, . . 0) === 0, and if fu . ■ /m, g are 
integrable functions such that [ <^(/j, . . . , /m)| S | gl , then ip{fu ■ . . , fm) 
is integrable. 

Indeed, if the constant function everywhere equal to 1 is in ® or in i?, 
we can also eliminate the condition <p(0t ...» 0) » 0. By further applica- 
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tion of the dominated-convergence theorem we can extend (13) and (14) 
to functions <^<)f infinitely many variables. 

The principal processes for manipulating the general integral have now 
been justified. In our second note we shall review some of their applica- 
tions and consequences. 

1 Daniell, P. J.. “A General Form of Integral/' Ann. Math., 19, 279-294 (1917-1918): 

^ Some retiiarks of H. Blumberg, Am. Math. Monthly^ 53, 1H9 (1946), on Bebesgue 
measure shed much light on the subject for me and started a train of thought culminating 
in the introduction of an ‘‘upper integral” here, 

* The nucleus of a function is the closure of the set of points where it assumes non- 
zero values. 

^ Weil. A.. VInif.gration dans les Croupes Topologiques et ses Applkalions, Paris, 
1938, 34-38. 

® This result is believed to be new. 

® Stone, M, H.. “The Generalized Weierstrass Approximation Theorem,” Math. 
Mag. 21, 167-183 (1948) ; see particularly §2, where Corollary 2 to Theorem 3 gives tbe 
relevant information. 

. ^ Other conditions leading to (14) have been investigated by Mr. H. Rubin, who, as 
a member of one of my cla.sses, made many useful commentvS on the subject-matter of 
this whole paragraph. 


ON THE DIFFBRENriAL EQUATIONS OF SLIP' FLOW 
By C. Truesdell 

Naval Ordnance Laboratory, Washington, D. C.* 

Communicated by S. Lefschetz, April 22, 1948 

In a compressible medium, let the stress tensor be Tj, the specific internal 
energy c, the specific entropy s, the specific volume a. Then the mean 
pressure and the pressure p are given by the definitions 



Let Vi be the velocity vector; then the deformation and rotation tensors 
di^ and respectively, are given by the definitions 

du ^ 5 (V,, + F,.,), s 1 (F,., - F,.,). (2) 

If a secondary stress tensor W] be given by the definition 

W)^p&l + T), (3) 

then the dissipation function 4>, given by the definition 


= W^if 


(4) 
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may be shown to be the rate of conversion of mechanical energy into ther- 
mal energy per unit volume. 

A compressible fluid, may be defined as a continuous medium obeying the 
following postulates; 

I. There exist material constants mo, and such that 


dim Mo (length) (time) * 
ditn Oo = temperature; 

» (length) 2 

dun z\ ~ r™-; — 

(time)- (temperature) 

II. <f> = 4 *(m0i ^Oi Pmi Py pAt fij* P,U} Ojjy’ ■ • J 

in. W} - 0 if Vij - 0, pj - 0, 6,i = OJtj - 0. 

In the above definition, S is the temperature, fi is the extraneous force 
per unit volume, is the molal concentration and 7l/<^) is the molecular 
weight of the jth of the k phases of the various substances present, and m 
is an arbitrary positive integer. 

If it be supposed that the function 4> is an analytic function of all its 
tensKirial arguments (though not necessarily also of its scalar arguments), 
then it is possible to show that the definition just given leads to an expres- 
sion for the stress tensor Wj of the general form 


where the quantity m> 


r-1 



^(2) A/ (2), 




)• 


(5) 


( 0 ) 


the furtetion / being a dimensionless function of its arguments, may be 
identified with the ordinary coefficient of viscosity. In the special case of 
an isotropic fluid it may then be shown that 

„) W'j + 24 (7) 


(2) W] « — [D{\\p^p,k^] + 2C(i)p’'pj] + + 

Pm Pm 

ppfl 

a* fl 

r-^ + 2C(4)/!>;} + -Ow/lsj + C»)(fj + //)] + 

r w 
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agt .1 

+ r“ + ^(3)W^AW*f5} + 

pm pm 

2Ea)^45> + + dj)cO>^^)]^ (8) 

^ + Gi^)(d^^p,kpj + 

pm 

djicp'^p'^) + G(4)rf}/>**AA- + H(j)(ia*^p,}cpj + + 

-li [G(s,4/)'‘e,,6j + G(,)#'/>.*fl.,5j + Gmid'^pJj 4- + 

Pm* 

Gw{d‘%p,> + dj,e‘»p-’) + G(^^‘jP-% + + 

[G(i<o4^'*e^t5;- + Gai)d*'e,i0,4 + Gmid^^Oj + dj,0'‘^$‘*) + 

Pm^B 

iSld 

pm 

G{\h)d^^p,k fi) + G{\i^){d^^p,k) + djicp'^^) 4“ G<^^^)d\pJ + G{n)d]p'^ 4- 
4 wj*p**0 4 4 4 4 

4 G(2i) (rf^*Afc 4 d)kp*^) 4 C(23)i^i(/!i 4//) 4 6\24)<:ij/^ 4 
4 4 o>jkf^^) 4 4 4 

~2 4 Gpt)d^^Bjti&j 4 G(27)(<i^*^,*y 4 4 G{2$)(/j0;} 4 

pm 

Gm4ei + +KmdtdUz4+ 

pm 

K,t^dULdU+K,Md) +KUdlYd) 4i^<6)4444i.(i,c.VUr554 
L(i){o3*fidt) 4 4 M i(J ffd^Bj 4 M<2)W^w^wrf^^j 4 

4 M{i){(i}\dij 4 rfJa)yA:)w*^ 4 N iJ ^( jT 4 

iV(2)(w^a>* w^j 4 w/wfc^w/)]. (9) 

Here X is a function of the form (5), and the coefficients D«), £(o, 
F(o, G(t), //(o, ^«)» i'(o» P^ii) all are dimensionless functions of p/pmi 
e/B^y r(i)Af(i), ^^( 2 )^/( 2 )» ...» C(^k)Mikh The expression for ( 4 )lf^y has also 
been written down, but since it contains several hundred terms it is too 
long to repmduce here. 

Formula (7) is the Cauchy formula for the viscous stress in the ordinary 
theory of viscous compressible fluids. A special case of (8) has been de- 
rived by Burnett and Chapman-Cowling^ from the kinetic theory of gase,s, 
following a method of formal solution of the Maxwell-Boltzmann equation 
due in principle to Hilbert and Enskog. Burnett’s equations have re- 
cently been recommended by Tsien® and Schamberg* as describing aero- 
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dynamic phenomena encountered at altitudes of 100,000 to 300,000 feet 
in the earth’s atmosphere. A portion of has been calculated from the 
kinetic theory by Chang and Uhlenbeck/ but their result is not available 
for comparison with (9). 

It is interesting to notice that Burnett's expression for W) contains but 
7 moduli, while our equations (7) and (8) contain 21, so that to reduce our 
results to his not only must we discard ( 4 )W^> . - , but also we must 

impose 14 special relations among the coefficients occurring in a)W\ and 
they are 

3A + 2^-0. i 

4* 2C(o « Q, i « 1,2, ... 6,> (10) 

3F(o + 2E(o « 0, i - 1, 2, 3, ) 

C(i) =“ C(i) ~ = V2ii(4). (11) 

The 10 reductions (10), of which the first is the classical Stokes relation, 
are necessary and sufficient conditions that 

P “ pm. (12) 

The hypotheses of the kinetic theory, at least as employed in the present 
case, imply this equality of the two pressures at the outset. Since the 
pressure enters the various moduli X, /i, F«), Fu) only through 

the ratio p/p^ it follows that if the special relations (10) be adopted, then 
these moduli are independent of the pressure, a result familiar in the kinetic 
theory. It would be more accurate to say that the basic hypotheses of 
the kinetic theory (at least as employed by the authors mentioned) are 
such that it is plain from the outset that that theory is not sufficiently 
general to permit the dependence of the viscosity upon the pressure. 
The Stokes relation is not now generally accepted except for monatomic 
gases, nor does it seem probable that the remainder of (10) are correct. 
The physical meaning of the relations (11) is not apparent, and it does not 
seem likely they are correct. 

The kinetic theory derivation is essentially the computation of succes- 
sive approximations to a certain special type of solution of the Maxwell- 
BolUmann equation, and there is no indication that the expression so de- 
rived at a given stage contains all the terms of a given order of magnitude; 
since the difficulties of calculation enormously increase for each stage, one 
is at present not able to compare the last terms retained even with the 
first neglected. The method of derivation presented here enables one to 
write down any number of terms, and hence suggests dimensionless charac- 
teristic numbers which determine the validity of a given approximation. 
One of these numbers, for example, is 

pm 


( 13 ) 
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IfV ^ 1 no terms free of thermodynamic gradients need he retained except 
those whose coefficients are X and Mi provided the coefficients £(i) and F^) 
be not too large. 

From the formula (8) may be deduced a rather startling consequence. 
In the case when the gas is in thermodynamic equilibrium and suffering 
no deformation whatever, but experiencing a uniform angular velocity o) 
about the 2 -axis, we obtain 


W,, - W,, - 


2co^ju^ 

Pm 



(14) 


Thus a mass of fluid completely in equilibrium if set into rotation as a 
rigid body experiences a state of stress which depends in magnitude upon 
the viscosity of the fluid. Such an occurrence is most improbable. The 
elementary concept of a fluid would lead one to expect that the rate of 
dissipation of energy should be quite independent of the rotation, and that 
that only dt^ and not should appear the basic postulate II. Indeed, 
in the present theory o>ij was included only so as to obtain end formulae as 
general as those of kinetic theory. The result (14), however, which of 
course may be obtained also from the Burnett and Chapman-Cowling 
equations, suggests that perhaps there may have been an error in the kinetic 
theory analysis. The method used by Burnett and Chapman-Cowling 
'does not appear to define uniquely the terms which occur at a given stage 
of the calculation, and it may be fjossiblc that in their result the terms in- 
volving iCij may be cancelled by terms from some higher order approxima- 
tion which 1ms not as yet been determined. This cextain degree of arbi- 
trariness may also explain the occurrence of the improbable relations (11) 
in Burnett’s formula, since they might possibly be negated by as yet un- 
discovered higher order approximations. These remarks are offered only 
as suggestions. I have not repeated the kinetic theory calculations, which 
seem formidable. In any case, if Wij does not appear in 4> at all the end 
formulae are very greatly simplified, for then 

F(fl) = JS(3) « £(4) =* //(o =* Lit) « M(i) »= N(t) »= 0. (15) 

The analysis given here may easily be generalized so as to include in- 
compressible fluids, for which the definition (1) for the pressure fails, and 
the pressure must be regarded as a primitive variable. 

The preceding considerations are extracted from New Definition of a 
Fluid,” shortly to be submitted to the Journal of Mathematics and Physics, 

* This investigation was carried cmt under project ONR 46-47 from the Office of 
Naval Research to the Naval Ordnance Laboratory. 



Vot. 34, 1948 


PHYSICS: C. TRUESDELL 


347 


^ Chapman, S., and Cowling. T. G.. The Mathematical Theory of Non-Uniform Gase$t 
Cambridge. 1939, see J 15.3 and § 15.4. 

* Tsien, H. S., “Superaerodynamics, Mechanics of Rarefied Gases," J, Aero. Sa\, 13, 
653--664 (1946). 

* Scharaberg, R., The Fundamental Differential Equations and the Boundary Condi- 
tions f of Hwk Speed Slip- Flow, and Their Application to Several Specific Problems, the^sis, 
Calif. Inst. Tech., 1947 

*■ Chang, C. S. Wang, and Uhlenbeck, G. E., On the Transport Phenomena in Rarified 
Gases, Applied Physics Lab. report Ko. APL/JHU CM-443, 1948. 


ERRATA 

111 the article, “Multiply Valued Harmonic Functions. Green’s 
Theorem,” by G. C. Evans, these Proceedings, 33, 270-275 (1947), 
Lemma 1, line 3, replace by and Lemma 2, line 3, replace 

* 'lower semi-continuous - by "its limit inferior for approach from T" 
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von Karman, Theodore, 1938 (4), California Institute of Technology, 
Pasadena 4, Calif. 

von Neumann, John, 1937 (1), The Institute for Advanced Study, 
Princeton, N.J. 

Waksman, Selman Abraham, 1942 (7), Agricultural Experiment Station, 
New Brunswick, N.J. 

Walker, John Charles, 1945 (7), 200 Horticulture Building, University of 
Wisconsin, Madison 6, Wis. 

Walsh, Joseph Leonard, 1936 (1), Harvard University, Cambridge 38, 
Mass. 

Webster, David Locke, 1923 (3), Physics Department, Room 385, Stan- 
ford University, Stanford University, Calif. 

Weiss, Paul Alfred, 1947 (8), Department of Zoology, University of 
Chicago, Chicago 37, 111. 

Went, Frits Warmolt, 1947 (7), California Institute of Technology, 
Pasadena 4, Calif. 

Werkman, Chester Hamlin, 1940 (9), Department of Bacteriology, Iowa 
State College, Ames, Iowa 

Wetmore, Alexander, 1945 (8), Smithsonian Institution, Washington 25, 
D. C. 

Wever, Ernest Glen, 1940 (12), Princeton University, Princeton, N. J. 

Weyl, Claus Hugo Hermann, 1940 (1), The Institute for Advanced 
Study, Princeton, N. J. 

Whipple, George Hoyt, 1929 (10), School of Medicine, University 
of Rochester, 260 Crittenden Boulevard, Rochester 7, N. Y. 

Whitehead, John Boswell, 1932 (4), Johns Hopkins University, Balti- 
more 18, Md. 

Whitney, Hassler, 1946 (1), Sudbury Road, Weston 93, Mass. 

Whitney, Willis Rodney, 1917 (5), General Electric Company, Schenec- 
tady 5, N. Y, 

Wigner, Eugene Paul, 1945 (3), 8 Ober Road, Princeton, N. J. 
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Williams, Robert R., 1945 (5), 297 Sommit Avenue, Summit, N. J. 

Williams, Roger John, 1946 (5), Biochemical Institute, University of 
Texas, Austin 12, Tex. 

Willier, Benjamin Harrison, 1945 (8), Department of Biology, Johns 
Hopkins University, Baltimore IS, Md. 

Willis, Bailey, 1920 (6), Box 1365, Stanford University, Calif. 

Wilson, Edgar Bright, Jr., 1947 (5), Harvard University, Department of 
Chemistry, 12 Oxford Street, Cambridge 38, Mass. 

Wilson, Edwin Bidwell, 1 91 9 (3), Harvard School of Public Health, 695 
Huntington Avenue, Boston 15, Mass. 

Wilson, Robert Erastus, 1947 (4), 910 South Michigan Avenue, Chicago 
SO, 111. 

Wislocki, George Bernays, 1941 (8), Harvard Medical School, 25 Shat- 
tuck Street, Boston 15, Mass. 

Wolbach, Simeon Burt, 1938 (10), Department of Pathology, Children’s 
Hospital, 300 Longwood Avenue, Boston 15, Mass. 

Wood, Robert Williams, 1912 (3), Johns Hopkins University, Baltimore 
18, Md. 

Woodring, Wendell Phillips, 1946 (6), United States Geological Survey, 
Washington 25, D. C. 

Woodworth, Robert Sessions, 1921 (12), Columbia University, New York 
27, N. Y. 

Wright, Frederick Eugene, 1923 (6), 2134 Wyoming Avenue, N. W., 
Washington 8, D. C. 

Wright, Sewall Green, 1934 (8), Department of Zoology, University of 
Chicago, Chicago 37, III. 

Wright, William Hammond, 1922 (2), 60 North Keeble Avenue, San Jose 
11, Calif. 

Yerkes, Robert Mearns, 1923 (12), Yale University School of Medicine, 
333 Cedar Street, New Haven, Conn. 

Yost, Don Merlin Lee, 1944 (5), California Institute of Technology, 
Pasadena 4, Calif. 

Zariski, Oscar, 1944 (1), Department of Mathematics, Harvard Uni- 
versity, Cambridge 38, Mass. 

Zworykin, Vladimir Kosma, 1943 (4), 103 Battle Road, Princeton, N. J. 

Number of Members July 1, 1948: 430 

MEMBERS EMERITI 

Benedict, Francis Gano, 1914, Machiasport, Me. 

Dewey, John, 1910, 1158 Fifth Avenue, New York 29, N. Y. 

Dickson, Leonard Eugene, 1913, Route #2, Joliet, 111. 

Howard, Leland Ossian, 1916, Bureau of Entomology, U. S. Depart- 
ment, of Agriculture, Washington 25, D. C. 

Stratton, George Malcolm, 1928, University of California, Berkeley 4, 
Calif. 
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FOREIGN ASSOCIATES 


The letter in parentheses following the year of election indicates the field 


of scientific research in which the 
time of his election, as follows: 

(A) Mathematics 

(B) Astronomy 

(C) Physics 

(D) Engineering 

(E) Chemistry 

(F) Geology and Paleontology 


foreign associate was working at the 

(G) Botany 

(H) Zoology and Anatomy 

(I) Physiology and Biochemistry 

(J) Pathology and Bacteriology 

(K) Anthropology and Psychology 


Adrian, Edgar Douglas, 1941 (I), Trinity College, Cambridge, England 

Alexandroff, Paul A., 1947 (A), Mathematical Institute of the Academy 
of Sciences of the U.S.S.R., Bolshaya Kalushskaya 19, Moscow, 
U.S.S.R. 

Bailey, Sir Edward, 1944 (F), 19 Greenhill Gardens,^ Edinburgh 10, 
Scotland 

Bartlett, Frederic Charles, 1947 (K), University of Carnbridge, The 
Psychological Laboratory, Downing Place, Cambridge, England 

Bjerknes, V. (F. K.)> 1934 (F), The University, Oslo, Norway 

Bohr, Niels, 1925 (C), The Institute for Advanced Study, Princeton, N. J. 
(U.vS.A.) 

Bordet, Jules, 1935 (I), Pasteur Institute, Rue du Remorqueur, 28, 
Brussels, Belgium 

Bragg, Sir William Lawrence, 1945 (C), Cavendish Laboratory, The Uni- 
versity, Cambridge, England 

4e Broglie, Prince Louis, 1948 (C), 94 Rue Perronet, Neuilly-sur-Seine, 
-France 

Caso, Alfonso, 1943 (K), Secretaria de Bienes Nacionales e Inspeccion 
Administrativa, Mexico, D. F. 

Chapman, Sydney, 1946 (A), Letters: Queen’s College, Oxford; Printed 
matter; The Mathematical Institute, Oxford, England 

Dale, Sir Henry Hallett, 1940 (I), The Wellcome Trust, 28 Portman 
Square, London, W.l, England 

Debye, Peter, 1931* (C), Baker Laboratory, Cornell University, Ithaca, 
N, Y. (U.vS.A.) 

Einstein, Albert, 1922t (C), The Institute for Advanced Study, Princeton, 
N. J, (U.S.A.) 

Fisher, Ronald Aylmer, 1948 (H), Department of Genetics, University of 
Cambridge, 44 Storey’s Way, Cambridge, England 

Hadamard, Jacques, 1926 (A), 12, rue Emile Faguet, Paris XIV, France 


!>. Debye became a naturalized citizen in 1946 and was elected a member of the 
Academy in 1947. 

t Or. Einstein became a naturalized American citizen in 1941 and was elected a mem- 
ber of the Academy in 1942. 

If a foreign associate becomes a member of the Academy his name is not counted kj 
the limit of 60 foreign associates. 
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Hardy, Godfrey Harold, 1927 (A), Trinity College, Cambridge, England 
Hellond-HanseA, BjSm, 1947 (F), Chr. Michelsens Institutt for Videns- 
cap, Bergen, Norway 

Hill, Archibald Vivian, 1941 (I), 16 Bishop wood Road, Highgate, London, 
N,f), England 

Hill, James Peter, 1940 (H), Kanimbla, Dollis Avenue, London N.3, 
England 

Hoossay, Bernardo Alberto, 1940 (I), Viamonte 2790, Buenos Aires, 
Argentina 

Janet, Pierre, 1938 (K), 54, rue de Varenne, Paris VII, France 
Jeffreys, Harold, 1945 (B), St. John's College, Cambridge, England 
Jones, Sir Harold Spencer, 1943 (B), Royal Observatory, Greenwich, 
London, vS,E.10, England 

ICapitza, Peter Leonidovich, 1946 (C), Institute for Physical Problems, 
^ Academy of Sciences of the U.vS.S.R., Moscow, U.S.S.R. 

Klarrer, PatU, 1945 (E), University of Zurich, Zurich, Switzerland 
Keith, Sir Arthur, 1941 (I, K), Buckston Browne Farm, Downe, Fam- 
borough, Kent, England 

Krogh, August, 1937 (H), The Laboratory, Sbbredden, Gentofte, Den- 
mark 

Levi, Giuseppe, 1940 (H), Instituto di Anatomia Umana, Corso Massimo 
D’Azeglio, 52, Turin, Italy 

Limm, Robert K, S., 1942 (I), Army Medical Administration, Municipal 
Government, Shanghai, China 

Liader8tr0m-Lang, Kaj Ulrik, 1947 (E), Chemical Division, Carlsberg 
Laboratory, Copenhagen, Denmark 

Robinson, Sir Robert, 1934 (E), Dyson Perrins Laboratory, South Parks 
Road, Oxford, England 

Ruzicka, Leopold, 1944 (E), Department of Organic Chemistry, Institute 
of Technology, Zurich, Switzerland 

Sherrington, Sir Charles Scott, 1924 (I), Gonville and Caius College, 
Cambridge, England 

Sommerfeld, Arnold, 1929 (C), Dunant-strasse 6, Munich 23, Germany 
Southwell, ^chard Vynne, 1943 (D), Imperial College of Science and 
Technology, South Kensington, London, S.W.7, England 
Svedberg, The, 1945 (E), Fysikalisk-Kemiska Institutionen, University of 
Uppsala, Uppsala, Sweden 

Taylor, Sir Geoffrey I., 1945 (A), Trinity College, Cambridge, England 
Vallee-Poussin, C, de la, 1929 (A), University of Louvain, Louvain, Bel- 
gium 

Van der Bijl, Hendrik Johannes, 1943 (D), 722 Escom House, Rissik 
Street, Johannesburg, South Africa 

Vening Meineaz, Felix Andries, 1939 (F), Potgieterlaan 5, Amersfoort, 
Holland 

Watson, D* M* S., 1938 (H), University College, Gower Street, London, 
W.C.l, England 

Wieland, Heinrich, 1932 (E), Sophienstrasse 9, Munich 2 NW, Germany 
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Number of Foreign Associates July 1, 1948 : 41. 

SECTIONS 


(1) Malhematics~~2(i members 


von Neumann, John, 

Evans, G. C. 

Smith, P. A. 

Chairman (1949) 

Kasner, Edward 

Stone, M. H. 

Albert, A. A. 

iLefschetz, Solomon 

Thomas, T. Y. 

Alexander, J. W. 

McShane. E. J. 

Vandiver, H. S. 

Bell. E. T. 

MiUer, G. A. 

Veblen, Oswald 

Bliss, G. A. 

Moore, R. L. 

Walsh, J. L, 

Coble, A. B. 

Morse, Marston 

Weyl, Hermann 

Douglas, Jesse 

Mumaghan, F, D. 

Whitney, Hassler 

Eisenhart, L. P. 

Ritt, J. F. 

Zariski, Oscar 


(2) Astronomy-- 2% members 

Mitchell, S. A., Chair- 

Hubble. E. P, 

Ross, F. E. 

man (1950) 

Joy, A. H. 

Russell, H. N. 

Abbot, C. G. 

King, A. S. 

Seams, F. H. 

Adams, W. S. 

Leuschner, A. 0. 

Shapley, Harlow 

Aitken, R. G. 

Menzel, D. H. 

Slipher, V. M. 

Anderson, J, A. 

Merrill, P. W. 

Stcbbins, Joel 

Babcock, H. D. 

Moore, J. H. 

Struve, Otto 

Bowen, I. S. 

Moulton, F, R. 

Trumpler, R. J. 

Fleming, J. A. 

Nicholson, S. B. 

(3) Physics — 60 members 

Wright, W. H. 

Beams, J. W., Chair- 

Davisson, C. J. 

Oppenheimer, J. R. 

, man (1951) 

Dempster, A. J. 

Pierce, G. W. 

Allison, S. K. 

DuBridge, L. A. 

Piggot, C. S. 

Alvarez, L. W. 

Dunning, J. R. 

Rabi, I. I. 

Anderson, C. D. 

Einstein, Albert 

Reichelderfer, F. W. 

Bacher, R. F. 

Epstein, P. S. 

Rossby, C.-G. 

Bainbridge, K. T. 

Fermi, Enrico 

Saimders, F. A. 

Berkner, L. V. 

Franck, James 

Slater, J. C. 

Bethe, H, A. 

Goudsmit, S. A, 

Slichter, L. B. 

Birge, R, T. 

Houston, W. V. 

Stem, Otto 

Bjerknes, Jacob 

Hull, A. W. 

Stewart, G. W. 

Bloch, Felix 

Ives, H. E. 

Sverdrup, H. U. 

Breit, Gregory 

Kemble, E. C. 

Tate, J. T. 

Bridgman, P. W. 

Lauritsen, C. C. 

Teller, Edward 

Coblentz, W. W* 

Lawrence, E. 0. 

Tuve, M. A. 

Compton, A. H. 

Lyman, Theodore 

Van Vleck, J. H. 

Compton, K. T. 

McMillan, E. M. 

Webster, D. L. 

Condon, E. U. 

Mason, Max 

Wigner, E. P. 

Coolidge, W. D. 

MiUikan, R. A. 

Wilson, Edwin B. 

Crew, Henry 

Mulliken, R. S. 

Wood, R. W. 


Davis, Bergen 
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(4) Engineering — 35 members 


Drydeti, H. L., Chair- 

Foote, P. D. 

Loomis, A. L. 

man (1950) 

Gilliland, E. R. 

Merica, P. D. 

Adams, C. A. 

Herty, C. H., Jr. 

Slepian, Joseph 

Briggs, L. J. 

Hoover, Herbert 

Soderberg, C, R. 

Buckley, O. E. 

Hovgaard, William 

Suits, C. G. 

Bush, Vannevar 

Hunsaker, J. C. 

Terman, F. E. 

Cochrane, E. L. 

Jeffries, Zay 

Thomas, C. A. 

Cottrell, F. G. 

Jewett, F. B. 

Timoshenko, Stephen 

Curme, G. 0„ Jr. 

Kelly. M. J. 

von Kannan, T. 

r3unn, Gano 

Kettering, C. F. 

Whitehead, J. B. 

Durand, W. F. 

Lewis. G. W. 

Wilson, R. E. 

Fletcher, Harvey 

Lewis, W. K. 

Zworykin, V, K. 


(5) Chemistry — 58 members 

Latimer, W. M., Chair- 

Gilman, Henry 

Marvel, C. S, 

man (1950) 

Hammett, L. P. 

Mayer, J. E. 

Adams, L. H. 

Harkins, W. D. 

Noyes, W. A., Jr. 

Adams, Roger 

Hildebrand, J. H. 

Onsager, Lars 

Adkins, Homer 

Hudson, C. S. 

Pauling, Linus 

Bachniann, W. E. 

Hulett, G. A, 

Rodebush, W. H. 

Bancroft, W. D. 

Ipatieff, V. N. 

Scatchard, George 

Bartlett. P. D. 

Jacobs, W. A. 

Schlesinger, H. I. 

Baxter, G, P. 

Johnson, J. R. 

Seaborg, G. T. 

Bogert, M. T. 

Keyes, F. G, 

Small, L. F. 

Bolton, E. K. 

Kharasch, M. S. 

Smith, L. I. 

Conant, J. B. 

Kirkwood, J. G. 

Sumner, J. B. 

Cope, A. C. 

Kistiakowsky, G. B. 

Tolman, R. C. 

Daniels, Farrington 

Kraus, C. A. 

Urey, H. C. 

Debye, Peter 

La Mer, V. K. 

Whitney, W. R. 

Eyring, Henry 

Lamb, A. B. 

Williams, Robert R. 

Fieser, L. F. 

Langmuir, Irving 

Williams, Roger J. 

Folkers, Karl 

Lind, S. C. 

Wilson, E. Bright, Jr. 

Fuson, R. C. 

Longsworth, L. G. 

Yost, D. M. 

Giauque, W. F. 

Macinnes, D. A. 



(6) Geology — ^38 members 


Rubey, W. W., Chair- 

Buddington, A. F. 

Gregory, W. K. 

man (1951) 

Byerly, Perry 

Gutenberg, Beno 

Allen, E. T. 

Chaney, R. W. 

Hewett, D. F. 

Berkey, C, P. 

Cross, Whitman 

Kelley, W. P. 

Blackwelder, Eliot 

Daly. R. A. 

Knopf, Adolph 

Bowen, N. L. 

Day, A. L. 

Larsen, E. S., Jr. 

Bowman, Isaiah 

Dtmbar, C. 0. 

Lawson, A. C. 

Bradley, W. H. 

Ewing, Maurice 

Leith, C. K. 

Bucher, W. H. 

Gilluly, James 

Longwell, C. R. 
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Macelwaue, J, B. 

Reeside, J, B., Jr. 

Vaughan, T, W. 

Mead, W. J. 

Ruedemann, Rudolf 

Willis, Bailey 

Mendenhall, W. C. 

Simpson, G. G. 

Woodring, W. P. 

Palache, Charles 

Stock, Chester 

Wright, F. E, 

Clelatid, R. Ckair^ 

(7) Botany — ^35 members 
Dodge, B. (X 

Robbins, W. J. 

man (1950) 

Duggar,. B. M. 

Sax, Karl 

Allen, C. E. 

Femald, M. L. 

Sinnott, E. W. 

Babcock, E. B. 

Fred, E. B. 

Smith, Gilbert M. 

Bailey, I. W. 

Hoagland, D. R. 

Stadler, L. J. 

Bailey, L. H. 

Jones, D. F. 

Stakman, E. C, 

Beadle, G. W. 

Kunkel, L. 0. 

Thimann, K. V. 

Blakeslee, A. F, 

McClintock, Barbara 

Thom, Charles 

Brink, R. A. 

Mangelsdorf, P. C. 

Van Niel, C. B. 

Campbell, D. H. 

Merrill, E. D. 

Waksman, S. A. 

Chandler, W. H. 

Osterhout, W. J. V. 

Walker, J. C. 

Couch, J. N. 

Rhoades, M. M. 

Went, F. W. 

(8) 

Zoology and Anatomy — 38 members 

Wright, Sewall, Chair- 

Harrison, R. G. 

Riddle, Oscar 

man, (1949) 

Hartman, C. G. 

Romer, A. S. 

Bigelow, H. B. 

Harvey, E. N. 

Schmitt, F. 0. 

Castle, W, E. 

Herrick, C. J. 

Smith, P, E. 

Child, C. M. 

Hisaw, F. L. 

Sonneborn, T. M* 

Conklin, E. G. 

Jacobs, M. H. 

Stem, Curt 

Comer, G. W. 

Lewis, W. H. 

Streeter, G. L. 

Danforth, C. H. 

Metz, C. W. 

Sturfevant, A. H. 

Demerec, Milislav 

Moore, Carl R. 

Taliaferro, W. H. 

Detwiler, S. R. 

Muller, H. J, 

Wdss, Paul 

Dobzhansky, Theo- 

Painter, T. S. 

Wetmore, Alexander 

dosius 

Parker, G. H. 

Willier, B. H. 

Dunn, L. C. 

Patterson, J. T. 

Wislocki, G. B. 

Goldschmidt, R. B. 

(9) Physiology and Biochemistry~45 members 

Doisy, E. A., Chair • 

Cori, Gerty T. 

Hartline, H. K. 

man (1951) 

Davis, Hallowell 

Hastings, A. B. 

Anderson, R. J. 

DuBois, E. F. 

Link, K. P. 

Ball, E. G. 

du Vigneaud, Vincent 

Loeb, R. F. 

Bard, Philip 

Elvehjem, C. A. 

Long, C. N. H. 

Bronk, D. W. 

Erlanger, Joseph 

McCollum, E. V. 

Carlson, A. J. 

Evans, H. M. 

MacNider, W. deB. 

Clark, W. M. 

Fenn, W. 0, 

Marshall, E. K., Jr. 

Clarke, H. T. 

Forbes, Alexander 

Maynard, L. A. 

Cohn, E. J. 

Gasser, H. S. 

Meek, W. J. 

Cori, Carl F. 

Hart, E, B. 

Michaelis, Leonor 
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Pace, N. A. S. 

Northrop, J, H. 

Rose, W. C. 

Stadie, W, C. 

Oncley, J. L. 

Shaffer, P, A. 

Stanley, W. M. 

Petm, J. P. 

Sherman, H. C. 

Van Slyke, D. D. 

Richards, A. N. 

Smith, Homer W, 

Vickery, H. B. 
Werkman, C. H. 

(10) Pathology and Bacteriology — 37 members 

Ddchez, A. R., Chair- 

Goodpasture, E. W. 

Murphy, J. B. 

man (1951) 

Graham, E. A. 

Novy, F. G. 

Addis, Thomas 

Heidelberger, Michael 

Opie, E. L. 

Armstrong, Charles 

Hekloen, Ludvig 

Paul, John R. 

Avery, 0. T. 

Horsfall, F. L., Jr. 

Rivers, T, M. 

Blake, F. G. 

Kelser, R. A. 

Robertson, 0. H. 

Blalock, Alfred 

Little, C. C. 

Rous, Peyton 

Cannon, P. R. 

Loeb, Leo 

Sabin, Florence R 

Castle, W. B. 

Long, E. R. 

Shope, R. E. 

Cole, Rufus 

Longcope, W. T. 

Tyzzer, E. E. 

Dubos, R. J. 

Meyer, K. F. 

Whipple, G. H. 

Francis, Thomas, Jr. 

Minot, G. R. 

Wolbach, S. B. 

Gamble, J. L. 

Mueller, J. Howard 


(11) Anthropology — 9 members 

Linton, Ralph, Chair- 

Kidder, A. V.* 

Spier, Leslie 

man (1951) 

Kroeber, A. L. 

Swanton, J. R. 

Hooton, E. A. 

Lowie, R. H. 
vSchultz, A. H. 

Tozzer, A. M. 

(12) Psychology — 23 members 

Boring, E. G., Chair- 

Hunter, W. S. 

Stone, C. P. 

man (1950) 

Kohler, Wolfgang 

Terman, L. M, 

Angell, J. R. 

Lashley, K. S. 

Thorndike, E. L. 

Carmichael, Leonard 

Miles, W.R. , 

Thurstone, L. L. 

Gesell, Arnold 

Pillsbury, W. B. 

Tolman, E. C. 

Graham, C. H. 

Richter, C. P. 

Wever, E. G. 

Hilgard, E. R. 

Seashore, C. E. 

Woodworth, R. S. 

Hull, C. L. 

Stevens, S. S. 

Yerkes, R. M. 

Temporary Nominating Group on Geophysics — 1942-51 


29 members 



John A. Fleming, Chairman 


Mathematics: F, D, Murnaghan. 


Astronomy: C. G. Abbot, J. A. Fleming, Harlow Shapley. 

Physics; L. V. Berkner, Jacob Bjerknes, P. W. Bridgman, A. H. Compton, 

Max Mason, C. S. 

Piggott, F. W. Reichelderfer, C.-G. Rossby, L. B. 

Slichter, H. U. Sverdrup. 
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Engineering: L, J. Briggs, J. C, Hunsaker. 

Chemistry: L. H. Adams, S. C. Lind. 

Geology: Isaiah Bowman, Perry Byerly, Arthur L. Day, Maurice Ewing, 
Beno Gutenberg, Adolph Knopf, J. B. Macelwane, T. Wayland Vaughan, 
F, E. Wright. 

Botany: S. A. Waksnian. 

Zoology and Anatomy: H. B. Bigelow. 

COMMITTEES 

Auditing 

Alexander Wetmore, Chairman; John B. Reeside, Jr., Merle A. Tuve. 

Biographical Memoirs 

Alfred N, Richards, Chairman^ ex officio, President of the Academy, 
Chairmen of Sections of the Academy. 

Buildings and Grounds Advisory Committee 

(Joint Committee of the Academy and Research Council) 

G. D. Meid, Chairman; Detlev W. Bronk (NAS), R. C. Gibbs (NRC), 
L. H. Weed (NRC), F. E, Wright (NAS). 

Exhibits 

(Joint Committee of the Academy and Research Council) 

F. E. Wright, Chairman; Harlow Shapley, member-at-large. 

Chairmen of Sections of the Academy. 

Chairmen of Divisions of the National Research Council. 

Raymund L. Zwemer, Secretary, 

Finance 

W. J, Robbins, Chairman, ex oficio, Treasurer of the Academy. 

•Alfred N. Richards, ex offiaio, President of the Academy. 

Detlev W. Bronk, ex officio. Chairman of the National Research Council. 
Vannevar Bush, L. P. Eisenhart, J. C, Hunsaker. 

Library 

% 

G. W. Corner, Chpirman. 

Mathematical Basis of Reapportionment of House of Representatives 
L, P. Eisenhart, Chairman; Marston Morse, John von Neumann. 

Standing Committee on Meetings 

F. E. 'Wtight, Chairman (1960) ; Edwin G. Boring (1951), Detlev W. Bronk 
(1949), Ralph E. Cleland (1951), John A. Fleming (1950), Joel H. 
Hildebrand (1951), W. W. Rubey (1949), Alexander Wetmore (1949), 
Edwin B. Wilson (1950). 
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Advisory Committee on Membership 

Members of the Council of the Academy, Chairmen of Sections of the 
Academy. 


Publications of the Academy 

Alfred N. Richards, ex officio, President of the Academy; F. E. Wright, 
ex officio, Home Secretary of the Academy; E. G. Conklin. 

Retirement Pension Trust Agreement 

Pension Committee: Alfred N. Richards, President of the Academy 
William J. Robbins, Treasurer of the Academy 
F. E. Wright, Home Secretary of the Academy 
Detlev W. Bronk, Chairman of National Research 
Council 

Trustees: G. D. Meid, Alfred N. Richards. 

Revision of the Constitution 

Edwin B. Wilson, Chairman; Eugene F. DuBois, William J. Robbins. 

Weights, Measures, and Coinage 
Gano Dunn, Chairman; G. P. Baxter,, R. W. Wood. 

TRUST FUNDS 

Alexander Dallas Bache Fund 

Researches in physical and natural science. $(K),000. 

Board of Directors: Edwin B. Wilson, Chairman; W. J. V, Osterhout, 
Sewall Wright. 

Barnard Medal for Meritorious Service to Science 

* ^ 

Discoveries in physical, or astronomical science or novel application of 
science to purposes beneficial to the human race. (Every five years the 
committee recommends the person whom they consider the most deserving 
of the medal, and upon approval by the Academy, the name of the nominee 
is forwarded to the trustees of Columbia University, who administer the 
Barnard Medal Fund.) 

Committee: Edwin Hubble, Chairman; Bergen Davis, Arthur L. Day, 
R. C. Tolman, W. R. Whitney. 

John J. Carty Fund 

Medal and monetary award, not oftener than once in every two years, to 
an individual for noteworthy and distinguished accomplishment in any 
field of science coming within the scope of charter of Academy. S25,600. 

Committee: Herbert Gasser, Chairman (1952); Vannevar Bush (1960), 
Harvey Fletcher (1961), J. B. Murphy (1949), Robert E. Wilson (1953). 
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Cyrus B, Comstock Fund 

Prixe awarded every five years for most important discovery or investiga- 
tion in electricity, magnetism, and radiant energy; or to aid worthy in- 
vestigation in those subjects. $15,0(X). 

Committee: Vannevar Bush, Ctuiirman (1949); J. W. Beams (1951), 
L. A. DuBridge (19.50), Enrico Fermi (1953), T. 1. Rabi (1952). 

Henry Draper Fund 

Medal and investigations in avStronomical physics. $10,000. 

Committee: I. S. Bowen, Chairman (1952); W. vS. Adams (1950), J. A. 
Fleming (1951), P. W. Merrill (1953), Otto Struve (1949). 

Daniel Giraud Elliot Fund 

Medal and honorarium for most meritorious work in zoology or paleon- 
tology published each year. $8,000. 

Committee: Alexander Wetmore, Chairman (as Secretary, Smithsonian 
Institution); Albert E. Parr (as Scientific Director, American Museum of 
Natural History); Alfred S, Romer (1950), A. H. Sturtevant. 

Wolcott Gibbs Fund 

Chemical research. $5,545.50. 

Board of Directors: G. P. Baxter, Chairman; Roger Adams, C. A. Kraus. 

Benjamin Apthorp Gould Fund 

Researches in astronomy, $20,000. 

Board of Directors: F, R. Moulton, Chairman; W. vS. Adams, Joel 
Stebbins. 


Marcellus Hartley Fund 

Medal f<3r eminence in the application of science to the public welfare. 

$ 1 , 200 . 

Committee: W. V. Houston, Chairman (1950); Isaiah Bowman (1951), 
J. B. Conant (1949), Lee A. DuBridge (1951), Zay Jeffries (1949), H. J. 
Muller (1950). 

Joseph Henry Fund 

To assist meritorious investigators, especially in the direction of original* 
research. $47,1 03.50, 

Committee: W, S. Hunter, Chairman (1950); R. T. Birge (1949), G. W. 
Corner (1952), E. B. Fred (1953), Joel H. Hildebrand (1951). 

Marsh Fund 

Original research in the natural sciences. $20,(K)0. 

Committee: Edmund W. Sinnott, Chairman (1950); A. F. Buddington 
(1951), W. J. Mead (1949), W. M. Stanley (1953), W. H. Taliafern) (1952). 
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Murray Fund 

Agassiz Medal for original contribution in the science of oceanography* 

$10,000. 

Committee: C. S. Piggot, Chairman (1950); H. U. Sverdrup (1949), 
(1951). 

J, Lawrence Smith Fund 

Medal and investigations of meteoric bodies. $10,000. 

Committee: L. H. Adams, Chairman (1949); John A. Fleming (1952), 
Harlow Shapley (1953), V. M. Slipher (1950), R. J. Trumpler (1951). 

Mary Clark Thompson Fund 

Medal for most imj^c^rtaiit services to geology and paleontology. $10,000. 
Committee: A. F. Buddington, Chairman (1950); C. 0. Dunbar (1949), 
G. G. Simpson (1951). 


Charles Doolittle Walcott Fund 

Medal and honorarium to stimulate research in pre-Cambrian or Cam- 
brian life. $5, (XX). 

Board of Trustees: Carl O. Dunbar, Chairman; Alexander Wetmore, ex 
officio, Secretary, Smithsonian Institution; Pierre Pruvost, representing 
the Institut de France (1952); C. J. Stubblefield, representing the Royal 
Society of London (1952); W. H. Bucher. 

« 

James Craig Watson Fund 

Medal and the pn)motion of astronomical research. $25,000. 

Trustees: A. O. Leuschner, Chairman; F. E. Ross, F. H. Scares. 

Special Committee on Trust Funds 

To inquire into the iH>ssibility of establishing a single committee on 
grants. 

Committee: D. W. Broiik, Chairman; Chairmen of tliose Trust Fund 
Committees awarding grants-in-aid. 
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RADIAL OSCILLATIONS OF THE LIMrTING MODELS OF POLF- 
TROPIC GAS SPHERES 

By ZDENfeK Kopal 

• Center of Analysis, Masbacuusktts Institute of Technology and Harvard 

College Observatory 

Commutiicuted by Hurlow Shapley, June 5, 1948 


A gas sphere is said to be in polytropic equilibrium if the relationship 
between the pressure P and density p at any point in its interior is expressed 
as 

p = Ay+>^" (I) 


where K and n are constants. If we introduce, as usual, the non-dimen- 
sional variables B and J related with the density p at a distance r from the 
center by 


r 



‘A 

{ and p ~ pc0”, 


(2) 


where the subscript c denotes the central values of the respective quantities 
and G stands for the gravitational constant, the new function B describing 
the distribution of density in the interior of a polytropic gas sphere under 
the influence of its own gravity is governed by Emden’s well-known equa- 
tion 


1 d 

dl 



+ 0 . 


(3) 


If the mass of a polytropc is to be finite, it can be shown that 0 ^ ^ 5. 

For both limiting cases, equation (2) admits of a solution in closed form : 
namely, if » = 0, the solution of (3) which is regular at the center becomes 

» = ( 4 ) 


whereas if n >■ 5, 
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S as 


( 


i + 


5 *’) 


Vi 


( 6 ) 


The former case refers to a gas sphere the density of which is constant 
throughout the interior; the latter, to a sphere of finite central density 
but of infinite radius and therefore vanishing mean density. 

The object of the present paper is to investigate what happens when a 
polytropic gas sphere characterized by « — 0 orn =* 5 is disturbed from its 
state of equilibrium by an instantaneous impulse in such a way that a 
small purely radial motion results* If the corresponding displacement 
of $ ocairs adiabatically, and is so small that squares and higher powers 
of its amplitude can be ignored, Eddington' has shown that the Lagrangian 
hydrodynamical equations can be reduced to the following second-order 
differential equation 


dy . 4 ~ M ^ 



where/ ^ and 




( 6 ) 


— , 

y 

(n + 
4rGyftc ^ 


( 7 ) 


2^r/ y being the period of the respective oscillation and y, the ratio of specific 
heats. The boundary conditions of our problem which require that there 
be no displacement at the center and no variation of pressure on the surface 
are formally equivalent to a requirement that equation (6) have regular 
integrals that are finite for 0 ^ ^ €i» where (i denotes the first zero of the 

respective Emden function. 

Polytrope n ^ 0 . — Consider first a compressible gas sphere in which the 
undisturbed density is constant and == VO. Setting i/fi « x and making 
use of (4) we find that m « 2x^/(l — 3c®) and equation (6) assumes the form 


^2/ 4 ^ df 

(1 + - + 

dx^ xdx 


0. 


( 8 ) 


where we have abbreviated 

( 9 ) 

A substitution « y transforms (8) into a hypergeometric equation 
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yd - y) ^ + [c - (a + 6 + l)y] ^-aif^O, (10) 


where 




di) 


and c = 5/2. 

The particular solution of (10) which remains regular at the origin is 


f^AF 


^o. b, 


( 12 ) 


where ^ is an arbitrary constant. The second requirement of our bound- 
ary conditions, that/ be finite for « 1, discloses that the hypergeometric 
series on the right-hand side of (12) must either converge or— if divergent— 
must be terminating. In our present problem a + b c, m which case 
the hypergeometric series is known to diverge for x *= 1.^ Hence, if (12) 
is to represent a physically admissible solution of our problem, the series 
on the right-hand side of (12) must reduce to a polynomial — ^which means 
that a or 6 must be equal to some negative integer. If we assume that b =»= 
— / (an assumption of a « — / would lead to exactly the same conse- 
quences), where j is zero or a positive integer, it follows from (11) that 

J = 2/(2/ + 5). (13) 


Therefore, a homogeneous gas sphere, disturbed slightly from its state 
of equilibrium, is found to be able to oscillate radially, not in any frequency, 
but only in discrete frequencies given by 

« ^vGpcy[j(2j + 5) + a\, (14) 


which are real provided that J + 2a > 0^ i.e., that 

.> 1 

m + 5 ) + 3 * 


(15) 


The corresponding eigenfunctions (12) of the radial motion reduce them 
to the Jacobi polynomials® 

( 16 ) 

whiie the corresponding variation &P of pressure P accompanying the 
radial oscillation is given by 
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f £(*■/) --37^G,(|. I >■). (17) 


It should be mentioned that the discrete nature of the frequency spectrum 
of radial oscillations of a homogeneous configuration of compressible gas 
was previously pointed out by Stenie;^ in point of fact, its fundamental 
period (corresponding to j = 0) was first found by Miller.® Both these 
investigators failed, however, to recognize the hypergeometric character 
of the equation (8), or the fact that the proof of the discrete nature of the 
spectrum is based on the divergence of a hypergeometric series of unit 
radius, and that the respective eigenfunctions of the oscillation in radius 
or pressure are Jacobi polynomials. 

Polytrope n — 5 , — Let us now turn to the other limiting case of the 
polytropic family of models — that involving an infinite degree of central 
condensation in which n ~ 5. From the astrophysical point of view, this 
case is of much greater interest than a homogeneous configuration since the 
internal density concentrations in real stars are known to be high and, 
therefore, the properties of a polytrope w «= 5 may, in certain respects, 
come close to those of actual stars. 

In order to investigate the possibility of small radial oscillations of a 
gas sphere built up according to this model, we return to Schuster’s solution 
(5) of Emden’s equation (3) for = 5 and introduce a new independent 
variable r defined by 

i - VS tan r. (IS) 

From this it is easily demonstrated that 0 = cos r and /w == 0 sin® r. As- 
suming moreover, 


/ 


virj 

sin® r cos® r 


(19) 


Eddington’s equation (6) governing small radial oscillations of polytropic 
stars takes the explicit form 


dh} 

dr® 


+ 2 is 



-f 


3co® 1 
2 cos® r f 


0. 


( 20 ) 


Before proceeding with the solution of this equation, let us make more 
precise the physical significance of the model we are considering. The 
polytrope it = 5 represents a gas sphere of finite mass and central density, 
but of infinite extent. With certain precautions such a configuration can, 
however, be converted into one of finite mass and dimensions, but of infinite 
central density. In more specific terms, the mass m and radius r of the 
polytrope w ~ 5 are known* to be 
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/37f\v> 

ot(t) = 4\/3 V ( sin* 


( 21 ) 


with boundary at r — 90 From these equations it is obvious that the 
only way to obtain finite dimensions of the whole configuration for ^ 5*^0 
is to make pc infinitely large. A poly trope n — 5 is, however, seen to pos- 
sess the curious feature that its mass tends toward zero, for finite values of 
Ky when its central density increases beyond any limit. The mass can, 
therefore, remain finite only provided that pc and K both approach infinity 
in such a way that 


“ constant. 


(22) 


The radius r then will, by definition, be a finite limit of the indefinite prod- 
uct pc^* cos 00"^; the reader can easily verify that this definition is suf- 
ficient to make the pressure vanish at the boundary of our configuration. 

If the foregoing conditions are met, it is apparent that an assumption of 
infinite central density can effect a homologous transformation of the 
polytrope n = 5 into a configuration of finite dimensions, the whole mass of 
which is confined to its center and surrounded by an envelope of negligible 
weight, in which the density falls off as the inverse fifth power of the dis- 
tance from the center. Equations (7) make it evident, however, that, 
under these circumstances, the value of co* is found to he zero for any finite 
frequency v of free radial oscillation of the respective configuration. In virtue 
of this fact, the term of the right-hand side of (20) multiplied by drops 
off, and the remaining equation proves again to be one of the hypergeo- 
metric type. 

Changing over froin r to a new independent variable x = sin^ r and 
taking 

i^(^) — sin*” r cos” r, (23) 


where 


m{m - 1) - 2, (24) 

n{n - 1) == 4(5 --6/7) (25) 

equation (20) can be reduced to 

d^n dv 

*(1 - + [c “• (O + ft + l)jc] — — abij 0, (26) 


where now 
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a = ~(w + « + 4), 
h = ^{m + n - 4), 


(27) 


and combining its general solution with (19) and (23) it follows that 

/ »= sin T cos ^ [AF{a^ b, r, x) + F{a -1-1 & +1 — -c, 

2~c.x}, (28) 

where A and B are integration constants. 

The boundar>^ conditions of our problem require / to remain finite for , 
.r =« 0 and 1. The condition at the origin asserts at once that B == 0 and 
that, of the two roots of equation (24), oniy.w 2 is admissible; for then 
/(O) =« A which, without the loss of generality, can be set equal to one. 
This leaves us with 

/ = (1 - xyF{a, b, x) (29) 


as a possible solution of our physical problem, where a *= Va (w + 6) and 
ft as (n — 2), n being a root of equation (25) whose value depends on 7. 

If the pressure is to remain constant over the free surface of our radially 
oscillating configuration,/ must retain a finite value at 5c == 1. The hyper- 
geometric series on the right-hand side of equation (29) will again diverge 
or converge for = 1 as a + ^ i.e., as n is greater or smaller than one 

half. An inspection of equation (25) reveals that, for any value of 7 > 
*^/27, the equation admits indeed of a pair of roots one of which is always less 
than 0,5. so that for every value of 7 greater than this limit a value of n 
can be found which will make our hypergeometric series converge. How- 
ever, if « < 0,5, then ft < —0.75, and therefore the binomial (1 — jr)*' 
factoring the hypergeometric series on the right-hand side of equation (29) 
will again become infinite for .r «= 1. The values of ft (or n) for which the 
product on the right-hand side of (29) may remain finite can easily be 
found if wc write it in the form F(a, ft, c, jc) -r (1 — and observe that, 
whereas the hypergeometric series in the numerator can be written as 


aft 

1 + 77X + 
Uc 


aja + l)&(ft + 1) 
2! c{c + 1) 


+ 


a binomial expansion of the denominator yields 




b(P + 1 ) 


** + 


2 ! 
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We see that both series become identical if (1) ft «= 0 (i.e., n « 2),(2)a*= 
c ft/j (i.e., w *= —1). Either case corresponds to the ratio of specific 
heats 7 « ^/a and the equilibrium of our configuration is clearly neutral. 
For any other value of y- ^greater or smaller than Vs — the amplitude of the 
radial oscillations becomes, however, infinite at x = 1, so that the boundary 
condition on the surface cannot be met. The conclusion follows, therefore, 
that a gaseous configuration of matter in hydrostatic equilibrium, obtained 
by a homologous transformation of a poly trope n = 5 into a sphere of finite 
dimensions, is incapable of exhibiting radial oscillations of finite frequency 
or amplitude. 

It is a known fact that free periods of radial oscillations of polytropic gas 
spheres decrease, in general, with increasing degree of central condensa- 
tion.^ Free periods of various modes of the polytrope n — 0 can, therefore, 
be regarded as upper bounds of the respective quantities for the polytropic 
family of models. On the other hand, when n — 5, no free periods were 
found to exist ; their lower bound for the poly tropic family of models there- 
fore appears to be zero. It should be stressed, however, that the non- 
existence of finite periods of free oscillation of the polytrope » - is not 
a consequence of the fact that the ratio of its central density to the mean 
density is infinite, but rather of the rate at which the density diminishes 
with increasing distance from the center. Sterne* has, in fact, investigated 
another model, characterized by infinite central condensation, in which the 
density falls off as the inverse square of the distance from the center; and 
this model was found to admit of a whok spectrum of discrete periods of 
radial oscillations. On the other hand, the poly trope n = 6, for which the 
density in the envelope falls off approximately as inverse fifth power of the 
distance from the center, proved incapable of such oscillations. It appears 
therefore, that for spherically symmetrical configurations of compressible 
gas, the whole mass of which is confined to the center and is surrounded by 
an envelope which does not contribute appreciably to the gravitational 
potential within the body — a configuration rather loosely tenned in the 
literature as the Roche model — a certain critical value of the density 
gradient in the envelope must exist beyond which radial oscillations are 
no longer possible. This critical value of (r/p) {dpjdr) must, moreover, be 
between -“2 anti —5, Sen® claimed recently to have proved that, if the 
density in the envelope is assumed to vary as where p is a positive in- 
teger, a failure of the convergence of a series expansion of the solution of 
the governing differential equation implies the non-existence of any per- 
missible frequency of radial oscillation of the respective configuration if 
/) > 3. Although the correctness of a part of Sen’s investigation was 
challenged by Cowling,* Sen’s criterion appears to be consistent with the 
particular result establi^d above for the polytrope » = 5. A generaliza- 
tion of Sen’s work for non-integral values of p and a consequent darifica- 
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tion of the limit of instability of the Roche model for radial oscillations 
are much to be desired. 

^ M\ N., 79, 2 (1918); or Internal Constitution of the Stars ^ Cambridge, 1930, pp. 186- 
188. In his papers Edditigton gave the explicit form of the equation (6) corresponding 
to the polytropic index » =» 3 (‘'standard mcjdcV'). The general form of equation (6) 
for unrestricted n was first explicitly stated by Miller, M, A^., 90, 69 (1929). 

* Cf.. for instance, Bromwich, Introduction to the Theory of Infinite Series^ Cambridge, 
1908, p. 35. 

* In the notations of Courant-H fiber t, Methoden der McUhemaiischen Physik^ Berlin, 
1933, vol. I, p. 77. 

< M, N., 97, 582 (1937), 

» Ibid., 90, 59 (1929). 

* Cf., for instance, Chandrasekhar, An Introduction to the Study of Stellar Structure, 
Chicago, 1939, p. 97. 

^ Cf. Miller, op. cit., the same fact holds true for non -radial oscillations as well (Cowl- 
ing, Af. N., 101, 367, 1942). 

» Proc. Nat. Acad. Set., India, A12, 99 (1942). 

* Math. Reviews, 8, 60 (1947). 


EFFECTS OF DIFFERENT PROTEIN AND RJBOFLA VI N CON- 
TENTS OF DIET UPON THE CHEMICAL COMPOSITION OF THE 

BODY^ 

By Henry C. Sherman and Mildred S. RAOANf 
Department op Chemistry, Columbia University 
Communicated June 5, 1948 

It has been shown that storage of riboflavin in the liver of the rat not 
only is correlated with the riboflavin intake^ but also tends to increase with 
the protein content of the diet.®'”® Some experiments have also shown in- 
creased storage of protein, with or without decrease of fat, in the body at 
increased levels of nutritional intake of riboflavin.^" ^ The present paper 
reports experiments upon the effects of varying ?x>th protein and riboflavin 
intakes upon the protein and riboflavin contents of the whole carcass as 
well as of the liver. 

Thirty-day-old rats from the colony maintained in this laboratory were 
used as the experimental animals, and the period of experimental feeding 
was 30 days. The paired feeding method was used. The rats on the low 
protein diet were restricted to the amount of food eaten by those on the 
high protein, and those on high riboflavin were restricted to the amount 
eaten by those on the low riboflavin diet. Litter-mates matched as to sex 
were used on the diets being compared. 
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As seen in table 1, increasing the protein content from 12 to 32 per cent, 
in a diet containing 7 jttg. of riboflavin per gram of air-dry food, resulted in 

TABLE 1 

Effect of Ikcrbasino Protein in a Diet of Liberal Riboflavin Content: 7 mo. 

PER Gram 


(Average of 6 comparisons) 


flNpTNOS 

WITH 12% 

PltOTiaN DIBT 


WITH 32% 
mOTBIN DIST 

Gain in body weight, g. 

’ 51. 


68. 

Liver weight, g. 

5.94 


7.88 

Nitrogen in carcass, % 

3.12 


3.39 

Nitrogen in liver, % 

2.75 


3.01 

Riboflavin in carcass, /<g. 

' 4.93 


5.49 

Riboflavin in liver, 

28.1 


31.9 

Total nitrogen in body, g. 

2.78 


3.44 

Total protein in body, g. 

17.3 


21.5 

Total protein in body, % 

16.95 


18.42 

Riboflavin per g. rat, /ig. 

5.70 


6.63 

Total riboflavip in body, me* 

631. 


824. 

ncreased growth and liver weight; 

and more growth per gram of food con- 

sumed, though the percentage utilization of protein was lower on the diet 
of higher protein content. On the higher protein diet the body retained 

more riboflavin, more protein, less fat and more water. 


Table 2 shows the results of corresponding experiments with three diets 
containing unifonnly 12 per cent protein but with 1, 3 and 9 Mg- of ribo- 

TABLE 2 



Effect of Incrbasino Riboflavin in a 12% Protein Diet 

(Average of 6 Comparisons) 



rtNntNoa 

WITH 1 mg. OV with a mo. of 

RIBOFLAVIN /U. RIBOFLAVIN/O. 

WITH 9 mO. of 
siboflavin/o. 

Gain in body weight, g. 

35. 

38. 

41. 

Liver weight, g. 

4.81 

4.74 

4.81 

Nitrogen in carcass, % * 

2.91 

2.92 

2.96 

Nitrogen in liver, % 

2.84 

2,85 

2.87 

Riboflavin in carcass, mK*/e- 

5.19 

5.63 

6.56 

Riboflavin in liver, mE-Ze- 

20.28 

26.00 

30.50 

Totsd nitrogen in body, g. 

2.23 

2.26 

2.71 

Total protein in body, % 

16.66 

16.93 

17.22 

Riboflavin per g., Mg. 

6.11 

6.95 

8.14 

Total riboflavin in body, Mg. 

468. 

544. 

632. 


flavin p^ gram of air-dry food, respectively. Here the increase of ribo- 
flavin inteke clearly increased the riboflavin content both of the carcass and 
of the liver, and both the amount of riboflavin per gram of body wright and 



886 CHEMISTR K; SHERMAN AND RAGAN Proc. N. A. S. 

* 

tJlc total weight of riboflavin in the body; while the percentages of nitrogen 
were not significantly changed, either in the carcass or the liver, or in the 
body as a whole, by these differences of riboflavin intake at this 12 per cent 
level of food protein. 

The same three levels of riboflavin intake were then tested with a differ- 
ent basal ration of moderately higher protein content — 20 per cent of 
protein in the air-dry food mixture — ^with the results shown in table 3. 
Here the increases of intake of riboflavin had no significant influence upon 
the growth of thc1>ody or the amount of nitrogen it retained, either in car- 
cass or liver; but definitely increased the riboflavin content of the liver and 
of the body as a whole. The percentage of total protein in the body as a 

TABLE 3 

Effect of Incrbastno Riboflavin in a 20% Protein Diet 


(Average of 5 Comparisons) 


ytMOtNOB 

WITH 1 #lO. OP 

HIBOPtAVXN/o. 

WITH 3 itO. OP 
1 tiaOPt,AVIN/o. 

wrrtt S MO. OF 
RIHOPI.AVXN/0. 

Gain in body weight, g. 

40, 

43, 

41. 

Liver weight, g. 

6.45 

4.79 

4.82 

Nitrogen in carcass, % 

3.39 

3.23 

3.30 

Nitrogen in liver, % 

3.16 

3.07 

3.00 

Riboflavin in carcass, Mg-/g« 

5.08 

5.08 

6.60 

Riboflavin in liver, Mg./g* 

17.85 

24.38 

29.06 

Total nitrogen in body, g. 

2.45 

2.54 

2.67 

Total protein in body; % 

18.00 

18.20 

18.60 

Riboflavin per g., ng. 

6.04 

6.67 

7,17 

Total riboflavin in body, ^g. 

438. 

611. 

637. 


whole showed a very slight trend toward increase at the successively higher 
levels of riboflavin intake, consistently with the well-known ‘^concentra- 
tion” or “mass action" principle and the protein-riboflavin relationship 
which is being established by current rese^ch; but the measured differ- 
ences are too small to be statistically significant, so that the effect of the 
protein-riboflavin relationship upon protein retention in the body is prac- 
tically plateaued at the intake levels of these experiments. 

In all of the above-described experiments, the “paired-feeding"method 
was used, Ad libitum feeding was also used in some cases with the follow- 
ing results: In these experiments as in those above, increased nutritional 
intake of riboflavin, within the range 1 to & ug- per gram of food, tended to 
increase the amounts stored in the body, both when the protein level was 
12 and when it was 20 per cent of the air-dry food. The diet of highest 
riboflavin content was eaten in largest amount and resulted in largest gains 
of body weight and of riboflavin content of body; but the protein-ribo- 
flavin relationship was less clearly shown mth ad li^tum than with * ‘ paired^’ 
feeding. 
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, Summary, — Paired-feeding experiments showed an increase of both ribo- 
flavin and protein content of liver and carcass on a diet containing 7 pg, of 
riboflavin per gram when the protein content of the diet was increased from 
12 to 32 per cent. 

Increasing the riboflavin content of a 12 per cent protein diet from 1 to 9 
fjtg* per gram resulted in slight increase in weight, in fat and in total protein 
stored. The riboflavin in liver and carcass was also increased. 

The same increase, from 1 to 9 )ug. of riboflavin per gram of air-d^ food, 
on a 20 per cent protein diet had only slight influence upon growth or nitro- 
gen stored, but increased the storage of riboflavin. 

When food was allowed ad libitum^ increasing the riboflavin in a 20 per 
cent protein diet from 1 to 9 Mg* P^r gram resulted in increased appetite, 
growth and retention of protein and riboflavin, though the percentages of 
protein were less because of the greater gain in body weight, 

* Aided by grants from Swift and Company to Columbia University. 

t Present address: Food and Nutrition Board > National Research Council* 2101 
Constitution Avenue, Washington, D, C. 
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ON THE FREQUENCY AND TRANSMITTED CHROMOSOME 
ALTERATIONS AND GENE MUTATIONS INDUCED BY ATOMIC 
BOMB RADI A TIONS IN MAIZE* 

By E. G. Anderson 

# 

Krecikboff Laboratories op Biology, California Institittb of Technolooy, 

Pasadena, California 

Communicated by G. W. Beadle, June 15, 1948 

$amp^ of mai 2 ;e seed of the single cross L289 X 1205 were placed, on 
some of the ships within the target area at Bikini at the time of the atomic 
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bomb test of July 1, 1946. At about the same time Dr. L. F. Randolph ex-* 
posed duplicate samples to x-rays at Cornell University. Plantings were 
made at l^e California Institute of Technology of both series together with 
imtreated controls. From these plants, sporocyte samples were collected by 
Dr. Randolph for studies at Cornell University on the visible chromosomal 
chat^jes induced by the radiations (Randolph, Longley and Li in press). 
Studies on hereditary effects have been carried on at the Califomia Institute 
of Technology in cooperation with the United States Department of Agri- 
culture and the Naval Medical Research Section of Operabon Cross- 
roads. 

Seedling comparisons supplemented later by pollen sector frequencies 
indicated one lot of seed exposed to atomic bomb radiations has received a 
dosage equivalent in biological effects to slightly below 15,000 r units of 
x-ray. Most of the studies have been made on this lot and on the com- 
parable lot exposed to 15,000 r units x-ray. 

In maize, chromosomal alterations can be detected readily by partial 
pollen sterility, unless the alteration involves only a very small portion of a 
chromosome. Examination of 751 plants of the unexposed controls showed 
only normal pollen. 

Plants from irradiated seeds are mosaics of various sectors, each of which 
is assumed to be the progeny of a single meristematic cell of the multi- 
cellular growing tip of the embryo. Observations on the pollen indicated 
that about 90 per cent of the tassels of the Bikini lot had one or more sectors 
showing chromosome alterations. 

Three plants were outcrossed to normals or to plants of low dosage when 
normal plants were not available. The outcross plants were derived from 
one normal gamete and one from the irradiated source, and should thus give 
a direct frequency of such transmissible effects as could be detected or 
recognized by the techniques employed. 

In order to obtain a large number of chromosomal alterations for cyto- 
logical study, ten seeds of each outcross were planted. The number of 
partial-sterile plants obtained was expected to be a little higher than 
random, since 

1. Pollen was taken only from plants known to have at least one sector 
of partial sterility, 

2. The majority of these pollinations were made on low dosage lots 
rather than on normal controls, 

3. In the outcrosses of the Bikini or x-ray lots as female parents, seed 
waa selected from poorly filled portions of the ear. Such parts Bxt most 
likely to be partial-sterile sectors. 
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The observed frequencies were 



TOTAL 

PBK CENT 
PAKTIAL- 


PLANTS 

STVnXLK 

Normal or low dosage X Bikini pollen 

3176 

4.7 

Normal or low dosage X 15,000 r x-ray 

2582 

6.0 

Bikini X normal pollen 

5456 

6.4 

15,000 r x-ray X normal pollen 

3248 

7.8 


An unselected sample should give a somewhat lower frequency of trans- 
mitted partial -sterile plants, probably 4.5 or 5.0 per cent. 

All partial-sterile plants were outcrossed to standard stocks to establish 
lines for cytogenetic study. 

Some of the normal plants were self-pollinated to obtain mutant charac- 
ters for other studies. In all, 1231 self-pollinated ears were harvested from 
the Bikini lot, and 655 from the corresponding 15,000 r x-ray lot. Of these 
26 per cent of the ears from the Bikini lot and 23 per cent of those from 
x-ray were tabulated as segregating for endosperm characters such as white 
endosperm, sugary, brittle, opaque, shrunken, many types of defective 
endosperm and also several viviparous types. No doubt many defective 
types were overlooked. 

Seedling tests are in progress and a test for mature plant characters will 
be made. Conspicuous seedling characters have been found to be even more 
frequent than the endosperm defects. The seedling characters include 
chlorophyll deficiencies such as white (albino), pale yellow and yellow 
lethals, pale green and yellow-green seedlings, virescents, piebald, zebra, 
striate and striped seedlings. Some appear to be mutable. A wide range 
of other characters such as glossies, dwarfs and a host of morphologically 
aberrant types have also appeared, many of which are unlike any described 
in the maize literature. 

Because of the difficulty of establishing any objective standards for de- 
tecting and classifying miscellaneous mutations, no plans had been made 
for studies on mutation frequency and accordingly no controls were self- 
pollinated to test for the presence of recessive gene defects in the stock 
used. Some recessives could be carried in the commercial inbred lines, 
L289 and 1205, used in making up the single cross, but not in such frequen- 
cies as were obtained. A number of control plants were used as pollen 
parents in a series of outcrosses with no dear evidence of any recessive 
having been carried in the control parent. Whenever the source could be 
determined the recessive came from Ihe irradiated parent. It is passible 
that a minor portion of the gene defects may have been present in the 
stock, but at most it could have been only a small fraction. Additional 
tests will be made the coming summer induding a study of the lower 
dosfi^es and a dieckup of the controls. . 
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From data thus far obtained, it appears that most of the outcross plants 
carried one or more recessive mutations from the irradiated parent. Thus 
more than 50 per cent of the functioning gametes of plants from seed ex- 
posed to 15,000 r units x-ray or to the nearly equivalent atomic radiation 
exposure carry one or more gene mutations caused by the radiations. 

The dormant seeds in these tests were exposed to much greater irradia- 
tion than the lethal dose for most animals or for actively growing plant 
tissue. But roughly similar frequencies obtained from 15,000 r x-ray and 
the nearly equivalent Bikini lot support the expectation that atomic bomb 
radiations have about the same heritable effects, as comparable doses of 
x-rays. 

Summary. — M^uze seed receiving atomic bomb radiations equivalent to 
nearly 15,000 r units x-ray were tested for hereditary chromosomal altera- 
tions and gene mutations. 

The frequency of chromosomal alterations as indicated by partial pollen 
sterility was 4,7 -0.4 per cent in progenies which were not entirely random. 
It is estimated that a random frequency would be between 4.5 and 5.0 per 
cent. 

The frequency of gene mutation was extremely high. Probably more 
than 50 per cent of the gametes of the exposed generation carried one or 
more gene mutations. 

The frequencies of chromosomal alterations and gene mutations in a lot 
exposed to 15,000 r units x-ray were roughly equivalent to the frequencies 
obtained in the Bikini lot. 

* Cooperative investigations of the Kerckhoff Laboratories of Biology, California 
Institute of Technology, and the Division of Cereal Crops and Diseases; Bureau of Plant 
Industry, Soils, and Agricultural Engineering, TJ. S, Department of Agriculture. 

This is a brief report based cm a cooperative program carried on at the California In- 
stitute of Technology by a group of investigators including Dr. A. E. Longley of (he 
United States Department of Agriculture, Prcrf. E. F. Frolik of the University of Ne- 
braska, Dr. E. E. Dole of Union College and the following graduate student assistants: 
C. H, Li, K. L. Retherford, Earl P. Patterson, Wa)me F. Keim and Don Robertson. 


THE RELATION BETWEEN NICOTINIC ACID AND CARBO^ 
HYDRA TES IN A SERIES OF MAIZE ENDOSPERM GENOTYPES* 

By James W. Cameron and H, J. Teas! 

Uhivbrsxty of CALtFoftmA Citrus Experiment Station, Riverside, and Kerckhoff 
Laboratories of Biology, California Insttiwe of Tbchkolooy, Pasadena 

Communicated by G. W. Beadle, June 15, 1943 

It has been shown by Burkholder, McVeigh and Moyer, ^ by Barton- 
Wright,* and by Mather and Bartoq-WrightVtliat kem^ of stlxgary xnaiEef 
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are about twice as high in nicotinic acid as those of starchy maize. In the 
first-mentioned paper, kernels of a group of sugary strains were reported 
to average 34.6 micrograms of nicotinic acid per gram of tissue, as con- 
trasted with 20.8 for starchy strains; in the last two papers the averages 
were 26.2 for sugary strains and 15.8 for starchy. The hereditary differ- 
ences in the carbohydrates in all these strains were presumably controlled 
by the allelic genes Sui and suit which act in such a way that kernels 
homozygous for the recessive .vwi are sugary, while those carrying one or 
more doses of Swi are starchy. No studies of the products of controlled 
crossing between Sux and sui strains were reported, but Mather and 
Barton-Wright® analyzed starchy and sugary kernels from open pollination 
on ears of five sugary lines. These kernels, whose triploid endosperms were 
of the genotypes SuxSUiSUx and suxsuisuu respectively, showed essentially 
the same difference in nicotinic acid content as that cited above. (Tri- 
ploidy is normal in the maize endosperm, owing to fusion of two female 
polar nuclei with one male gamete.) 

Cameron^ studied the effects of two pairs of alleles, .vwi®'” su and Du du^ 
on the reserve carbohydrates in a series of maize, endosperm genotypes. 
The gene su\^ is a member of the Suxsu\ series (for convenience, subscript 
numerals for this allelic series are omitted hereafter) ; whereas Du and du 
are wild type and recessive forms at an independent locus.® These genes 
interact so that endosperms catiying one or more doses of both and 
Du are primarily starchy type (opaque and smooth) in appearance, while 
those homozygous for su or du^ or both, are sugary type (translucent and 
wrinkled). Chemical analyses, which provide a more sensitive measure of 
the genetic effects, showed that the homozygous double-recessive genotype 
su su su du du du was the lowest in starch and the highest in soluble carbo- 
hydrates and that starch increased and soluble carbohydrates decreased in 
a rather definite pattern with succeasive doses of either su^^ or Du. First 
doses were usually the most effective, su^ was more effective than Du, 
and one dose of each gene was usually more effective than three doses of 
either alone. The behavior of the entire series of genotypes with respect to 
starch may be seen in table 1. Notations in the dosage column of this 
table make clear the identity of each genotype in terms of its gene dosage: 
1-0 for example, carries one dose of and none of Du, and therefore two 
doses of and three of dw. 

The present paper reports data on the nicotinic add content of this 
genotypic series, together with exploratory data on the thiamin and biotin 
content of selected genotypes. 

Me^ufds . — ^Mature maize endosperms from the same or sister ears of the 
series which bad served for the carbohydrate studies^ were u^d for the 
present analyses. The ears were produced in a single plot in one season, 
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with the exception of the genot3T5e su su du du du, which was grown in 
a different year. 

Vitamin values are reported on an air-dry basis. Since earlier measure- 
ments had shown the entire range in moisture content to be from 7.6 to 
10.5%» littleerror in relative values is introduced. Endosperms from each 
of two ears of each genotype were pooled and ground to 60 mesh in a Wiley 
electric mill, and the resulting material was thoroughly mixed. For the 
nicotinic acid assay.s reported in table 1, l.O g. of each sample was hy- 
drolyzed by autcH^aving with 50 cc. of 1 N sulfuric acid for 30 minutes at 15 
lbs, pressure, and the suspensions were neutralized, filtered and made up to 
volume. The growth of Lactobacillus arabinosus, as determined by acid 
production during 72 hours at 35°C., was taken as a measure of the nico- 
tinic acid. The culture medium and the general procedure were those de- 
scribed by The Association of Vitamin Chemists, Inc.® Calculations of 
nicotinic acid were made from the averages of three or more assays (each 
in duplicate) which agreed within 10% of the total average of duplicates 
representing six concentrations of added endosperm hydrolyzate. A 
sample of enriched wheat flom* obtained from The Association of Vitamin 
Chemists, Inc., was assayed as a control in two experiments. The values 
obtained were within 3% of the range already reported by the Association 
(in personal communication to the junior author) for this material. 

For the thiamin and biotin determinations certain strains of Neurospora 
were used, their response being measured by the dry weights of mycelial 
pads formed in a 72-hOur growth period in liquid medium. The general 
techniques of culturing Neurospora strains, the means of supplying supple- 
ment and other procedures have been described.’ Strain 18558, a thiamine- 
less mutant which requires vitamin thiazole or intact thiamin,® was used for 
the thiamin estimations. The biotin estimation was carried out with wild 
type strain 1.4, which is deficient in the ability to synthesize biotin. The 
maize hydrolyzates for the biotin assay were the same as those used for 
nicotinic acid determinations. The samples for thiamin assay were pre- 
pared by simultaneous takadiastase and papain treatment in acetate buffer, 
according to the method of Cheldelin, el aL^ For each determination a 
standard curve was run in duplicate, and five levels of endosperm hy- 
drolyzate were used. The average of all values read from the relatively 
straight-line portion of the curve was taken in calculating the vitamin 
levels. 

Results , — ^In table 1 the nicotinic acid content of the genotypes is shown 
in relation to the previously determined values for starch.'* Whereas the 
starch content had shbwn a stepwise response to gen^ dosage, ranging from 
19.2% starch in genotype 0-0 to 80.7% in genotype 3“3, the conterit of 
nicotinic add appears to be less sensitive. It is rdativdy low (mean, 24,2 
micrograms per gram of tissue) in the group of nine starchy types that 
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carried both and Du, and higher by a factor of approximately 2 (mean, 
50*5 micrograms per gram) in the group of seven types that lacked one or 
both of these alleles. The difference between the two means is highly sig- 
nificant, with a P value of less than 0.01. Within each of these two groups 
the variation among individual values is non-significant by -the test; 
nevertheless, there is a marked tendency for nicotinic add to reflect 
Changes in genotype correlated with changes in starch content. This has 
been indicated in a column of subgroup means. Thus genotype 0-0 had a 
nicotinic add content of 56.7 micrograms per gram of tissue; genotypes 
Chi, 0*2 and 0-3 averaged 51.6 micrograms per gram; genotypes 1-0, 2-0 
and 3-0 averaged 47.4, and so on. For the entire series, the correlation co- 
effident between starch and nicotinic add is -*0.97, with a P value of less 
than 0.01. 

It has been shown that the apparent nicotinic add content of cereal 
products is influenced by the method of extraction; thus wheat autodaved 
with 0.1 AT sulfuric add assayed 37 micrograms of nicotinic add per gram of 

TABLE 2 

Effect of Strong and Mmu Hydrolyses on the Apparent Nicotinic Acid Content 
OF Five Maize Endosperm Genotypes 

mCOTWIC ACID RfiLKAHUD »V— s 


OBNB DO|»AO». 

«T»ONO 
HYOROLYSIB. 
MICKOORAIIS PICR 
ORAM OF TXRSUK 

— HYDROLYSIS- . 

MICROORAMS FRR CB^r OP 

PRR ORAM STRONG 

OP TISSUa HYDROLYSIS 

3-3 

21.7 

16.0 

69.1 

1-1 

29.4 

19.8 

66,6 

3-0 

44.3 

29.6 . 

06.8 • 

0-3 

66,3 

28.3 

50.3 

0-0 

50.7 

39.0 

68.8 


tissue, but when treated with 1.5% sodium hydroxide or 3 iV hydrochloric 
add it assayed 72 to 75 micrograms per gram.^® One N sulfuric add also 
gives maximum nicotinic add values in cereals,” and the data reported in 
table 1 were obtained by its use. To determine whether there might be 
differences among the genotypes in the pro|)ortion of nicotinic add re- 
leased by strong and mild hydrolyses, five of the genotypes were assayed 
after autoclaving with 0.1 N sulfuric add. The results of these assays are 
presented in table 2 and compared with those from table 1. In each case 
the value obtained by mild hydrolysis was markedly lower than that ob- 
tained by strong hydrolysis. With the exception of genotype 0-3, the 
percentage of total nicotinic add made available by this mild treatment 
was about the same for all, however, and this suggests that su and du exert 
no differential action in this respect. Without further tests it cannot be de- 
termined whether the one notably lower percentage (50.3, for genot 3 rpe 
(hS) has significance. 
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Results of exploratory assays for thiamin and biotin, carried out on the 
same five genotypes, are shown in table 3. These data must be considered 
only approximate, but they indicate that the two vitamins bear a relation- 
ship to the carbohydrate system similar to that of nicotinic acid, in that they 
are low in starchy types and higher in sugary ones* The biotin level found 
for genotype 3-3 agrees well with the value reported by Cheldelin and 
Williams^’ for white corn meal, but the thiamin level for this genotype is 
less than one-tenth as much as that reported by Van Lancn, Tanner and 
Pfeiffer^^ for a composite sample of yellow maize. 

Discussion , — The data of Burkholder, McVeigh and Moyer, ^ together 
with those of Mather and Barton-Wright^ and of the present paper, 
demonstrate a general correlation between sugary-type maize endosperm 
and relatively high nicotinic acid content. Three different gene com- 
binations, dut su Du and su du, when homozygous for their recessive 
members, are sugary type and high in nicotinic acid, while two combini^- 
tions; Su Du and su!^ Du, are starchy type and low in nicotinic acid. Thus 

TABLE 3 

TffiAMiN AND Biotin Content op Five Maize Endosperm Genotypes 


OBNR DOSAOB, 

ItlCKOOKAMtt PBM OKAU OF TXSSUK 

su^mDu 

TUtAMW 

UXOTIN 

3-3 

0.18 

0.07 

1-1 

0.37 

0.09 

3-0 

0.42 

0.14 

0-3 

0.98 

0.13 

0-0 

0.B» 

0.15 


changes involving either the Su su^^ su series or the Du du pair are inde- 
pendently effective. Endosperm tissue from the gene combinatoin Su du 
has not been assayed, but since this is a starchy type it is probable that the 
nicotinic acid content would be low. 

The present data, like those on the carbohydrates,^ have been presented 
on a percentage basis, or its equivalent. In this genotypic series, however, 
about 1.37 sugary-type endosperms were required to equal the weight of 1 
starchy-type. If the number of cells laid down in an endosperm were 
essentially the same in the two types (with the weight difference due pri- 
marily to djifferential amounts of stored carbohydrates), and if the produc- 
tion of the vitamins were a cell function tmrelated to the genes in question, 
then sugary tissue might be expected to yield about 1.37 times as much as 
an equivalent weight of starchy tissue. Such a situation, however, does not 
account for the extent of the differences found. Studies on starchy m^t 
hybrids'*^ have shown that variation in nicotinic acid content can also 
occur as a function of the hybrid, and of the 3rear and the location of the 
planting. In the present series these factors were not variables. 
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For comparable types, the nicotinic acid values reported here average 
higher than those of Mather and Barton-Wright;® they agree rather well 
with the starchy-type average of Burkholder, et ai./ but are higher than the 
sugary-type average reported by these workers. These differences are 
probably a function of the genetic backgrounds involved, for all these 
authors reported wide variation in nicotinic add for both sugary and 
st^chy kernels of various varieties. Their assays differed also in that they 
were apparently made upon whole kernels. 

The mechanisms underlying the relationships between the carbohydrates 
and the three B vitamins are not known, and the possibilities are many. 
The primary action of the genes may relate either directly or indirectly to 
the carbohydrates or to any one or all of the vitamins. 

It has ‘been suggested^ that in the starch-synthesizing processes certain 
steps relating to the action of phosphorylase are affected by su and du. If 
this is correct, changes in vitamin content may be secondary. This is 
plausible, since (a) vitamin content appears to be less sensitive than Carbo- 
hydrate content to' changes in genotype; and (6) the three vitamins all 
change in the same direction, as if in response to some general influence. 
The degree of starch accumulation might constitute such an influence. In 
starchy endosperms the cells become primarily storehouses for starch 
grains, and the production of other substances may be limited as a result. 

in microorganisms shunt mechanisms exist, which, although often en- 
tirely inoperative in the presence of low concentrations of (soluble) carbo- 
hydrate, form substantial quantities of certain metabolic products when 
carbohydrate is plentiful. In the*present case the sugary maize types, in 
which soluble carbohydrates accumulate, may produce greater quantities of 
vitamins by such a mechanism. It is also possible that a portion of the 
vitamins or some of their components are used up (from an otherwise con- 
stant store) in the process of polysaccharide synthesis, so that smaller 
amounts remain in starchy kernels than in sugary ones. Thus nicotinamide, 
which is related to coz)mmse, may suffer loss due to ‘^attrition’' or other 
causes'® in the course of this activity. 

If it is the vitamins which the genes more directly control, different ex- 
planations are required. Conceivably, the greater quantities of vitamins in 
sugary genotypes could interfm with synthesis of starch or contribute to 
its breakdown. Again, in microorganisms it has been shown/’ that high 
vitamin levels can cause metabolic upsets. 

It has been pointed out (by E. G. Anderson, in personal commtmication 
to the writers) that thiamin and perhaps precursors of other vitamins may 
appear in the endosperm by translocation from the leaves. This could 
imply control of these substances by genes in the diploid plant tissues, which 
would require a reconsideration of the gene dosages involved. 

Data are accumulating which make possible the breeding of maize for 
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greater nutritive value. It has been known for some time that the content 
of vitamin A-active carotenoids is controlled by a gene pair, ¥% and y;i 
yellow maize contains these carotenoids in direct linear proportion tq the 
doses of Yi present; white ma^e lacks them,^® In studies on the in- 
heritance of oil, inbreds of high and low oil content have been obtained, and 
genetic effects are detectable in their hybrids;^® the inheritance of proteins 
and amino acids is likewise being studied. In sweet corn, genes such as du, 
in conjunction with the common 5tti, provide possibilities for the develop- 
ment of improved eating quality. The low nicotinic acid content of 
starchy tnaize is well known, especially because of its apparent relation to 
pellagra. A somewhat higher content can be obtained by selection among 
starchy hybrids,*^ and for purposes for which sugary fypes can be utilized 
the still higher levels represent an additional advantage. 

Summary . — In a series of relatively isogenic mature maize endosperm 
genotypes, inversely related changes in nicotinic acid and starch content 
were found to be conditioned by genes at both the sui locfts and the du locus. 
Nicotinic acid content appeared somewhat less sensitive to changes in 
genotype than did starch content. On a percentage basis sugary types 
averaged about twice as high in nicotinic acid as starchy types. 

The proportion of total nicotinic acid made available by mild hydrolysis 
was similar in all but one of a group of contrasting genotypes tested. 

Exploratory assays for thiamin and biotin indicated that their content in 
the endoserm, like that of nicotinic acid, is low in starchy types and higher 
in sugary ones. 

Possible mechanisms underlying these relationships are discussed. 
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A GENE^CONTROLLED REACTION IN NEUROSPORA INVOLV^ 
ING THE SYNTHESIS OF PANTOTHENIC ACID 

By Robert P. Wagner and Beverly M. Guirard 

Genetics Laboratory and The Biochemical Institute, The Univerbixy of Texas 

Austin, Texas 

Communicated by J. T. Patterson, June 80, 1948 

The postulate that the gene is the ultimate ageat coutrollmg biochemical 
reactions is accepted by many geneticists as a working hypothesis; The 
evidence is based on .the fact that gene changes bring about changes in bio- 
chemical reactions, and sometimes create a *%enetic block'' which makes it 
impossible for products tp be formed. Furthermore, eadi gene is asstraed 
to be specific for a specific type of biochemical reaction, with the corofiary 
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logically following that there exists a one*toKme relationship between the 
gene and the enzyme.^ ® The experimental evidence confirming this rela- 
tionship is scanty, because its direct investigation is made difficult by in- 
adequate information on known gene-controlled reactions, and the tech- 
nical difficulties of carrying out many of these reactions m vUro. 

That the ability to produce a specific enzyme is, in fact, inherited has 
been demonstrated in at least two cases. The clover, Trifolium repens 
has been shown to possess a genetically determined enz3rme, linamerase, 
which hydrolyzes the glucosides, linamerin and lotaustralin.* Some rab- 
^bits possess an atropinesterase in their blood which hydrolyzes atropine and 
monoacetylmorphine, and the ability to produce this enzyme is incom- 
pletely dominant to the condition in which the enzyme is absent.^ In both 
of these cases the enzyme activity can be demonstrated in vitro. The sub- 
strate and end-products have been chemically characterized, and the pres- 
ence or absence of the enzyme shown to be an inherited trait. 

It is the purpose of the present investigation to make a direct study of 
the gene-enzyme relationship in the fungus, Neurospora. Two strains of 
Neurospora obtained from Dr. G. W. Beadle at the California Institute of 
Technology were used, the Emerson Wild Type 5265A and Pantothenicless 
5531A. The pantothenicless mutant is unable to g:row unless supplied with 
pantothenic acid, a vitamin not required by the wild type in its medium* 
It has been reported that 5531 has the ability to synthesize both /3-alamine 
and pantoyl lactone (Di-a-hydroxy-i3,j3-dimethyl-7-butyrolactone), and 
therefore presumably has a genetic block for the reaction coupling these 
fragments to produce pantothenic acid.*^ This mutant differs from the 
wild type by a single gene, and the gene locus has been approximately lo- 
cated on one of the seven chromosomes of Neurospora.® 

Experimentai . — Both wild type and pantothenicless Neurospora were 
grown in basal medium^ with 1 7 per ml. of calcium pantothenate in the 
pantothenicless cultures. Mycelial pads were harvested at the end of 72 
hours, wadied thoroughly with sterile, distilled water and transferred asep- 
ticaily to sterile flasks containing 25 ml. of distilled wajer. To one set of 
flasks 5 ml. each of 0.1 M solutions of i3-alanine and pantoyl lactone was 
added. The cultures were incubated at 28®C. with constant diaking. 
Flasks removed after diffeitiit intervals of time were steamed for about ten 
minutes; the mycelium was harvested and dried at 90®C., and then 
weighed. The fluid contents of the flasks were assayed for pantothenic add 
with IxkctobacMus arab%nosus according to the method of Skeggs apd 
Wright.* One per cent gtucose (instead of two per cent) was used in the 
hasay medium and growth response was measured turbidimetrically after 
an incubation period erf 17 to 18 hours instead of acidimetricaUy after 72 
houts' incubation, tbe amount of pantothenic acid produced in the me- 
dium per mg. dry weight of mycelium was calculated. The data from a 41- 
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hour run are presented in table 1 . They show that the wild type produces 
considerable athounts of pantothenate in the presence of jS-alanine and 
pantoyl lactone, and very little in their absence, whereas the pantothenic- 
less mutant produces none in either case. There can be little doubt that 
wild type Neurospora is capable of coupling the pantoyl lactone and jS-ala- 
nine to form pantothenic acid, and that the pantothenicless mutant has a 
genetic block at this coupling reaction. 

It should be noted, in connection with the experiment reported abovej 
that no attempt was made to control the pH, but that the pH remained at 
about 6.0 during the course of the incubation. It was also found that tolu-^ 
etie, which was used as a preservative in one experiment, completely in- 
hibited the production of pantothenate by wild t3^e. 

In vitro experiments were carried out with a preparation made by grow- 
ing large amounts of mycelium in minbnal medium. Growth was per- 

TABLE 1 

Production of Pantothknate by Intact, Resting Mycelium of Wild Tyfb and 
Pantothenicless Neurospora (‘Precursors*’ Refers to /?- Alanine and Pantoyl 

Lactone) 

MICKOOItAMd FAWrOTIfBNATK j»XODDCBZ> MO. OX 7 WXXOHT MYCBUVM 

PARtOU OF > WM-O TYP* ^ — PANTOTHJlNtCt-KW» 


INC0BAT1UN 

(hovxs) 

PURCURXORS 

NO 

PBRCURflORH 

PfCRCURSORSl 

NO 

PSKCORSORS 

0 

0.01 

0.01 

0.01 

0.(X) 

6.5 

0.09 

0.01 

0.01 

0.01 

16.6 

0.36 

0.04 

0.01 

0.03 

22.5 

1.23 

0.11 

0.03 

0.03 

28.6 

2.50 

o.n 

0.02 

0.03 

41.0 

6.CX) 

0.06 

0.02 

0.02 


mitted to proceed for 48 hours with aeration, and the mycelium then wa^ed 
with distilled water and four successive portions of dry acetone. After 
being dried thoroughly the preparation was groimd to a fine powder and 
stored in the refrigerator. The yield is about 20 to 28 g. of acetone-dried 
mycelium per 15 liters of culture fluid. 

The effect of hydrogen-ion concentration on the production of pantothen- 
ate was tested by using 50 mg. of the dried mycelial preparation per fladk; 
suspended in 25 ml. of 0.04 M potassium phosphate buffer solution contain- 
ing 1 ml. each of 0.1 M solutions of pantoyl lactone and /9-alanine. The 
solutions were sterilized and the mycelial preparation added aseptically. 
The reaction mixtures were incubated at 25°C. and shaken constantly for 
24 hours. They were then steamed, the solidis separated by centrifugation 
and the centrifugates assayed for pantothenate. Since in alkaline solution 
there is a certain amount of synthesis of pantothenic acid from /S-alanine 
and pantoyl lactone when these compounds are heated together in solution, 
a control smes of flasks was set up which contained no mycelium. The 
contents of these flasks were assayed and the values obtained subtracted 
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from the pantothenate values found in the flasks with mycelium. The re- 
mits expressed in micrograms pantothenate per mg. acetone-dried prepa- 
ration are given in table 2. They show that the optimal pH range under 
the conditions of this experiment lies above pH 6.0. 

TABI.E 2 

The Effect of Hvdrogkn-Ion Concentratioi^ on the Synthesis of Pantothenate 
BY THE Acetone* Dried Myceeium of Wild Type Neurospora 


pH 

MtCROORAMS 

pantotubnatk 

PRODUCED 

PBR MO. MYCBLUm 

5.0 

0.01 

5.5 

0,29 

6.0 

0.70 

6.5 

0.79 

7.0 

0.69 

7.5 

0.62 

8.0 

0.59 

9.0 

0.64 


The effect of omitting the precursors, ^-alanine and pantoyl lactone, ’"is 
shown in table 3. In this experiment incubation time was 24 hours at 
25®C. The blank contained only phosphate buffer at pH 6.0 and the myce- 
lium. The data demonstrate the dependence of the reaction on the pres- 
ence of both of the precursors. 

TABLE 3 

The Effect of the Presence of j9-ALANmB and Pantoyl Lactone on the Produc- 
tion OF Pantothenate by Wild Type Neurospora 

MICROGRAMH 

PANTOTHKNATIt PRODUCED 
PER MO. MYCELIUM 


Pantoyl lactone -f /3-alaniue 

0.58 

Pantoyl lactone 

0.13 

jS-alaninc 

0.11 

Blank 

0.10 


Table 4 shows the effect of increasing the concentration of the mycelial 
preparation on the amount of pantothenate synthesized during an incuba- 
tion period of 24 hours at 26®C. The total amount of pantothenate pro- 
duced per flask is given in the table. 

The release of pantothenic acid preformed in the wild type mycelium used 
in the preceding experinieuts might be expected to have some effect on the 
results. For this reason intact and acetone-treated mycelia were assayed 
for their content of the vitamin. Preparations from fresh cultures were 
homogenized in acetate buffer at pH 4.6 and treated with Clarase and Car- 
oid enzyme mixtures for 24 hours at 37°C.® No pantothenate was de- 
tected by assay in the case of the intact mycelium, probably because of in- 
complete digestion. However, the acetone-tres^ted mycdium contained 
0.014 7 pantothenate per mg., a concentration very close to the pantothen- 
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ate content reported for Oidium lactis.^^ If we accept this value as a rea- 
sonably accurate one for wild type Neurospora then it becomes quite evi- 
dent that pantothenate must actually have been syntliesized, and not 
merely released after having been formed during the activelj^ growing phase 
of the mycelium. 

Discussion. — The data presented demonstrate that there is an enzyme 
system present in wild type Neurospora which catalyzes the synthesis of 
pantothenic acid from ^-alanine and pantoyl lactone. This reaction can be 
demonstrated both in vivo and in vitro, although the rate is not as great in 
the latter case. Efforts made to increase the activity of the acetone-dried 
preparation to at least that of the intact mycelium have not met with con- 
sistent results. At present it appears that glucose and coen7ymes such as 
adenosine triphosphate, pyridoxa! phosphate and Coenzyme I may stimu- 
late the synthesis of pantothenate in vitro^ but the proper conditions have 
not yet been worked out. 


TABLE 4 

The Effect of Concentration of thb Mycelial Preparation on the Synthesis 

OF Pantothenate 


MO. MVCBUOM 
PUR FLASK 


MXCROOitAMS 

PANTOTBBNA'TB PSTODUCBO 
PER FLASK 


25 


37 


50 

75 

100 


55 

93 

175 


The present investigation indicates that the reaction leading to the pro- 
duction of pantothenate from jS-alanine and pantoyl lactone in Neurospora 
should be useful in studying directly the gene-enzyme relationship in this 
organism. 

The authors gratefully acknowledge the interest shown in their work by 
Dr. H.^K. Mitchell of the California Institute of Technology whose sugges- 
tion concerning the possible usefulness of the pantothenicless mutant of 
Neurospora provided the initial stimulus for this investigation. 
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MULTIPLICATIVE SYSTEMS, I 
By C. J. Everett and S. Ulam 
L os Alamos Scientific Laboratory 
Communicated by J. von Neumann, May 28, 1948 

1. Introduction . — The purpose of this note is to introduce a formalism 
suitable for the description of systems which consist of particles of different 
types, each particle transmuting with given probability into a group of 
particles of these types, the number of particles in the system varying 
with time.^' * The type of a particle may refer to characteristics like 
position or momentum as well as to intrinsic properties. 

The phase space in which we are interested here is that of all possible 
futures or g^ealogies of such vsystenis, each such genealogy being con- 
sidered as a point of the space. Given the elementary probabilities of 
^transmutation, one can introduce a notion of probability or measure 
for certain subsets of the phase space. 

The formalism is general enough to include as sjxjcial cases the multi- 
plication of bacteria, radioactive decay, cosmic ray showers, diffusion 
theory and the theory of trajectories in mechanical siJ^stems. 

Detailed discussion of specific cases, at present in the form of reports, 
will be published elsewhere. 

2. Rmuirk on Measure . — It is convenient to have at hand some simple 
axioms on which the classical measure theory may be shown to rest. 
Suppose r = { 7 } is a point set, I = U}* a class of distinguished subsets i 
of r called intervals, including the empty set B and the entire set T. Denote 
by J the class of all subsets S — Zi which are sums of a finite or countable 
class of intervals (all sums hereafter are supposed to be over a finite or 
countable number of summands). Suppose that intervals satisfy the 
axioms: 

1.1. Every set 5 of J can be represented as a sura of mutually disjoint 
.intervals. 

1.2. The complement t = F — i of an interval i is in J. 

1.3. The set product ij of two intervals i, j is an interval. 

Assume further 

M.l. To every interval i is assigned a non-negative real number m{i) 
called its measure, 

M,2. m(r) « 1. 

M.3, If i = where the *i, are intervals and the are pairwise 
disjoint, then m{i) 

An additive class C of subsets of F is one such that 

C.l. All intervals belong to C. 

C. 2 , If Au Ai, ... are in C, so is 
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C.3» If A is in C, so is -4'. 

The intersection of all additive classes a)nsists of the Borel sets. Thus 
all Borel sets are contained in any additive class. 

If one defines outer measure 0 {U) — glb{m{S); V c St J] and inner 
measure [(U) - 1 — O(U') as usual for an arbitrary subset U of T, one 
can show on the basis of the stated axioms that the class of all measurable 
sets M (for which I{M) — 0(M)) is an additive class. Moreover, defining 
measure m{M) for measurable sets to be the cotnmon value I{M) = OiM), 
one can show fn(M) g 0; for disjoint measurable sets 

M; and if M is an interval, the assigned measure coincides with the original 
interval measure, 

J. The set I\ of Graphs. Consider / types of particles such that a 

particle of type i may produce, upon tranformation, + ... + ^ 0 

of such particles, of which jV are of type v, v — 1, . . . , We suppose trans- 
formation times are the same for each type and hence that generations 
may be cotmted utiambiguously. We agree to consider zero generation 
as consisting of one particle of a fixed type i. Then we consider the set 
Vi of all possible infinite histories or genealogies of such a particle, that is, 
the infinite records of the transformations of this particle and all its progeny 
through aH generations = 0, 1, 2, .... 

We may represent a genealogy in the plane if we make the following 
conventions: 

(a) t different "colors’' are assigned to the / types, a particle of type v 
in the ^h generation being represented by a dot of appropriate color, 

{b) If a particle of type ju in g^eneration k is transformed into no particle, 
i.e,, if it dies or escapes, this is indicated by a sequence of A’s ( A « death) 
vertically below it, one in each succeeding generation. 

{c) If a particle of type in generation k is transformed into . -t- 

jt > 0 particles, of type this is indicated by a branching from the 
corresponding dot of color in the feth generation to + ... + jt dots, 
of color V, in the ^ + 1st generation, dots of the same color being placed 
consecutively and colors ranging in order v ^ i, . . .,t from left to right, 

Thus we may regard the set r< of all such graphs y in the plane. If 
7 is a graph, 7„ denotes the upper segment of y from generation 0 through 
generation n. If 7 « y, then 7tt =» fn for all w. li y ^ 7, define ^(7, 7) 
as the least integer n for which 7» 9 ^ 

The set Ff has the natural metric: <l{y, y) « 0 for 7 «= 7, d{y, f) « 
I/^(y» y) iot y ^ 7. The metric spa<ie Tt resulting is 0-dimensional, 
separable, and complete, but not locally compact. 

A graph 7 is said to terminate in case it contains no particles (only 
A’s) in some generation. The set T of all terminating graphs may be split 
into the disjoint summands To, Tu ■ . where Tn denotes the set of aU 
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terminating graphs which contain at least one particle in generation n, 
but none in the next. 

By an interval of order n is meant the set of all graphs y such that 
7n “ rlT^ where is a particular graph in r„. The only interval of 
order 0 is Ff itself. We now define interval to be either B, or any sin^e 
graph 7, terminating or not, or any interval of order «, « = 0, 1, . . .. 
It is easy to see that axioms I.l, 2, 3 are satisfied. Indeed we have the 
simple projxjrty that the intersection ij of two intervals is either B or i or j. 

4, Measure in the Space of Graphs— While the notions of graph, distance 
and interval are geometric in character and depend only on the number 
/ of types, measure may be introduced in various ways. One of the 
simplest, but by no means the only one to which the theory has been 
applied, may be imposed as follows. Suppose we assign a probability 
ju * - • » ji) to the event that a particle of type i should produce, upon 
transformation, ji + ... + jt particles, jy of type v. Then every segment 
7n of a graph 7 has an associated probability p{yn) that the event described 
by jn should occur. If we assign to intervals a measure by m{6) ~ 0 
= >(rn+i), w(t‘(r^"0) = piu )* and ni{y) * lim p{yn) for 7 non- 
terminating it turns out that il/.i, J?, 3 are satisfied and thus Borel sets based 
on oiu* intervals are measurable in the sense of §2. (Non-compactness of 
intervals makes M.3 non-trivial.) 

The procedure applies in much more general systems where the transition 
probabilities are functions of the time. 

* Hawkins, D., an Ulutu, S., Theory of Multiplicative Processes, I. II.S.A.E.C., Oak 
Ridge MDDC 287, LADC 206. Declassified 1944* 

*v. Neumann, J., and Ulam, S., “Random Ergodic Theorems,” Bulletin A. M. S., 
Abstract 61-9-165 (1946). 

\v. Neumann, J., and Ulam, S., “On Combination of Stochastic and Deteministic 
Processes,” Abstract 53-11-403 (1947). 


ON THE ZEROS OF THE DERIVATIVE OF AN ENTIRE 
FUNCTION OF FINITE GENRE 

By Morris Marden 

Department of Mathematics, yNivBRSiTv of Wisconsin, Milwaxjkee 
Communicated by J. L. Walsh, June 3, 1948 
Let E{z) denote an entire function of genre p: 

£(«) - e'’<*Vn“.x[l - (z/*^)] exp 

where P(*) is a polynomial of degree pi and p => max {pu g). Clearly, the 
zeros of its derivative £'(*) depend not only upon the zeros 2, of £(2) but 
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also upon the polynomial P{z), This contrasts with the fact that the 
zeros of the derivative of a polynomial depend only upon the zeros of 
pdlynomiaL It accounts for the difficulty experienced by some previous 
investigators who, Seeking to extend to entire functions the well-known 
results on the zeros of the derivative of a polynomial, found it necessary 
to assume P(z) ^ 0 or to restrict p to the values 0 or 1.^ 

In the present note, the difficulty due to the P(«) is circumvented by 
establishing for FJiz) the following new representation. 

Theorem 1. Let E{z) be an entire function of genre p. Let Zo *= 0, 
Zu 22 , . . . denote the zeros of i£(z) with the multiplicities wo, W 2 , . . . , 
respectively, and let Zi, Z 2 , . . . , Z^ denote any p zeros of E\z). Then 

E'{z) - E{z)Z7-o{[mj/(z - z,)]in^d{Z, - z)/{Z, ^ Zj)]]. 

Theorem 1 may be proved by extending to nieroniorphic functions our 
recent results® on tlie zeros of rational functions of the form 

^( 2 ) = jyj-imj/(z - Zj), 

where the are arbitrary complex constants and the ntj are points in a 
convex sector. It may also be proved directly by eliminating P(z) from 
E^(z) by use of the equations EJ{Zd) «= 0, A = 1, 2, . . 

An immediate consequence of Theorem 1 is 

Theorem 2. If Zu Z 2 , ...» Zp^i are any p + 1 zeros of the function 
E'(z), then 

{Z^i - z,)] - 0. (1) 

The study of the argument of each term in equation (1) leads now to 

Theorem 3. Let K denote the smallest conveJt infinite region which* en- 
closes all the zeros of E(z) and let S(K, denote the star-shaped region com- 
prised of all points from which K subtends an angle of at least ^ = x/(p 4* 
Then at most p zeros of E^(z) lie outside of S{K, ^). 

When p = 0, the region S{K, coincides with K. Thus Theorem 3 is 
seen to be a generalization of the Lucas Theorem that any convex region 
enclosing all the zeros of a polynomial also encloses all the zeros of its 
derivative. 

In particular, if K is chosen as a convex sector, the following result is 
obtained. 

Theorem 4. Let a and be non-negative numbers such that a < /5, 
a + ^ as 7r/(p 4* i). If all the zeros of E(z) lie in the sector \argz \ < a, 
then at most p zeros of E'(z) lie in the sector | arg (— z) ( < 

Equation (1) also leads to an elementary proof of the following result of 
Laguerre imd Borel,* 

Theorem, 5. Let E{z) be a real entire function with only real zeros. Then 
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E^{z)/E{z) has at most p real and non-real zeros in excess of a single zero 
between each pair of successive zeros of £(s). 

All of the above theorems remain valid if EJ{z) is replaced by H{z) » 
E*{z) + Q{z)E{z) where Q{z) is an arbitrary (real, in tlie case of Theorem 6) 
polynomial of degree not exceeding ^ — 1. For, the function Ex{z),^ 
E{z) exp. X Q{^)dz is an entire function of genre p possessing the same 
zeros as E{z) and its derivative E\{z) « H{z) exp. f Q(z)dz. 

A more detailed account of the above results, together with additional 
applications, will be published elsewhere at a later date. 

^ Cf . the report on the zeros of entire functions by E. B. Van Vleck, '‘On the Location 
of the Roots of Polynomials and Entire Functions,” Bull. Amer. Math. Soc.^ 35, 643-^583 
(1929). 

* Marden, M., “On the Zeros of Rational Functions with Prescribed Poles,” presented 
on April 16, 1948, to Amer. Hath. Soc. at Ann Arbor, Michigan. 

* E, Borel, Lecons sur Ics fonciions entihres^ Paris, 1921, pp. 30*44, 


TWENTY EXACT FACTORIALS BETWEEN 3041 AND 401! 

By Horace S. Uhler 
Yalk University 

Communicated by F. D. Murmighan, June 10, 1948 

In the year 1944 the author published privately a little book entitled 
Exact Values of the First 200 Factorials, vSubsequently he computed with 
great care the exact values of n! from n =*= 201 to w ~ IKlO. The data of 
this third century have not appeared in print. One consullable copy has 
been deposited in the library of Brown University, Providence 12, Rhode 
Island, and another copy is in the possession of Doctor J. C. P. Miller, 
Technical Director of Scientific Computing Service Limited, 23 Bedford 
Square, London, W.C. 1, England. 

Recently the author has computed a skeleton table of 42 exact factorials 
beginning with 303! and ending with 4001. This table was built up by first 
calculating the values of n! for which n + 1 was one of the 17 primes from 
n 307 to M « 401, so that Wilson's theorem could be applied as a more 
exacting check in addition to congruence testing with moduli such as 
10» + 1, 10» + 1, etc. Incidentally the values of 3501, 3721, 375!, 3781 
and 400! as found by the author in February, 1945, were reproduced identi- 
cally in the work performed three years later. In order to make a few of 
these arithmetical constants available to other investigators requiring 
exact values in the fourth century of n/ the following table of equally spaced 
but non-cansecutive data is presented. 



408 


MATHEMATICS: H. S. VHLER 


Proc. N. a. S. 


305!/10’‘ - 

78 

16143 67270 00180 26842 21781 ^219 67830 70329 83534 63749 47728 

6fH13 96628 16717 92393 86921 72994 33010 41362 09502 42202 06171 

62425 70005 87970 326f)6 74046 67837 63084 59719 20375 86704 96780 

27329 65215 01067 57207 75248 99979 71751 10374 28293 65958 21786 

98340 33476 04249 90189 04484 54625 12887 81096 82388 28344 65942 

17304 84960 08989 52299 90223 10631 53132 49820 70510 30643 66235 

87970 71920 05590 68389 70553 59515 39835 69467 74139 56369 78246 

12784 47724 93307 09006 35589 61199 74856 43598 64728 7^357 22731 

42776 53608 93630 46708 22644 31683 43792 23082 92544 2.5088 11617 

53040 88347 7161)8 33635 71475 66100 82949 78164 20479 734.59 2.3072 

. 3 101 / 10 ” - 

2166 .32.307 .39615 

.57382 46323 52647 78187 9.5476 79518 99579 52188 49117 49141 81616 

69177 68056 63364 68240 67318 71222 .58715 5063.3 17192 535.55 64906 

02611 .50380 44857 878.50 98918 43414 846.30 74133 24707 51131 32472 

66239 23677 47417 72024 82291 59184 42537 63262 89172 60707 314.56 

57018 79241 49987 04985 83771 09316 72970 22939 23879 45276 ft3358 

86726 60161 7.5252 63087 11567 16646 .56686 20269 46552 69308 82261 

63413 89016 78640 80.3.56 861131 68719 62066 19987 30510 47909 31513 

70148 32280 60402 28659 87648 08406 70375 • 93175 7.5394 06975 27745 

32860 60968 62580 C.33a5 63798 61981 .33889 16877 69791 67062 98763 

900.59 94763 .57218 32760 86222 26812 05438 36586 57430 21171 01.568 


3161/10” = 

05070 284.32 35846 76142 849(K) 
91280 84048 67246 93577 2.5980 02786 74197 3H463 717.50 72340 30,305 

08722 1439S 278.56 5197,3 27308 07012 223.54 17592 68574 72307 60553 

61061 94,568 1.5248 53610 41430 89.351 01368- 99668 13922 65197 62140 

64139 40&39 2.5901 .5861,5 4.3169 46069 44417 78372 9a5.5.5 22524 09073 

81753 22134 92168 19852 24246 53131 19258 22462 95412 09823 69427 

31644 79121 68349 69260 74271 29127 63153 01009 53702 68216 65849 

671&8 45236 &3640 81102 37278 43235 51317 63211 48729 06486 79100 

13740 83046 89.399 57977 04211 22719 41248 61963 751.50 99839 .36063 

32916 48221 19039 16308 02309 74000 23742 66148 22088 2.5999 10187 

80899 61827 279.50 77930 20927 27664 80616 04761 43746 31V373 93408 

3201/10” - 

21 16103 34721 92524 82965 71704 10776 '29866 

87946 39108 37613 (XiVOf. 57783 •()1.567 80903 30844 47216 78017 88371 

08317 09407 22691 24180 71081 82869 29687 26413 48645 16639 12600 

40896 68390 89805 02774 34786 61.543 14832 61486 73030 87662 33136 

98969 64910 31377 72782 92965 20278 «i263 04839 72525 43230 83321 

24693 ,59203 46445 76046 03157 16688 80818 13860 83935 73770 62843 

63395 86952 08617 mSG 12749 63850 90743 60230 90498 20934 91713 

47654 61873 01294 W049 38955 13272 46630 75880 43699 69040 936.54 

70934 06626 66965 61064 65403 72048 42102 66089 26808 49397 81640 

19086 69344 26649 05462 74666 94123 26023 29181 22696 08658 33215 

77699 89142 64964 926.53 69278 84808 48689 20655 69846 12424 25344 

326I/10*" - 

74 39241 74668 20826 43735 34494 22105 61663 83967 17620 
38069 07317 38414 66417 00760 47025 41867 66473 78676 82293 78970 

64760 30667 62898 76166 84867 98163 29339 93348 42298 37744 03867 

93161 46480 42003 61689 40232 91722 46643 76150 36938 24510 20933 

16423 02926 22967 07373 81260 20152 62321 88823 20676 72634 49792 

67687 87666 32641 07677 40192 66463 74662 08691 66686 99260 82630 

01190 29668 78973 52044 43814 38588 21524 87400 48531 73763 00573 

22078 77271 60660 94791 24466 16706 93170 75740 94166 74152 78143 

81490 07920 38962 08733 37686 10203 73826 49092 43130 36626 30809 

37831 71472 69624 77638 86024 68739 41043 61267 64486 39822 27640 

74862 41009 29802 71284 09580 30646 07043 81637 21506 68598 06832 



VoL. 34, 1948 


MATHEMATICS: H. S. UHLER 


400 


3301/10" - . 


2824 

08462 25838 71080 66010 65535 09844 21368 23001 55484 47917 12597 

38100 01204 08795 34100 75131 67173 46648 85871. 83699 48676 84340 

51605 24086 041107 34110 50670 - 52618 23561 53355 92684 91538 01248 

88601 44424 17647 16270 10285 80624 04841 10528 90725 30716 90361 

23418 80567 81083 95.522 .57654 49360 11494 92226 04307 54462 86770 

76900 02535 .50746 72950 34249 73082 81617 04937 10827 30704 92644 

.57(X)5 43334 27097 512.52 77966 18877 50731 81736 31303 45796 96036 

35006 71701 03798 94122 64276 .57240 69914 28638 66586 03964 57246 

3.5073 71484 51.362 9.5430 04(K)2 37985 66203 76408 67840 59147 34449 

86051 11170 69154 59.551 70513 60965 81824 24889 07209 26775 93946 

62763 90109 87779 97874 88537 30433 82846 84150 35962 16208 50944 

336I/10" =■ 

1 15632 33374 76057 

93897 5.3,538 04080 10912 68491 24676 06380 6(«)93 13907 46734 404<)9 

72220' 62840 525.53 61624 80175 28415 75881 72.507 37601 10680 52800 

94872 .503.52 03705 25604 1,5910 4054.3 98239 92055 .53881 48596 22741 

10477 33055 22407 39.523 64.575 91.597 72316 07882 10176 61386 54718 

92395 288.32 6,32.54 0.533.3 46,598 01.513 883.59 87995 14906 97445 91206 

79882 41487 93034 0.3739 47780 88438 44682 06602 87.501 19045 25452 

34.348 98810 30684 78921 04,591 78597 76099 81759 32112 2.5628 97869 

32411 05858 98441 .58812 31.372 .541.59 30812 86923 47611 05015 13791 

81819 4.5(K16 48105 .36811 00870 74766 75969 31.540 (K)988 93507 74705 

20248 9453.3 26775 83896 60107 30186 90638 57812 71218 27780 08281 

48363 62059 19007 07450 13954 58751 46455 28828 73065 19947 50070 

3401/10" = 

51 00864 47210 37110 80930 19328 

39272 93.30.3 0,3446 71982 88537 60:194 68582 43798 li;i()7 08498 .58229 

21.31.3 63729 .54649 89902 03510 11761 0.5977 88061 33788 93649 35774 

34500 36108 34151 88982 47240 1.3463 .38884 86114 14227 40713 13888 

05008 3,3811 29369 42713 6.5431 21020 13237 23370 85743 88964 02320 

41102 96061 83969 59886 33829 52818 389;}6 92368 32500 91164 12814 

17808 .59964 38090 88726 98869 90263 12600 54113 91824 90011 60:323 

94760 45067 5.52:37 5.31.57 38712 .39151 79975 20601 62388 2216.4 26473 

86346 8.5875 .38818 06087 52182 40504 10620 .57069 47492 :16518 81064 

2.5431 86264 10104 74387 42041 85641 04289 64941 04086 29854 29878 

77862 04180 85044 ,53071 6.5509 .33980 52608 36237 88608 80686 11128 

00177 131,56 22.32.5 ,53430 32769 29001 01835 27477 36327 20140 12416 

3451/10" - 

2421 66386 60792 34665 87000 5.3691 98585 .55701 

20.566 04025 86,527 34839 78326 70399 61720 17832 36931 74739 04791 

36170 79695 63160 26894 73012 21382 08891 34885 85399 28184 38056 

44608 02014 82863 67624 04948 02260 82311 01268 81000 28408 73771 

04376 40079 22001 66127 86590 84980 47607 34796 54466 0.3093 96432 

69870 87311 39427 40842 37308 39860 29113 04969 71971 50980 68025 

40760 49007 30680 21701 66732 70011 69846 73789 24201 65078 08736 

06164 73687 96426 02664 63665 84282 65690 30209 13423 69471 86360 

80276 16511 20347 83636 42187 16104 68382 67239 16892 87476 26800 

66970 84876 66213 48872 76:108 84068 66871 63860 00436 98012 94796 

27883 01034 06177 60688 34630 87157 20020 01533 68625 34363 87691 

48712 01776 69920 68786 62868 56685 72655 44230 00917 84492 56448 



410 


MATHEMATICS: H. S. UHLER 


Pitoc. N. A. S. 


3501/10** - 



12358. 

, 74058 

26548 

87501 

43951 

99766 

54645 

72246 

32073 

94691 

95158 

79429 

33023 

00930 

35357 

49131 

42169 

84583 

29501 

11784 

45941 

56210 

94327 

61532 

44976 

77618 

93237 

04344 

49422 

13964 

09009 

16694 

90645 

66125 

61113 

34533 

06982 

64556 

07852 

78983 

64515 

85122 

90209 

90499 

77304 

22679 

48748 

40601 

81101 

77641 

37584 

86813 

75049 

75397 

32592 

68826 

41777 

11770 

66194 

90238 

36340 

92545 

89994 

07933 

46268 

93194 

60801 

68889 

86949 

68499 

4;i334 

59029 

36521 

45557 

84862 

36393 

91025 

67266 

74571 

28468 

24819 

00414 

60641 

84543 

88812 

35334 

64976 

02117 

92870 

76018 

58648 

13576 

43313 

07615 

33590 

02713 

29461 

10326 

14208 

13403 

66501 

16689 

05268 

55733 

60965 

36024 

61704 

51780 

97235 

13653 

70405 

72203 

62943 

86680 

47828 

72788 

27977 

61141 

19090 

71460 

91480 

76811 

31728 

23218 

29915 

17416 

47048 

31579 

98067 

48729 

01632 





355!/ia«T « 















6 

77376 

79776 

67418 

36099 

91145 

74273 

79142 

17542 

229C5 

94923 

90674 

85209 

67948 

42281 

92577 

25475 

68718 

70618 

99834 

45933 

8SH80 

00852* 

2<X)67 

60859 

41701 

64400 

46981 

51667 

73291 

99631 

37983 

30499 

20048 

47652 

69211 

33921 

98225 

85634 

71407 

45960 

89179 

92648 

79045 

82804 

53482 

96329 

34402 

31039 

32710 

07286 

29446 

84060 

92412 

17643 

10350 

09354 

15071 

36870 

09762 

70611 

86515 

42496 

65836 

80466 

48264 

70890 

83152 

52700 

86372 

02398 

72164 

48607 

98664 

82079 

8;i395 

29533 

76062 

21827 

31686 

53268 

75385 

27004 

06698 

59604 

94844 

22827 

62427 

33819 

36514 

84358 

18140 

02625 

83812 

48233 

16155 

34787 

84690 

78490 

00319 

93052 

86972 

90882 

63919 

73620 

37006 

91070 

19241 

32274 

079f>0 

77548 

20804 

03229 

42413 

38087 

58738 

22495 

80491 

18413 

82129 

64553 

76338 

50288 

82630 

03835 

65229 

48801 

11161 

99399 

.03669 

44277 

57585 

80366- 

70464 





3fl()l/10*' - 












398 

31669 

22118 

81067 

830,59 

90336 

56471 

84342 

24120 

60560 

41437 

01183 

60876 

81419 

05250 

78778 

28777 

19783 

67867 

90614 

84962 

36608 

15370 

93035 

92360 

12970 

45164 

32578 

31407 

44700 

98769 

49675 

32389 

16840 

08681 

10442 

93357 

04558 

98753 

75992 

53484 

56032 

60865 

02781 

60327 

11018 

08348 

1670{) 

59630 

30972 

86523 

60528 

04284 

29436 

10644 

52529 

81359 

91037 

79308 

18774 

&5511 

24524 

74332 

24987 

34122 

59136 

13236 

87319 

17415 

05398 

32960 

42291 

39669 

14391 

60433 

27960 

a3064 

68690 

30670 

70824 

89567 

38775 

70873 

54859 

60504 

25633 

44537 

36488 

02120 

63687 

26905 

56967 

48062 

64667 

48658 

11939 

84061 

00909 

71364 

83506 

52527 

17494 

84080 

03573 

38638 

70881 

76356 

70004 

67650 

97378 

45399 

27240 

20434 

42160 

82704 

41950 

38802 

61322 

96267 

83142 

49284 

57061 

97040 

20700 

40415 

51342 

09534 

71940 

89863 

85966 

92833 

35973 

44226 

59404 

29503 

62890 





365!/10«» « 










25104 

12867 

55687 

32292 

92944 

37488 

12027 

70516 

55202 

69876 

07976 

68726 

96193 

9<)U0 

61382 

20937 

41960 

60180 

09000 

254X6 

93761 

72314 

36098 

23286 

60708 

07112 

33099 

79853 

44536 

79106 

53872 

38359 

97043 

56632 

74093 

76780 

91491 

42944 

08643 

16046 

92607 

45101 

34847 

02554 

60140 

mm 

90796 

55410 

41195 

49010 

mis 

mm 

37343 

51455 

17193 

28276 

08477 

55882 

29169 

02135 

39123 

47918 

62747 

01519 

39680 

85049 

40722 

60703 

30012 

46328 

39880 

06504 

87427 

99987 

66904 

16973 

43786 

10781 

85344 

66796 

68715 

11049 

65388 

81301 

36836 

19901 

05291 

80056 

12584 

46494 

88648 

61768 

29168 

20347 

56414 

89909 

84138 

06780 

99996 

04687 

48814 

67348 

37340 

69935 

98387 

91121 

99595 

75845 

38873 

61666 

15330 

93263 

55125 

68450 

56046 

38873 

81297 

02951 

38115 

18614 

13688 

92298 

66100 

05440 

94394 

30140 

99244 

11255 

57552 

79140 

76049 

37642 

53740 

25041 

03910 

66421 

97900 

32896 



VoL. 34, 1948 


MATHEMATICS: H. S. UHLER 


411 


3701/10*“ - . 

16 94213 78414 97(}77 14980 34360 30076 05761 79884 
98626 66620 28667 19083 86739 76834 14830 44271 28467 09099 10656 

45734 38389 63692 07629 69736 20638 62992 49869 16172 63291 16046 

60605 24925 12753 30648 39291 55304 30725 44244 10170 09622 13277 

(H)589 OHIO 21672 66208 37640 86326 80159 67769 37938 31169 49086 

43218 54848 49734 38746 43632 33062 96793 30285 23312 39633 71426 

93072 08890 73797 30245 28315 33903 67363 61090 94054 89619 62687 

25563 17836 69154 28332 14179 68564 19238 71762 37187 66861 80086 

92976 5tK)59 48941 779(15 90930 14447 02879 34628 00869 38422 66205 

97744 04706 76318 S3892 17641 82866 40801 14234 02726 22278 91896 

20636 70306 46494 64203 49190 38529 63458 96040 64050 49820 43983 

29364 26972 36900 42264 39612 45608 65397 99212 39031 45468 28703 

98306 38826 37414 73701 87610 64076 40553 65086 99003 71078 67648 

375I/10** = 

12 2;U97 99936 77775 43039 60618 24144 35162 61034 26617 76910 

64636 2.5695 77925 77806 00759 41939 92280 46673 18461 01687 20782 

26710 03107 94190 68074 39962 29668 36014 52548 06731 60842 01910 

45075 25971 40941 19483 03857 80515 18320 89524 58185 11336 63561 

23002 82539 9-1656 12094 69748 20721 31334 17742 46378 34418 90092 

84130 44918 22114 02760 68740 11239 68686 25321 07007 62476 70111 

36150 01670 11391 802112 70088 04755 53111 90619 92226 . 05070 32065 

60109 19117 74798 82909 32490 49834 50739 53866 35116 64387 25712 

59963 95422 98301 58661 85582 58435 62114 04943 50086 91617 82334 

29034 09063 68839 74842 74064 42123 43086 33728 07958 39810 61102 

13513 29536 61148 81688 64444 48735 72596 82637 63093 6.3951 75676 

922.35 766.59 26676 72909 77647 1.587.3 71794 82824 68011 07939 82003 

05058 02166 43741 06889 75365 67417 77488 .5428.3 88049 65564 08832 

380!/10»* - 

943 93168 

35166 58867 93564 22817 58299 .37281 47.585 04032 64861 .53629 48674 

40001 07042 46127 34225 96890 47843 36660 60455 91347 30612 88470 

76730 02822 59678 82791 11890 .52265 92961 83926 70347 76866 67700 

664.56 17888 (K).392 69308 34123 98604 31499 07809 85234 90078 60619 

01304 07985 25252 66301 35193 78619 88290 90641 81536 23632 16117 

88837 69938 62150 25.314 15980 81.319 26331 98006 26643 01149 61917 

08466 1048.5 92587 82866 66868 32339 61379 27770 97690 40186 60227 

34476 03796 64368 27676 69195 31413 89397 6.3826 48193 36694 77692 

29240 61513 44190 06943 60283 76263 31360 91446 21004 49102 41971 

06636 06679 68334 00770 92618 33656 68594 63667 19124 82069 97060 

21766 00404 16900 27866 01230 44293 06991 91666 93324 44813 26402 

29613 64191 86241 84153 20160 21543 17437 56899 04305 31490 17526 

76716 62093 9.5529 48051 22901 49804 426.38 97333 46250 00976 54784 

3851/10“* - 

77789 25820 00226 82867 
26252 46114 15309 14984 70.558 30033 03410 98826 89650 25219 49696 

79086 09462 60041 60614 77714 28400 32749 70096 00180 16880 26716 

06007 60973 38706 36264 65161 97397 79798 79777 23879 66375 12249 

86963 69896 63488 39607 93900 63469 32166 76317 63747 63296 92543 

64610 91172 33552 74009 76226 03021 67318 74738 07397 90814 32227 

88674 48117 86876 77496 62690 48468 26489 29702 78702 22627 46061 

02073 86421 81787 64018 22861 01009 79403 76433 86965 06089 27647 

88419 21022 69601 87669 78614 70842 62U8 67938 80884 77835 52S73 

22973 1600.3 46851 74157 43852 46890 02638 31761 20681 01679 84267 

06181 42271 .52746 68208 74630 48037 97654 91666 99326 68041 83489 

47419 61323 60265 36061 94370 32037 02535 66826 46278 40497 84483 

06884 86783 77919 14962 61331 72786 58824 66027 08167 48037 12048 

.31197 62669 48667 91618 77759 ' 74266 36292 68702 75040 92681 72416 



412 


MATHEMATICS: H. S. UHLBR 


Proc. N. a. S. 


• aooi/io** - 

68 40121 777:18 22066 23006 18864 87020 

49476 31481 32747 70286 35066 11179 20282 47436 90161 46630 26968 

15813 66764 00709 67606 24122 30994 80621 16147 86697 16396 88944 

69691 32612 29689 90881 16302 04905 97066 74128 29408 11292 44611 

37690 74225 18614 81190 22832 22676 38959 40834 09538 16716 84736 

90144 16667 12949 47309 19174 48139 32033 97102 62196 06770 61383 

41665 30533 05575 23382 74776 27056 92163 10894 64060 24496 34064 

62641 73808 1019! 99624 89292 31724 79753 76876 73260 90076 09292 

52617 27(X)8 63082 87559 48519 52006 44928 91329 28666 83679 53139 

37443 70458 15544 66013 44573 00695 13994 81916 58099 62068 28256 

45136 32941 27280 44585 03088 66616 07954 73749 38828 02304 64827 

69666 42726 26262 00294 39437 36441 24020 21295 20460 86447 84395 

62773 47809 a3782 04531 07276 29068 :19469 39866 22008 75524 66767 

3 a 315 65379 03670 46812 69487 01877 04539 11393 43943 14467 67376 

• 3951/10" » 

6412 28070 06834 24106 22415 93125 16580 47304 96367 

87034 23053 71607 65807 20126 »M89 50708 64509 19701 90015 04803 

02485 38560 35488 52691 82750 76913 18517 138630 06440 24491 10408 

65322 19290 6992fl 46283 83684 01757 94698 03393 34596 26781 14094 

30070 64660 34908 78194 94315 43117 81988 26927 29553 14076 41665 

09082 52633. 11267 50827 76952 38906 10563 63700 31748 89013 91022 

38531 73684 82407 31077 73540 81436 19537 08102 21335 67278 28043 

65810 54163 28037 612.54 21717 90143 16721 93988 19061 80759 26665 

62.578 970.35 60708 64409 016.54 02267 38728 66106 SSOfjO 88806 .56182 

16002 12091 79017 73406 4383.3 73487 87366 01446 24545 26828 37274 

68417 47046 70652 84860 62979 65994 71286 27727 83.561 08789 02120 

08596 77481 59110 03145 42366 31(X)7 01698 79736 04888 9793.5 18640 

21700 90462 10665 26818 13901 25372 41430 4.5005 60198 08312 84886 

81894 23869 06626 37443 78647 94187 84777 19873- 44441 93099 28448 

400I/10” - 

64034 52284 60238 95202 34797 03195 03005 85070 25830 26002 96946 

86844 46942 802:39 71691 86831 43627 84786 47463 26467 62943 60675 

■ 03686 68108 48298 16288 36174 36228 96198 86468 02997 93734 16641 

60838 16242 64619 42362 30704 62443 2.5016 11444 86708 90662 77391 

49181 17331 95.599 64407 09.549 67134 62904 77020 32243 49112 10797 

59328 07951 01545 37266 72616 27877 89000 93497 63766 71032 63603 

31633 96534 9868:1 86831 33936 20243 73788 16778 67915 06311 85870 

26182 70169 81974 00629 83025 30859 12983 46162 27230 45683 39520 

76961 15053 02236 08681 04332 97255 19485 26744 32232 43866 09484 

22404 23259 98066 61610 63594 23769 61390 23191 71340 63868 99653 

79701 47827 20660 03202 17379 47201 03213 66024 61380 90779 423CW 

69736 06996 67695 83609 61687 16129 91382 22866 78579 54936 16176 

64480 45322 20078 26818 40084 84364 15691 22945 42753 84803 55837 

46180 22676 90006 13996 60145 59520 61272 11192 91810 50324 91008 
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THE DETERMINATION OF HEREDITARY ANTIGENIC DIF^ 
FERENCES IN GENICALL Y IDENTICAL PARAMECIUM CELLS^ 

By T. M. SonnebornI 

Department of Zoology, Indiana University 
Read before the Academy, t April 26, 1948 

Analysis of the determination and inheritance of antigenic traits in the 
unicellular animal, Paramecium aurelia, shows that cells which are identical 
in genic constitution may yield, under identical conditions of culture, 
progeny that are persistently diverse with respect to these traits, in spite of 
the fact that determination of the traits is ultimately traceable to the 
action of genes. As comparable persistent diversities among cells pre- 
sumably identical in their genes arise nr)rmally in the development of 
higher organisms, the mechanisms discovered in Paramecium may be of 
general significance. 

The present paper is the third of a series setting forth results obtained in a 
study of variety 4 of P. aurelia. The first two papers, ^ in which the 
earlier literature is reviewed, may be briefly summarized as follows. In 
.stock 51, four antigenically diverse hereditary types (A, B, C and D) have 
arisen; each of these is immobilized only by its corresponding dilute 
antiserum, not by dilute antisera against the other three types. Exposure 
of animals of any one of these types to its immobilizing antiserum for a 
short time is followed by transformation of antigenic type in high propor- 
tions of the exposed animals. These changes are from one to another of the 
four types, A, B, C and D. The transformed animals yield cultures that re- 
main permanently true to their new type through both vegetative reproduc- 
tion and fertilization. When interbred, the four antigenic types (both 
those that arise spontaneously and those that result from experimental 
transformations) manifest no segregation in the F 2 generations, indicating 
the absence of gene differences among them. Antigenic tyi>e strictly 
follows the cytoplasm, indicating its cytoplasmic control. Other points and 
the interpretations will be deferred until after the new data have been pre- 
sented. 

New Materials and Extension of Previous Results to Them. — Two new 
antigenic types, E and G, have arisen in the same stock 51 and immobilizing 
antisera have been prepared against them. A few cultures do not react to 
any available anti^ra, so one or more antigenic types remain to be identi- 
fied. In another stock (No. 29) of variety 4, six diverse antigenic types have 
been isolated and identified and one or more remain to be investigated. Of 
the six known types, four are immobilized by the same antisera that im- 
mobilize types A, B, C and D, respectively, in stock 51. They may there- 
fore be designated by the same symbols, though there is evidence that at 
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least some pairs of corresponding antigenic types in the two stocks are not 
absolutely identical. Thus far, no culture in stock 29 corresponds to type 
E or G of stock 51. On the other hand, two types, F and H, against 
which immobilizing antisera have been prepared, have arisen in stock 29 
and thus far no culture in stock 51 corresponds to them. 

All the new antigenic types (E, F, G and H), as well as the stock 29 
hoinologs of types A, B, C and D, have been exposed to immobilizing 
antisera, in the way previously reported^- ^ for types A, B, C and D of stock 
51, in order to ascertain whether hereditary transformations of antigenic 
type could be induced. Using this method, large proportions of the animals 
(sometimes up to 100%) of every one of the types in both of the stocks can 
be transfonned to otlier types. All transformations induced by exposure to 
antiserum fall within the spectrum of types characteristic of the stock em- 
ployed (A, B, C, D, E and G in stock 51 ; A, B, C, D, F and H in stock 29). 
Even within these spectra, however, there are curious limitations. For 
example, in stock 29, Type D seldom transforms directly to Type F after 
exposure to anti-D serum; but it readily transforms to Tyf>e B which in 
turn can readily be transformed to Type F by exposure to anti-B serum. 
Any type in the stock 29 spectrum can be transformed to Type F by hot 
more than two steps. Moreover, the transformations arc reversible. 
Thus, if Type A of stock 51 has been transformed to Type B by exposure to 
anti-A serum, the resulting Type B cultures can be transformed back to 
type A by exposure to anti-B serum. As with transformations to Type F, 
reversals of type may sometimes require a two-step transformation. Trans- 
formation thus involves no complete loss of any antigenic possibility. 

Interconvertibility of the types within a stock shows that each type 
possesses, in addition to the antigen that characterizes it, the capacity to 
produce the antigens characteristic of all the other antigenic types within 
the spectrum of the stock to which it belongs. Each hereditary antigenic 
type has therefore been defined^ - ® as having a primary antigen, the kind in- 
volved in its immobilization by antiserum, and a number of secondary or 
potential antigens, the remaining kinds in the spectrum of the stock to 
which it belongs. One of the secondaries becomes the primary when trans- 
formation occurs spontaneously or is induced. In the earlier papers** * the 
various secondaries were held to be present in relatively small amount be- 
cause relatively small amounts of specific antibodies against them were fre- 
quently detected in the antisera. In subsequently obtained antisera, how- 
ever, antibodies against secondaries have been detecteji less frequently. 
While presence of antibody in a serum is evidence for presence of corre- 
sponding antigen in the parameda used for injection, absence of antibody in 
the serum is not sufiident evidence for absence of the corresponding antigen. 
Secondary antigens appear therefore to be at least sometimes actually, and 
always potentially, present. 



VOL. 34, 1948 


ZOOLOGY: 7\ M, SONNEBORN 


415 


Control of Ike Direction of Transformation . — Our previous papers^* * re- 
ported no control as to which new type or types would arise following ex- 
posure to antiserum. Theoretical considerations, set forth* below, led to 
testing the possibility of directing transformation by combining exposure to 
immobilizing antiserum with exposure to certain other conditions, of which 
only diverse temperatures and amounts of food have thus far been ex- 
plored. The results were dramatic. Decrease of temperature and decrease 
♦in amount of food have similar effects and together they have effects greater 
than either has alone. The full results, carried out on all 12 type-stock 
combinations with temperature and food varied separately, will be pre- 
sented elsewhere. They are well illustrated by the following example. 
When Type D of stock 20 is exposed to anti-D serum, 94% of the anitnals 
transform to Type B if exposure and subsequent growth for a day or two 
are carried out at 32® in the presence of excess food; but 99% transform to 
Type H if the same experiment is carried out at 20® witlu enough food to 
permit only one fission per day. Similar control of the direction of trans- 
formation has been achieved with the other antigenic types. 

In view of these results, further theoretical considerations led to the 
prediction that similar directed transformations should be possible, but 
more slowly, by employing diverse temperatures and food supplies, without 
subjection to immobilizing antiserum. Test's fulfilled the prediction. Ex- 
tensive experiments, which will be presented in full elsewhere, are well illus- 
trated by the following examples. In stock 51, without exposure to anti- 
serum, at 32® Type A remains constant, but types B, C, D and E all trans- 
form to Type A; while at 12® Type B remains constant and other types 
transfonn to Type B. The transformations at 12® are slower and less 
regular than transformations at 32®. The effect of food supply is shown 
conspicuously by animals of Type C in stock 51, which, at the standard 
temperature of 27®, remain constantly Type C if provided daily with enough 
food for only one fission, but transform to Type A if provided with an excess 
of food. Our earlier dilhculty® in maintaining stable cultures of this type 
resulted from providing them with too much food. 

The facility with which antigenic types can be transformed by exposure 
to antiserum, to diverse temperatures and to diverse food supplies (perhaps 
also to other as yet untested conditions) is in marked contrast to the 
stability of all the types, regardless whether of spontaneous or induced 
origin, under standard conditions of culture at 27® with enough food added 
daily to permit one fission. Under these conditions, each type, regardless of 
origin, is hereditary, maintaining itself constantly through both vegetative 
and sexual reproduction. 

Relation of Cytoplasmic to Genic Factors in Determination of Antigenic 
Type . — ^As set forth above, diverse antigenic types in the same stock are 
alike in genes and diverse in cytoplasm. The question arises as to whether 
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the antigenic differences between stocks are determined in the same way as 
antigenic differences within a stock. The one stock difference thus far 
analyzed is the capacity to manifest antigenic Type F, which exists in stock 
29, not in stock 51. 

The two stocks were crossed and the Fi generation was allowed to pro- 
duce an F’l generation by autogamy (self-fertilization in unpaired animals). 
The antigenic types appearing in Fi and Ft are not in themselves of primary 
interest and those details will be presented elsewhere. Here we are con-, 
cerned primarily with whether each Ft clone could or could not be trans- 
formed to Type F (if it was not initially Type F), when subjected to the con- 
ditions known to favor transformation to that type. Half of the Ft clones 
were Type F or were transformable to Type F hnd the remaining Ft clones 
could not be induced to yield Type F. This 1 : 1 segregation in the Ft 
occurred regardless of whether they were derived from F\ clones with stock 
29 cytoplasm or ’yith stock 51 cytoplasm and regardles of whether there had 
or had not been exchange of cyto])lasm in the initial cross between the two 
stocks. Apparently, therefore, the results are independent of Fx cyto- 
plasm. On the other hand, a 1 : 1 ratio among clones obtained by autogamy 
is the result required’’ when dealing with segregation of one pair of allelic 
genes. 

The two classes of Ft clones Were then backcrossed to the parent stock of 
opposite class and autogamy was obtained in the backcross clones. Both 
sets of experiments yielded again the same 1 : 1 segregation. For the three 
experiments together, the totals were 86 clones capable of yielding Type F 
and 95 clones incapable of yielding Type F. The capacity to yield clones of 
Type F thus depends on a single chromosome, and presumably a single 
gene, present in stock 29 and lacking in stock 51 . This gene determines not 
the realizatiorrof Type F, but only the capacity to realize it under definable 
conditions. If the other antigens show similar mechanisms, it may be con- 
cluded that the genes control the antigenic possibilities, while the cyto- 
plasm controls which of the possibilities is realized and perpetuated. 

Summary and Interpretations, — (1) The antigenic types are hereditary 
under standard conditions. (2) Diverse antigenic types within a stock are 
alike in genes, but differ in cytoplasm. (3) Capacity to develop antigen F 
depends upon a gene; hence, cytoplasmic control of antigenic diversity 
within a stock is ultimately gene-dependent. (4) Hereditary transforma- 
tions within the spectrum of antigenic possibilities of a stock are readily 
brought about by environmental conditions (•specific antiserum, tempera- 
ture, food supply). (5) Approximately 100% hereditary transformation in 
either of two alternative directions may be produced by specifiable con- 
ditions; hence, the gene-dependent cytoplasmic control of antigenic 
diversity within a stock is also environment-dependent. Unlike the well- 
known examples in higher organisms of alternative phenotypes being de- 
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pendent upon the conditions during development, the effects of external 
conditions on the phenotype in Paramecium persist throughout all subse- 
quent generations, asexual and sexual, under standard conditions. 

The foregoing relations may be interpreted on the hypothesis that each 
antigen is, or is determined by, a plasmagene producible under the action of 
a gene or genes; and that the diverse plasmagenes com pete, with each other, 
the competition being influenced by environmental conditions and by the 
relative cellular concentrations of the various plasmagenes. On this 
hypothesis, the constancy of all antigenic types is due to the multiplication 
of all the plasmagenes at the same rate of one duplication per day under 
standard conditions of culture (i.e., the rate of cell multiplication under 
these conditions). Antibody merely facilitates transformation by sup- 
pressing or retarding multiplicatioti of the antigen with which it combines 
(see Beale) ’ Then one of the other plasmagenes, whichever is best adapted 
to the prevailing conditions, replaces the suppressed one. Transformations 
following cytoplasmic exchange at conjugatiem are set in motion as a result 
of lowering the concentration of the original plasmagene and raising the 
concentration of the acquired plasmagene, the change in proportions pro- 
viditig a new competitive situation. 

One of the main alternatives to the jflasmagetie hypothesis is an hy- 
pothesis of variable gene activity^' in which the activity of each antigen 
gene varies directly, up to a certain litnit, with the cellular concentration of 
the antigen it controls. To fit this hypothesis to the fact, however, a num- 
ber of improbable assumptions are required. Moreover, when control of 
the direction of transformation was achieved on the basis of predictions 
suggested by the plasmagene hypothesis, a further improbable assumption 
had to be made to reconcile the new facts with the variable gene activity 
hypothesis. Although further critical tests distinguishing between these 
hypotheses remain to be made, the relative simplicity and reasonableness of 
the plasmagene hypothesis, together with its proved predictive value, 
justify its tentative adoption. 

Relations to Other -Evidence for gene-initiated plasmagenes in 

variety 4 removes the main difference previously held*^ to distinguish two 
groups of varieties of P, anrelia. Of the three kinds of traits killer, anti- 

gens and mating types — that show cytoplasmic control in variety 4, two 
have now been analyzed: in one (killer trait) the cytoplasmic factor is not 
gene-initiated; in the other (antigens) the plasmagenes are gene-initiated. 
Counterparts of both mechanisms are in the literature : no evidence of gene- 
initiation has been reported for the CO 2 “genoid”^ in Drosophila or for the 
plasmon® of plants; but gene-initiation of plasmagenes is indicated^ 
for adaptive enzymes of yeast (see also reference 10). The large size and 
staining properties of the killer cytoplasmic factor kappa are unique^' 
among the cytoplasmic factors in Paramecium; the failure of genes to 
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initiate it may likewise be unique. .At least, gene-initiated plasmagenes can 
be more readily assimilated into current genetic knowledge and theory 
which demand ultimate gene control of hereditary capacities. 

The cells of a multicellular organism are like the cells of a clone of uni- 
cellular organism in their presumed identity of genes. Nevertheless, in 
both the Metruoan and the Protozoan persistently diverse types of cells 
arise. Jn Paramecium, our analysis indicates that persistent diversity of 
traits may arise as a result of environmentally produced quantitative differ- 
ences among a series of alternative plasmageties. The same mechanism 
may therefore be suggested as the basis of cellular differentiation in higher 
organisms. If this turns out to be correct, control of cellular transformation 
in tissue cultures and in normal and abnormal development is indicated, 
and genetics has moved a step closer to its necessary ultimate fusion with 
experimental embryology. 

* Contribution No. 388 from the Department of 5^oology, Indiana University. 

t Mrs. Betty Bartel was of major assistance in carrying out the experiments. The 
work was supported by grants from the Rockefeller Foundation and Indiana l^niver.sity, 

X Under the title: "Genes, Cytoplasm, and Environment in the Control of Cellular 
Heredity." 
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THE PROCESS OF TRANSFORMATION OF ANTIGENIC TYPE 
IN PARAMECIUM AURELIA, VARIETY 4* 

By G. H. BBALBt 

Departmbkt or Zoology, Indiana Uniybrstty 
Communicated by T. M. Sotmeborn, June 30, 1948 

Introduction . — The diversities in antigenic type in Paramecium aurdia, 
variety 4, have been shown to be purely cytoplasmic in heredity (Sonne* 
bom’’’), provided that attention is confined to animals of a single stock. 
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derived from a single wild ancestor. Since antigenic types breed true under 
certain conditions, continuing unchanged through both asexual and sexual 
reproduction, there must be some mechanism in the cytoplasm for the re- 
production of the antigens or of their precursors. In this investigation an 
attempt is made to gather some data relevant to the problem by making a 
quantitative study of the antigens in paratnecia Under varying conditions, 
particularly during transfonnation of one antigenic type into another. 

Measures of Antigens and Antibodies . — It has been shown by Masugi^ 
that paramecia, when in sufficient quantity, are able to remove the* para- 
lyzing antibodies from an antiserum, rendering it ineffective against any 
fresh animals. The ability to absorb antibody from a standard solution 
may therefore be used as a measure of the antigen in an animal. 

As a measure of antibody, the time taken for a paramecium to be im- 
mobilized when placed in a large excess of solution containing the antibody, 
can be used. Data in table 1 show that the reciprocal of the immobiliza- 
tion time is roughly proportional to concentration of antiserum for solu- 
tions immobilizing in 20 minutes or less, but that with weaker solutions, the 
immobilization time increases more steeply. Within a stfX'k, the immobili- 
zation time, under standard conditions, is unifonri ; but animals from differ- 
ent stocks, though paralyzed by the same antisienun, may have significantly 
different immobilization times with the same concentration of antibody. 

TABLE 1 

Relation between iMMoniLizATioN Time and Concentration of Antiserum D-47 


DILUTION 

AT 25‘’C. 

IMJilOBlMZATlON TIME (laiNUXES) 

1/200 

4 

5 

4 

1/400 

10 

10 

10 

1/800 

21 

22 

22 

1/1000 


70 

50 

1/3200 

>120 

>120 

>120 


Each column represents a different sample; and each fi^re represents mean of 10 ob- 
servations. 

Some preliminary experiments were made on the rate of absorption of 
antibodies by paramecia. A known number of animals was placed in a 
given volume of suitably diluted antiserum, samples were removed from 
time to time, and centrifuged. The strength of antibody in the centri- 
fuged sample (i.e., in the supernatant) was determined by putting a few 
fresh paramecia into it, and comparing their immobilization times with 
those of animals put into unabsorbed antiserum. The amount of antibody 
absorbed by the animals, expressed as a fraction of the amoimt originally 
present in the solution, could be then estimated. Table 2 shows some 
typical results. 
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It is seen that the rate of absorption is rapid at first, but soon slows down ; 
and that the amount finally absorbed is roughly proportional to the number 
of animals. 

Measure oj A ntigem during Transformation . — The antigenic type has been 
found to remain constant if the paranu'cia tire provided with sufficient food 
for only one fission per day at 27°C. (Sonneborn'*). Under these con- 
ditions the rate of production of antigens parallels the growth rate of the 
animals. During transformation of one type into another, however, there 
is a loss of one antigen and a simultaneous gain of a new one, and therefore 
the transformation period is a profitable time for the study of antigen pro- 
duction, As described by Sonneborn*’- transformation of Type D (stock 
51) to 'I'ype B, is readily accomplished by treating the D animals with their 
paralyzing antiserum, subsec}uently placing the animals in culture fluid, 
allowing them to recover and pass through a few fissions. 

TABLK 2 

Absorption of Antibodies from Serum D-47 (Dilution 1/500) nv Type D Pauamecia 


ABROKPTION 

PERIOD 

(MlNUTIiSi) 

13r>0 ANIMALS 

PRK CC. 

ANIMALS PttH CC. 

12.1 50 ANIMAT. S I'ltR 


(1) 

(2) 

(1) 

(2) 

0) 

(2) 

0 

11 

0 

11 

0 

11 

0 

15 





10 

0,42 

30 



U) 

0.31 

26 

o,r>8 

60' 

12.5 

0 . 12 

16.5 

0.34 

30 

0,03* 

120 

17 

0.35 

21 

0.48 

50 

().<«* 

180 

16.5 

0.34 

20 

0.45 



300 . 

17 

0.36 






HxpliinatioB of columns; (1) Immobilization time (minutes) of samples of solution 
after absorption, (2) Calculated proportion of antilxxly removed from solution during 
absorption assuming inverse linear relation between eoncentration of antiboiiy and im- 
mobilization time. 

* Owing to long immobilization time, these figures arc approximate only. 

It was first of interest to determine whether the serum treatment di- 
rectly produced the transformation — i.e., whether ])araniecia on being re- 
moved from the serum (after treatment for two hours or less) had lost their 
D-type antigens and replaced them with B-type ones. This was found not 
to be so.. Animals which had been immobilized by anti-D serum (though 
not with such a severe dose as to prevent subsequent recovery), could still 
absorb D-type antibodies from a solution, though to a lesser extent than 
normal D animals, as shown by the following experiment. . The immobiliza- 
tion time of antiserum D-47 at dilution 1/800 was found to be 13 minutes. 
After absorption by 40,000 D animals for 20 minutes in 2 cc. of this solu- 
tion (immobilizing all the animals), all detectable antibodies were found to 
be removed from the solution. The 40,000 immobilized animals, after 
being washed, were then placed m a fresh 2 cc. serum and after 30 minutes 
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had increased the immobilization time of the solution from 13 to 16 min- 
utes, thus demonstrating that immobilized animals were still capable of ab- 
sorbing antibody. After further washing and placing in fresh 2 cc. scrum, 
the -^0,000 animals were finally incapable of absorbing any more antibody 
in two hours. Thus the immediate effecl of the serum treatment was to 
reduce the cajiacity of the animals to absorb anti-D antibodies. 

It is not however necessary to immobilize the paramecia in order to bring 
about the transformation for even a mild serum treatment, suffi- 

cient only to effect a slight retardation of the animals, yields a high degree 
of transformation. With animals thus treated, it is easy to test their re- 
action to both anti-D and anti-B sera immediately after treatment, before 
recovery has taken place; such animals have always been found to be im- 
mobilized by anti-D but completely uiialTected by anti-B serum. Thus 
immediately after treatment there are no signs of the impending trans- 
formation. 

Transformation of antigenic type takes place only when a period of 
growth follows the serum treatment. A number of stages may be recog- 
nized in the transformation process, as follows: 

1. Paramecia immobilized by anti-D; unaffected by anti-B (normal D 

animals). 

2. Paramecia immobilized by anti-D; retarded by anti-B. 

3. Paramecia retarded by anti-D; retarded by anti-B. 

4 Paramecia retarded by anti-D; immobilized by anti-B. 

5. Paramecia unaffected by anti-D; immobilized by anti-B (normal B 
animals). 

The length of the various stages depends U]>ou the strength of the initial 
serttjfi treatment, i.e., the stronger the treatment, the sooner transformation 
begins and ends. Thus in one experiment paramecia of Type D were 
subjected for half an hour to anti-D serum diluted 1 /NOG, which thoroughly 
immobilized the animals. After treatment the animals were washed and 
immediately put into culture fluid. With this treatment, stage 1 lasted 
until about five hours after the end of the treatment, and the whole process 
of transformation was substantially complete m 15 hours. By this time all 
the animals had passed through one fission, and about one half had passed 
two fissions. The number of clones transformed after 15 hours was 59 out 
of a total of 94; further growth for 12 hours (i.e., 27 hours in all) resulted iu 
changes in only two more cultures, which produced mixtures of transfoniied 
and untransfonned animals. 

With a much weaker treatment however (half an hour of anti-D serum 
diluted 1/6400), stage 1 lasted a minimum of eight hours, ^nd by 15 hours 
only 6 out of 76 cultures had progressed as far as stage 4 . But after 27 
hours, a further 29 cultures had produced transformed animals. Thus, with 
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the weak treatment, the time at which transformation of individual ani- 
mals began and ended was much more variable than with the strong treat- 
ment, though almost always later. 

The necessity for active metabolism during transfonnation was demon- 
strated by placing serum-treated animals in boiled tap water for five days. 
Animals which had been given a weak sermn treatment (though sufficient 
to induce transformation in animals subsequently fed and grown), did not 
transform at all when kept in boiled water. A stronger serum treatment, 
followed by starvation in water, resulted, after 20 hours, in the develop- 
ment of animals which, while still liable to immobilization by anti-D, were 
at the same time more or less retarded by anti-B serum. Starved animals, 
however, even after five days, never lost their reactivity to anti-D, Pre- 
sumably the starved animals contained enough reserve materials to allow a 
limited metabolism, sufficient for partial transformation. 


TABLE 3 

Effect of Starvation on Transformation 

— TRANiSFOKMATfONS APTUH 0 TO 8 VimiOSS — 

AKIKALB GROWN ANIMAI.R STARVED ANIMAD8 8TARVKD 

tMMRDlATULY 24 HOUKS> 5 PAYS, 

AFTKR TREATMBNT THEN CROWN TURN GROWN 



T11AN8- 

UNTRANS- 

TRANS- 

PNTRANS- 

TRANS- 

UNTRANH- 


FORMEU 

FORM ftp 

FORMED 

FORUBD 

FORMED 

FORMED 

TRKATMftNT 

CLONBH 

Cl ON £8 

CLONEB 

CI.ONES 

CI.ONKS 

CLONKS 

1 

29 

0 

U) 

10 

9 

21 

2 

30 

0 

14 

16 

8 

22 

3 

28 

2 

10 

18 

2 

28 

4 

14 

13 

2 

28 

0 

30 


Treatments ; 15,(X)0 — 51 D animals in 1 cc..culture solution plus the following amount 
of D-47 serum diluted 1/400 for two hours: 1 — 1 cc.; 2 — 0.5 cc.; 3 — 0.25 cc.; 4 — 
0.325 cc. 


If serum-treated animals were starved, and subsequently fed, trans- 
formation was completed, though the proportion of transformed animals 
finally obtained became progressively less as the period of starvation be- 
came longer. Data in table 3 illustrate this. The most probable explana- 
tion of this gradual loss in ability to transform following starvation is a 
slow dissociation of the antigen-antibody complex while the animals are in 
water, though no direct evidence of this has been obtained. 

Conclusions and discussion . — ^As a result of these experiments, the follow- 
ing conclusions can be made: 

1. Treatment of D-type paramecia from stock 51 with dilute anti-D 
serum for two hours or less, produces animals with a reduced capacity to 
absorb D-type antibodies. Immediately after treatment, however, the 
animals can stilj be paralyzed by anti-D serum only, and are unaffected by 
anti-B serum. 

2. When a period of active growth at 26*^ follows serum treatment, some 
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of the animals gradually gain an increasing amount of B-type antigen, and 
at the same time their reaction to anti-D serum becomes progressively 
weaker and finally disappears. 

3. Tlie times at which transformations from Type D to Type B begin 
and end are related to tlie strength of the original serum treatment, i.e., to 
the amount of antibody absorbed by the treated animals. With a strong, 
immobilizing treatment, transformation is complete by 15 hours after treat- 
ment (or slightly less than two fissions) ; but with a very weak treatment, 
completion of the process may vary from 15 to 24 hours or more. 

4. Transformation is completed only in the presence of food. 

Sonnebom^’ * has put forward a theory according to which antigen type 

in P. aureliaf variety 4, depends upon competition between plasmagenes. 
A given stock, br more exactly a given genotype, is capable of producing, 
under diverse conditions, any one of a number of antigen types (at least 
six in stock 51). The type actually selected, however, depends upon the re- 
sults of the plasmagene competition. 

The present results strongly support this theory. Further, tlie indi- 
cations are that treatment by anti-D senrni partially or completely sup- 
presses the further production of D antigens, from which it would appear 
that the plasmagenes are the antigens themselves. 

Finally, attention should be drawn to the striking similarity between the 
mechanism X)f antigen transformation here described, and the enzymatic 
adaptations in yeasts,^*® and bacteria.’ 

* Contribution No. 389 from the Department of Zoology, Indiana University. 

t Present address: Institute of Animal Genetics, Edinburgh. Investigation carried 
out during tenure of a Rockefeller Fellowship, and aided by grant from Rockefeller 
Foundation for work in genetics at Indiana University. 
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* Sonneborn, T. M., and LeSuer, A., Am, Nat., 82, 69-78 (1948). 

* Masugi, M., Krankheitsforschung, S, 375 (1926). 
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ON THE STABILITY OF NUTRITIONAL MUTANTS OF BAC- 
TERIA* 

By Francis J. Ryan 

Department of Zoolckjv, Columhia UNi\?BRSrTY, New York 
Coniniunicatcd fjy M. M. Rhoades, June 104S 

The lactic acid bacteria are used more than any other for the quaiitita- 
tive determination of vitamins and amino acids. Most investigators have 
found that stocks of these organisms remain constant in their nutritional 
requirements and can be used for assay purposcvS year after year.' Yet 
occasionally nutritional reciuirements have changed and confused assay re- 
sults. For example, under the most carefully controlled experimental con- 
ditions, excellent determinations of />-aminobenzoic acid are not consist- 
ently obtained with Lactobacillus arabinosus,^ Apparently, the require- 
ment for /)-atninobeim)ic acid varies since it was found that cultures of this 
'organism, which had maintained a stable requirement for more than three 
years, could be trained to give /^-aniinobcnzoic acid- indepen dent lines by 
subculturing in the presence of vSuboptimal concentrations of /?-amino- 
benzoic acid.*^ Similarly, by subculturing in the presence of suboptiinal 
concentrations of tryptophane, strains of L. arabinosus have been developed 
which no longer require tryptophane in the medium for growth.^ 

It was a recognition of these biological properties of bacteria which led 
Lloyd^ to qualify his discussion of the use of niicrf)(>rganisms for the deter- 
mination of amino acids. He wrote: ‘*Micro<)Tgauisms do not always be- 
have, generation after generation, like a standard reagent, nor need their 
behavior be independent of the general composition of the medium/' 
Lloyd is correct; since bacteria are organisms they exhibit the property of 
variation. However, we need to know what the factors are that give rise to 
and establish variations in the nutritional requirements of bacteria. 

Mutation . — Until the method of variance analysis was applied to the 
study of mutation iu bacteria* it was very difficult to discover the cause of 
an inherited change. For instance, the loss of a nutritional requirement 
through subculturing in suboptimol medium may be thought to be due to 
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tile induction of the change in the bacteria by the chemical stimulus of the 
new nutrients in the absence of the normal nutrients.** Or it may be due to 
selection by the sut^optimal medium of “spontaneously'’ occurring mutants 
which are independent of a supply of the substance in which the medium is 
deficient, and which occur regardless of the presence or absence of the sub- 
stance. The former hypothesis has been favored by many students of the 
adaptation of nutritional requirements.’ However, their reasons for this 
acceptance are usually inadequate and involve a failure to recognize that, - 
although the mutation rate per generation of bacteria is of the same order 
of magnitude as that of other organisms, mutations in a growing culture are 
frequent because of the* rapid rate of multiplication. Ivanovics and Eollos® 
have asserted that pantothenic acid-deficient strains of a Ruhrbazillus are 
variants not engendered by genetic defects because they can be made inde- 
pendent. Rut on the contrary, it is just this development of independence 
which can be examined statistically to discriminate between the, two hy- 
potheses on the origin of changes in nutritional habit. 

Bacterial reproduction is clonal. Therefore a mutation occurring early 
in the growth of a culture will be represented at the end of growth by more 
organisms of the mutant ty|)e than will represent a later occurring muta- 
tion. Mutations are rare events, often occurring with a frequency of ca. 10“*®. 
Mutations occurring late in the growth of a culture, when there are more 
bacteria, will be more numerous than those occurring early. Hence, on a 
random mutation hypothesis we would expect to find a tremendous varia- 
tion in the number of mutant bacteria at final growth among a series of 
different cultures. More cultures should contain small numbers of mutants 
(late mutations) than large numbers (early mutations). On the induced * 
mutation hypothesis we would expect to find little variation from culture to 
culture since each organism present in the final growth has a given chance of 
responding to the testing conditions by mutation. The variability on this 
hypothesis should l>e due to sampling error. Comparisons of the vari- 
ability in the number of mutant bacteria among several independent cul- 
tures with the variability among several samples from the same culture 
have been made and the former has always greatly exceeded the latter. In 
this way it has been shown that the development of bacterial resistance to 
bacteriophage, to penicillin, to sulfa drugs and to ultra-violet and x-radia- 
tion is spontaneous in the sense that it is not induced by the injurious 
agent.® Likewise, the mutation of Clostridium septicum to a condition where 
it is independent of added uracil for growth, can apparently occur through- 
out growth in the presence of uracil. However, since the latter demonstra- 
tion was complicated by several technical difficulties, an examination was 
made of the change to histidine independence by a mutant of Escherichia coli. 

This mutant (No. 148-334) was secured after x-radiation at the Stamford 
Laboratories of the American Cyanimide Co.** I am indebted to Drs. J. O. 
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Lampen and R. R* Roepke who placed it at my disposal. It requires for 
growth salts, glucose and the amino acid, histidine. When washed cultures 
are plated without dilution into a chemically defined medium and agar de- 
void of histidine a variable and small number of colonies is formed. These 
upon isolation give rise to histidine-independent (A+) strains whose growth 
rate and final yield of bacteria in the absence of histidine are the same as 
that of the original histidine-dependent mutant (h — ) in its presence,^^ 
The A+ strains are stable and histidine independence is inherited in the 
presence or absence of histidine. In this strain of E, coli, where gene re- 
combination experiments cannot be performed,^® it is impossible to tell 
whether the histidine -in dependence that develops is due to a back mutation 
of the factor that makes for the histidineless character of the h — strain, to a 
supressor mutation or to both. At any rate, the h+ mutants are physi- 
ologically indistinguishable from the original wild type parent strain. 

Four separate experiments were performed to examine the variation in 
numbers of A-h bacteria from culture to culture. Strain 148-834 was inocu- 
lated into a tryptose-yeast extract medium and incubated at 37'^C. for 12 
hours, A 10^^ dilution of the resulting culture was prepared in chemically 
defined medium supplemented with 100 7 L-liistidine monohydrochloride- 
.HiO per ml. This dilution resulted in a concentration of about 35 bacteria 
per ltd. Ten 1-tnl. aliquots and one 7-ml. aliquot were placed in 12-ml. 
Pyrex centrifuge tubes. After growth at 37° for 24 hours the cultures were 
centrifuged, the supernatant decanted and the bacteria were resusjtended 
in the original volume of chemically defined minimal medium. This pro- 
cedure was carried out again and a 0.5-ml. aliquot of the final suspension 
was taken from each of the 10 1-ml. cultures and plated without dilution 
into minimal medium solidified with 2 f>er cent washed agar. Ten 0,5-iul. 
samples from the 7-ml. culture were similarly plated. To detennnine the 
total number of bacteria in each culture 1 ml. of a 10“^ dilution of the 
suspension remaining in the centrifuge tubes was plated into minimal 
agar supplemented with 100 y of histidine per ml. The plates were 
incubated at 37° for three days and counted. The result's are shown in 
table 1. 

The variance in the number of mutant A+ bacteria among different sam- 
ples from the same culture is always about equal to the mean number 
present and hence is probably due to random sampling error. In every case 
it is probable that the mutants were obtained from a homogeneous popula- 
tion. On the other hand, the variance in the number of h+ organisms 
among single samples from different cultures is many times the mean num- 
ber and there is an insignificant probability that the mutants were ob- 
tained from a homogeneous population of cultures. Apparently muta- 
tiom occur at different times during the growth of the culture in the 
presence of histidine. They are not induced by the absence of histidine on 
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the testing plates. In this respect they are spontaneous and due to un- 
known and possibly randomly distributed events.^® 

Selection . — The mere occurrence of a mutation affecting nutritional habit 
does not guarantee its establishment in a population. Although the mutant 
may have a selective advantage under certain conditions it may, under other 
conditions, lose out in competition with its parental type,^® Although the 
/?+ and h— bacteria have identical growth rates when grown separately, 
experiments were performed to examine the possibility of competition when 
the two types are together in the same culture. Strains h— and A+ were 
separately grown in tryptose-yeast-extract medium at 37 ®C. for 17 hours. 
Then 2 ml. of the fornier and 1 ml. of the latter were mixed together. A 
tube containing 10 ml. of the same medium was inoculated with one loop of 
the mixture and incubated at 37^C. for 24 hours. Immediately after it was 
used for inoculation, the mixture of the two types f)f bacteria was diluted to 
10”^ in minima] medium and 5 l-ml. samples were plated into minimal 
medium solidified with 2 per cent washed agar. When the plates had 
hardened a thin layer of the same agar medium was poured over the sur- 
face. The 24-hour growth of the mixture in tryptose-yeast extract medium 
was similarly diluted and plated. Three days after the plating h+ colonies 
af)peared on both sets of plates which had been stored at 37*^0. These 
colonies were counted and their position marked on the Petri dish with 
glass-marking ink. Then a layer of agar supplemented with 500 y L- 
histidine monohydrochloride.H20 per ml. was spread over the surface cand 
the plates were incubated for another 3 days at 37® C. During this time 
the histiditie from the surface layer had diffused throughout the rc.st of the 
plate and permitted the growth of the /n— bacteria. These appeared as new 
colonics whose number did not increase after the 3-day period. Comparison 
of the number of these new colonies with the old h+ colonies yielded the 
ratio of the two types of organisms in the culture.’^ Independent deter- 
minations of the numbers of organisms in the original cultures of h-- and 
h+ indicated that the mixture should contain about 48 per cent A— bac- 
teria. Direct determinations on the mixture showed that 58 per cent were 
present. After the mixture had grown to completion for 24 hours 44 per 
cent h “ bacteria were present. No appreciable selection of either type had 
taken place even though growth had occurred through about 11 genera- 
tions. A second experiment was performed in which the mixture was 
plated before and after growth directly ipto minimal medium with 2 per 
cent washed agar and a limiting concentration of histidine (3 7 per ml.). 
The k+ organisms grew to normal-sized colonies which were easily dis- 
tinguished from the very small colonies formed by the limited growth of the 
A— bacteria. Comparisons of the numbers of large and small colonies 
showed that the proportion of /t— organisms in the mixture before growth 
was 82 per cent, and after growth for 24 hours, 81 per cent. Once again 
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there was no evidence of selection for or against the growth of either type of 
organism in the presence of optimal amounts of histidine. 

In the absence of histidine, however, there is a strong selection in favor 
of h+ organisms. When an h— culture is washed and 0.05 ml. is inoculated 
into medium containing optimal amounts of histidine (5-100 y per ml.) 
growth is complete at in less than 10 hours. When the same inocu- 
lum is introduced into minimal medium devoid of histidine there is no 
growth at 10 hours. But after about 18 hours growth does occur. This 
growth consists (as determined by plating) almost entirely of /i-f bacteria 
which arose from the few h+ organisms which were present in the A— cul- 
ture as spontaneous mutants. In the absence of histidine they have been 
selected for and overgrow the culture. This is clearly shown in an experi- 
ment in which 0.05 ml. of mixtures of different proportions of washed 
and bacteria were inoculated into 10 ml. of medium with and without 
histidine. The comj)osition of the inoculum and the resulting growth was 
determined by the first method described above. As can be seen in table 2 

TABLE 2 

The Effect of Composition of the Inoculum on the Proportion of Histiuinbless 
Bacteria in Cultures That Have Ceased to Grow 


PU* CBNT A- 
BACTBRIA IN 

PER CBNT k 

-- BACrBKIA APTRR OROWTM 
ON (7 IIISTIPINB PRR mi.,) 

por 24 HOU 

INOCULUM 

25.0 

0.4 

0 

90.1 

98.9 

23.0 

2.1 

87.8 

78.4 

5.3 

2.7 

54,5 

43.9 

3.7 

1.5 

49.6 

ai.9 

2.1 

0,5 

6.9 

9,1 

1.6 

<0.1 


the growth that occurs in the presence of an optimal amount of histidine 
(25 7 per ml.) does not substantially change the proportion of h+ to A — 
bacteria. (This proportion does not shift even after the culture has been 
in the stationary phase for more than 60 hours.) However, when growth of 
the mixture occurs in a histidine concentration (0.4 y per ml.) that is limit- 
ing for the A— bacteria the A+ organisms are selected for and the per cent 
A— bacteria in the growth culture is less than that of the inoculum. The 
selective advantage of the A-f organisms is even greater when the mixtures 
ore inoculated into medium devoid of histidine. The small fraction of A — 
bacteria which are present after*final growth are probably supported by 
traces of histidine in the minimal medium and by histidine secured from the 
growing A+ bacteria. It may be concluded that the A-- organisms lose out 
in competition with h+ forms in the absence of histidine, while in the pres- 
ence of an optimal amount neither type seems to have an advantage. 

Population EquiUbrium . — Ideally the artificial mixture experiment 
should consist of the introduction of a single A+ bacterium into a very large 
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number of A— organisms (ca. in order to mimic the event of muta- 

tion. This, however, is not feasible because the variable number of h+ 
bacteria which are added by ‘'random'’ mutation cannot be distinguished 
from the progeny of the introduced h+ bacterium without the use of 
special markers. Additional evidence, however, that there is no positive 
selection for h+ organisms in the presence of optimal histidine comes from 
the determination of the frequency of h+ bacteria in cultures grown from 
serially transferred nutrient agar slants. These determinations, shown in 
table 3, were made over a period of 3 years for other purf)oses and are not 

TABrK 3 


The Effect of Skkial Transfer and Aging of /i— Cultures Grown on Agar 
vSlants on the PRoroRTioN OF A 4* Bacteria in Liquid Cultures Established from 

Them 


NO. OF HBRIAU 
TRAN9FRR 

AOJt OF SLANT 

(months) 

NO, OK )»+ 

BACTRRIA FBH 10« 

OKOANISMS . 

0 

1.0 

0.17 

0 

2.7 

0.16 

0 

3.0 

0.16 

0 

4.0 

0.11 

8 

1.4 

0.10 

8 

2.0 

0.45 

8 

2.1 

0.88 

8 

8.4 

0.28 

9 

1.6 

0,42 

10 

0.1 

0.15 

11 

0.1 

0.17 

13 

l.H 

0.21 

13 

2.4 

0.59 

13 

3 4 

0.42 

13 

6.4 

0.36 

15 

4.7 

0.24 

15 

6.4 

0.28 

direct determinations of the proportion of //+ bacteria in the growth on the 
agar slants. Inocula from these slants, containing about 10^ bacteria, were 


in each case introduced into medium containing optimal histidine (26 y per 
ml.) and after growth was complete the proportion of h+ bacteria was de- 
termined by plating. It can be seen that there is no trend in the values so 
obtained; the variance is like that due to mutation during growth (see table 
1) . This suggests that the different stock slants did not contain significantly 
different proportions of /i-|- organisms. Jhe serial transfers of one stock 
culture to another were made about every 2 months, and since each slant 
was established from about 10^ bacteria and contained about 8 X 10" bac- 
teria some 10 generations were involved in its growth. There is no evidence 
for a progressive selection in favor of the A+ bacteria during the 150 
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generations which ensued in the course of the 15 transfers. Indeed, direct 
platings of a 4.2-month-old 16th transfer and of a 2-day-old 17th transfer 
showed that they contained 0.18 and 0.15 h+ bacteria per 10® bacteria. 
These ratios are essentially the same as the values in table 3 and indicate 
that the proportion does not appreciably change on a slant and that it does 
not change from slant to slant after serial transfers. 

Apparently an equilibrium proportion had been reached in the serially 
transferred stock slants. Such an equilibrium could be achieved by the 
balance of forward and backward mutations, selection pressure or both. An 
analysis of the assumption of this equilibrium will be presented in another 
communication. For the present it may securely be stated that in the 
presence of optimal concentrations of histidine there is no selection in favor 
of /i -f bacteria. 

Discussion.- The spontaneous nature of the mutation from A— to /? + is 
further evidence that the nutritional characteristics of bacteria are con- 
trolled by genes which have mutability properties similar to those of sexual 
organisms, like the mold Neurospora.*® Just as in organisms where mutants 
induced in the laboratory by x-rays or ultra-violet radiation are similar to 
those occurring spontaneously and found in nature, so naturally occurring 
strains of bacteria, like L. arabinosus probably have their nutritional re- 
quirements controlled by mutable genes. The Lindcgrcns^® have found that 
naturally occurring yeasts have nutritional requirements that are due to 
single mutable genes. Such growth-factor deficiencies are probably due to 
spontaneous mutations and, similarly, the development of the ability to dis- 
pense with previously required growth factors must, in many cases, be due 
to spontaneous mutation. 

Some nutritional requirements seem more stable than others. * This may 
be due to a favorable selection phenomenon, to an inherent stability of the 
gene concerned, to the presence or absence of other mutator genes, or to the 
fact that the synthesis of the substance required is blocked at different steps 
by mutations in several genes. In the last case the chance that back 
mutations would occur simultaneously in two or more genes becomes ex- 
tremely small. Advantage of this fact has been taken in developing a 
strain of Neurospora whose leucine synthesis is blocked at two steps by two 
different mutant genes. Although when each gene is present by itself in a 
separate strain adaptation is not infrequent, the double mutant has not 
been known to adapt in our laboratory. In bacteria, where adaptation to 
drug resistance has been shown to depend upon gene mutation in some in- 
stances,® the simultaneous development of resistance to several different 
drugs is known to occur so rarely as to be negligible,^® 

Although the rate of mutation is critical in determining the stability of a 
nutritional requirement, selection may exaggerate its influence in an ex- 
plosive way. In the presence of a limiting amount of growth factor a 
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culture may be rapidly overgrown by a spontaneously occurring growth 
factor-independent mutant. For example, by continuously subculturing 
in the presence of suboptimal concentrations of tryptophane we, like Wright 
and Skeggs,’ have obtained tryptophane-independent mutants of L. 
arabinosus. Yet these mutants never overgrow cultures maintained in the 
presence of optimal concentrations of tryptophane. This is a common situa- 
tion, I n the presence of an optimal concentration of growth factor there may 
be no selection for or against a deficient type. However, selection is not al- 
ways uniniportantinthe establishment of deficient mutant typesin a popula- 
tion. For example, the adaptation of a mutant of Neurospora, which is used 
for the determination of leucine, has been shown to be due to back mutation 
of the leucineless gene to a condition where it enables the synthesis of leucine. 
Although the leucine-independent mutant has a selective advantage in the 
absence of leucine, in the presence of leucine the leucine-dependent mutant 
has a selective advantage.^* This competition is not due to a simple 
difference in growth rates although this may sometimes be the case“’ 
Either of these mechanisms may have been responsible for the phenomenon 
found in Bacterium typhosum}^ A strain of this organism was originally 
able to utilize ammonia as the sole source of nitrogen. However, after .serial 
transfer on nutrient agar (which contains tryptophane) this ability was lost. 
An examination of the original ammonia-utilizing culture showed that 
some organisms were already present which required nitrogen in organic 
form. It was subsequently shown that strains of B. typhosuni unable to 
utilize ammonia required tryptophane,^^ There had probably been a 
selection of tryptophane-dependent bacteria on nutrient agar in the course 
of the ‘‘training.” 

We may conclude, then, that there are two main factors which must be 
controlled to keep a culture stable — mutation and selection. The usual 
methods employed in maintaining stock cultures of bacteria are in most in- 
stances manifestly satisfactory. The retention of cultures in the stationary 
phase of growth in the cold is certainly not conducive to increased muta- 
tion. The more growth that is allowed the greater the chance that a muta- 
tion will occur. In view of this it may sometimes be wise to grow no more 
bacteria in stock tubes or in inocula cultures than are needed. For the 
same reason lyophilized stock cultures are advantageous when the process 
itself is known to have no influence on mutation or selection. It may also 
sometimes be helpful to avoid taking samples for inocula directly from the 
surface of a slant for mutants, when they appear, will be concentrated in 
the region of their formation. A small sample of a suspension of the con- 
tents of a slant surface will have a lesser chance of containing a large num- 
ber of mutants. In addition, a strain of bacteria with a nutritional require- 
ment ought to be periodically purified by plating and colony isolation. 

More important, perhaps, than methods for decreasing mutation are 
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methods for preventing the selection of mutants once they occur. This can 
best be achieved by being certain that an optimum level of the required 
growth factor is used in making medium for stock cultures. The use of 
“complete ' media containing mixtures of natural products may not always 
be satisfactory for this purpose even though the medium is known to contain 
an optimum amount of the growth factor. For example, arginine is known 
to specifically inhibit a lysincless mutant of Neurospora. Hence it may be 
advisable in some cases to use for stock tubes chemically defined medium 
supplemented with known amounts of growth factor. In most cases the 
growth factor-dependent organisms will either not be selected against or 
will have a selective advantage under such conditions. This is probably 
the mechanism which operates in nature to maintain nutritionally deficient 
strains. 

Summary , — Mutation and selection have been shown to account for the 
instability of a histidineless strain of £. coli. The loss of the requirement for 
histidine is not induced by the absence of histidine but occurs during the 
growth of a culture in its presence. Histidine-independent mutants are 
selected for in the absence (or in the presence of limiting concentrations) of 
histidine but not in the presence of optimal concentrations. Similar situa- 
tions are apparently widespread and the maintenance of a stable nutri- 
tionally deficient strain of bacteria must take these factors into considera- 
tion. 
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*Mt should be notfcd that these data were secured by the plating of undiluted A— 
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A METHOD FOR SELECTION OF BIOCHEMICAL MUTANTS OF 

NEUROSPORA* 

Bv Joseph LEiN.t Herschel K. Mitchell and Mary B. Houlahan 

Kbrckhopp Laboratories op Biology, California Institute op Technology, 

Pasadena, California 

Communicated by G, W. Beadle, June 16, 1948 

Numerous investigations in recent years have firmly established the 
value of mutants of the mold Neurospora as tools for research in biochemis- 
try and genetics.^' ** * Although various means have been used for inducing 
mutations,^’ *• * the technique of isolation as described by Beadle and 
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Tatum ^ has been used by most investigators. This method involves isola- 
tion of single ascospores, one from each perithecium, derived from a cross of 
which one parent was treated. By this method at least 97 per cent of the 
cultures obtained from the single spore isolations are unchanged wild type 
strains. In order to obtain specific mutants or a diversity of mutants, it is 
therefore necessary to isolate a very large number of single ascospores. 

The present investigations were undertaken for the purpose of developing 
a method for obtaining desired mutants with less effort than that required 
by the previous method of single ascospore isolations. 

It was obviously desirable to develop a technique for eliminating a large 
proportion of wild type strains from those isolated and tested. Such a 
technique has been developed by Fries, for Ophiostonia.^ An attempt was 
made to apply a modified form of the Fries technique to Neurospora by re- 
moving non-niutated strains by continuous filtration of a suspension of 
irradiated microconidia that were allowed to germinate and grow on a 
medium that would support growth of wild type strains but not mutant 
strains. This procedure was not a succe.ss due to a rapid loss in viability of 
the microconidia used, and because of clogging of the filter by growing 
mycelia. The few mutants that were obtained by this method occurred as 
heterocarotic mixtures with wild types. 

A successful method has been developed, based on a visual selection of 
mutants among ascospores germinating on a minimal medium that will 
support wild type growth but not the growth of biochemical mutants. By 
this procedure about SO to 95 per cent of the wild type spores can be dis- 
carded without testing. 

A major consideration in developing a method of selecting specific mu- 
tants is concerned with the effect of a single mutation on the total metabolic 
pattern of the new strain. There is now ample evidence that the growth of 
some mutants is ihhibited by metabolites which do not affect wild type 
strains. An outstanding exatnple that has been described in detail is that of 
the large group of lysineless mutants of Neurospora.® These mutants are 
all inhibited by arginine. It was. therefore thought desirable to make the 
isolation on minimal medium supplemented only with the riietabolite that 
the desired mutant requires for growth. The new method of obtaining 
mutants by isolating germinating ascospores has been subjected to three 
types of experiments in order to provide evidence as to its practicability. 

1. Germinating mutant ascospores were picked from crosses between 
known mutants and wild type. 

2. A sample of miscellaneous mutant strains (i.e.. requiring an amino 
add. vitamin, purine or pyrimidine) was picked from a cross of irradiated 
wild type and untreated wild type. 

3. Using appropriate media, spedfic types of mutants were picked from 
a cross of irradiated wild type and untreated wild type. 
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Experimental, — Media: In the experimental work to be described, all 
crosses were made on the synthetic medium described by Westergaard and 
Mitchell.® This medium supports the formation of a much larger number 
of perithecia than does corn meal agar. 

The ‘'minimal” medium utilized has been described by Beadle and 
Tatum. ^ The “complete” medium, however, has been modified using 
Neurospora extract rather than yeast extract and malt extract. This was 
prepared from Neurospora strain, Abbott 4 A, grown with aeration for 3.5 
days in 15 liters of minimal medium. The mycelium was collected, chopped 
and suspended in 4 parts of water. After 20 hours’ autolysis under toluene 
at 37 °C., the suspension was autoclaved and filtered. Hydrolyzed casein 
was added to the filtrate to a concentration of 0.5 mg. %. This preparation 
was used either as a liquid or solidified with 1.5% agar. 

Selection Method: Petri plates (100 inm.) containing 25 ml. of agar 
medium® were inoculated by spreading a suspension of conidia of one mating 
type of Neurospora over the surface. Following formation of protoperi- 
thecia (4 to G days) crosses were made by adding a suspension of conidia of 
the oppo>site mating type. In cases where irradiation was carried out, the 
conidia of the second mating type were obtained from a six-day-old culture 
of wild type grown on minimal medium. These spores were suspended in 
sterile distilled water and exposed for 4 minutes at a distance of 3.5 in., to 
radiation from an “Amcricanaire” ultra-violet lamp (American Sterilizer 
Co.). More than 95 per cent of the conidia were killed by the treatment. 
The rayed conidia from one test tube culture were spread over two plates of 
protoperithecia, producing on incubation, from 1(K)() to 2000 perithecia. 
After about 1 1 days spores were emitted spontaneously and samples were 
collected on plates containing 25 ml. of medium solidified with 4 per cent 
agar. Collections were made by inverting the plate containing perithecia 
over the second plate and thereby allowing the si>ores to fall on the agar 
surface. Examinations under the ttiicroscope were made at intervals and 
the collection stopped when the spores were, roughly, 1 mm. apart. The 
time required to obtain such a distribution varied from 5 to 30 minutes. 
The plate was then covered and placed at once in an oven at GO'^C, for 30 
minutes in order to activate the ascosi)ores. This treatment serves also to 
kill conidia which are usually present. After 12 hours’ incubation at 
25°C., the wild type ascospores had produced mycelia covering an area 
about 1-2 mm. in diameter while the mutants were of the order of one- 
tenth to one-twentieth the size of wild type. Since each perithecium sheds 
spores into a localized region, the presence of clusters of small forms 
facilitate4^et«^ction of mutants. Only one mutant ascospore was taken 
from a cluster to avoid excessive duplication. The presumed mutant 
ascospores were picked up on small blocks of agar by use of fine pointed 
platinum-iridium spatula. They were then placed in a small test tube con- 
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taining the desired medium. The cultures obtained in this manner were 
then tested and the mutants identified in much the same manner as that 
described by Beadle and Tatum. ^ 

Selection of Knoxvn Mutants: In order to test the method of visual selec- 
tion of mutants from germinating ascospores, individual crosses were made 
between wild type and four different knovm mutants. Ascospores from the 
perithecia of these crosses were collected on plates of minimal agar and an 
attempt was made to pick the mutant types. Since in these plates the ratio 
of mutants to wild type strains was approximately one to one, the task was 
much simpler than it would be using rayed material where the incidence of 
mutants is of the order of 2 per cent. Data from this experiment are given 
in table 1 . 

TABLK 1 

Thk Visual Selection or Mutants fr<jm Crosses between Known Mutant and 

Wild Type Strains 


MUTANT 

NO, 

CIII.TUKKS 

VtABUB 

NO, or 

mutants 

RVQUIRUMBNT 

PtCKRD 

OBTAINBD 

SPOKR8 (%) 

MUTANTS 

(%) 

Patothenic Acid 

45 

Ifi 

30 

16 

100 

Uridine 

55 

45 

82 

45 

100 

Adenine 

55 

39 

71 

38 

97 

Lysine 

45 

20 

44 

18 

90 


The data of table 1 demonstrate that the method of visual selection of 
mutants is basically sound. 

General Selection of Mutants: A cross was prepared in four plates, using 
protoperithecia of Neurospora crassa Oa and irradiated conidia of 3A. 
These strains were newly reisolated from a cross of Emi:256A and Em 
5297a. Spheres were shed 1 1 days after the cross was made and collections 
on plates of minimal agar were begun at this time. These collections were 
made each day for 7 days with one final sample taken on the 14th day. The 
shedding of spores was nearly complete at this time. Approximately 20 
germinated spores were picked from each plate at each collection and 
transferred to tubes of casein, Neurospora extract, agar medium. All of the 
resulting cultures were tested on minimal medium and those that grew in 3 
days were discarded. The remaining cultures were tested on the classifica- 
tion mixtures previously described:^ (1) vitamins; (2) amino acids; (3) 
yeast extract and (4) minimal. An additional mixture was also introduced 
to facilitate classification of the more common types of mutants previously 
obtained. This mixture contained methionine, 2.5 mg. %; adenine, 5 mg 
%; cytidine, 3 mg. %; lysine, 10 mg. %; tryptophane, 5 mg. %; and 
succinic acid, 10 mg, %. 

Four kinds of mutants were obtained; those which did not grow on 
minimal medium but grew when supplied yeast extract or specific known 
-compounds; those which grew very slowly on minimal and complete 
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media; those which covered the surface of the agar in the tubes but grew 
no further regardless of the supplement given; and those which were 
obviously morphological (mostly colonial) mutants. Mutants of the last 
two categories are not reported here. In addition, mutants collected from 
the same plate on the same day and which required the same known com- 
pound were considered to be duplicates. Only one representative was 
tabidated. Actually very few cases of such duplications were found. 

The results of this experiment are summarized in table 2. Two mutant 
types are recorded : slow growing mutants and biochemical mutants. The 
requirements of the majority of the biochemical mutants are also given. In 
many cases these mutants grew only on the yeast extract classification mix- 
ture and their specific requirements were not determined. These are listed 
as unknown mutants. 


TABLE 2 

Selection of Slow Growing and Biochemical Mutants 

NO. 

NO. 


PL AT It 

NO. 

NO. 

PICKKD 

CULTtJRBS 

OBTAINBf) 

BLOW 

mutants 

ICAl. 

mutants 

TVI'KS OK 

niOCHtCMtCAL MUTA.NTS 

1 

112 

71 

3 

0 

Threonine, arginire methio- 

2 

1B3 

in 

9 

8 

none, cytidinc, unknown (2) 
Proline, cytidine, /^-amiuobeii- 

3 

IM 

02 

3 

8 

zoic acid (2), unknown (4) 
Cytkliiie, methununc, argi- 

4 

123 

55 

12 

12 

nine, adenine (2), unknown 

(3) 

Lysine, methionine, adenine 

Total 

512 

249 

27 

34 

-f methionine, tryptophane 
(2), unknown (2) 


It may be observed from the data in table 2 that a wide variety of 
mutants was obtained from the four plates. Biochemical mutants which 
did not grow on minimal medium but did grow in the presence of an appro- 
priate supplement constituted 13 per cent of the cultures that were obtained. 

Selection of Specific MuUmt^: Several experiments were designed to 
select specific mutants from 20 plates prepared as described in the previous 
section. The first of these was concerned with selection of mutants re- 
quiring histidine. No histidineless mutants have been obtained previously 
in Neurospora. Ascospores were collected on minimal medium and, after 
germination, probable mutants were transferred to minimal medium con- 
taining 5 mg. % histidine monohydrochloride. Resulting cultures, 47 from 
115 spores picked, were tested on minimal. One failed to grow and it was 
subsequently established to be a histidineless mutant. This mutant fails to 
grow in the presence of hydrolyzed casein, yeast extract or Neurospora ex- 
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tract in the concentrations usually used in complete medium. It seems 
probable that mutants of this type occurred but were eliminated in previous 
tests because of their failure to grow on the complete medium used» 

In a second experiment an attempt was made to select for three types of 
mutants simultaneously. These were: a frequently occurring type requir- 
ing adenine; a type that has occurred only infrequently, requiring panto- 
thenic acid; and a specific mutant, not previously found, that cannot con- 
dense indole and serine to form tryptophane, . Mutants of the third type 
might be expected to lack the enzyme which links serine to indole. The 
presence of this enzyme in wild type Neurospora has been reported by 
Umbreit, et al.^^ In order to minimize the selection of other mutants the 
ascospores were collected on plates of minimal agar supplemented with the 
following metabolites : charcoal treated, acid hydrolyzed casein, 100 mg. % ; 
riboflavin, 0.5 mg. %; thiamin, 0.25 mg. %; pyidoxine, 0.25 mg, %; 
cytidine, 3.75 mg. %; indole 5.0 mg. %. These subvStances were added to 
minimize the picking of undesired mutant strains. Presumably mutants 
having these metabolites as growth requirements would be indistinguishable 
from wild type strains on the plates. 

Of 381 ascospores picked from these plates, 265 grew when placed on a 
medium of minimal agar supplemented with 5 mg. % adenine, 5 mg. % 
tryptophane and 0.5 mg. % pantothenic acid. On testing the cultures that 
grew in this medium, it was found that there were no adenine or panto- 
thenic acid mutants but that one tryptophane mutant had been selected. 
This mutant required tryptophane for growth but did not grow when sup- 
plied indole. It was consequently one of the mutants for which the selection 
was made. No adenine mutants were found in this experiment in spite of 
the fact that they have occurred at fairly high frequencies in other ex- 
periments. It was subsequently found that indole strongly inhibits the 
growth of adenine mutants, and it is probably because of this previously 
unknown fact that no adenineless mutants were obtained. Such an in- 
hibition is not surprising in view of the inhibition of growth of bacteria and 
yeast by the structurally related benzimidazole, investigated by Wooley.^* 

In a third experiment, ascospores were collected on a medium containing 
autoclaved fresh liver extract and transferred to tubes containing filter 
sterilized liver extract. From a total of 145 spores picked, 75 grew when 
transferred to unheated liver extract medium. One of these cultures failed 
to grow on minimal medium and has been classified as requiring a heat- 
labile substance in liver. 

Experiments to select for mutants requiring hydrolyzed pantothenic acid 
or indoleacetic acid were unsuccessful as was an attempt to select a mutant 
lacking the enzyme urease. In the last case, spores were collected on a 
medium containing urea as the sole nitrogen source. 

Discussion , — It is evident from the experimental data that considerable 
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progress has been made in developing an improved technique of selecting 
biochemical mutants in Neurospora. Even with the rigorous discarding of 
duplicate mutants, 13 per cent of the cultures obtained were found to have 
special growth requirements. Thus, the present method markedly increases 
the ease with which such mutants can be obtained. 

In the selection of specific mutants three were obtained out of seven 
attempted. The type requiring adenine probably was not obtained because 
of inhibition by indole. Since the selection experiments were carried out on 
a small scale, success in all the selections attempted would be unlikely. 
Thus, 20 Petri dishes containing a total of 20,000 perithecia would have 
approximately 300 mutants represented, assuming a mutation frequency of 
1 .5 per cent. Even if all 300 mutants were represented in the ascopores that 
were picked, the probability of obtaining a particular mutant that occurred 
infrequently would not be large. By increasing the number of plates of 
perithecia, the probability of selecting a particular mutant would, of course, 
be increased. 

It has been previously suspected that some types of mutants have been 
selected against because of the presence of inhibitors in the “complete” 
medium used for the isolations. Information obtained in this experimental 
work suggests that such cases are fairly frequent. At least three, mutants 
have now been found that will not grow on the “complete” medium. These 
require for growth histidine, tryptophane, and methionine, respectively. 
'Phus, it is possible that many groups of mutants have not been obtained be- 
cause of growth inhibition by substances in the medium used for isolations. 
It is therefore clear that data on the frequency of occurrence of mutants with 
different growth requirements should be interpreted with this source of 
error in mind. 

Summary.— I . A new method has been developed for ivSolating bio- 
chemical mutants of Neurospora. 

2. The method has been applied successfully to the selection of some 
specific mutants not previously obtained. The importance of the use of a 
simple medium for selecting mutants has been discussed. 
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A PREDICTABLE MUTATION IN BA CTERIA 
By E. Ruth Witkus 
Biological Laboratory, Fordham Univkrsity 
Cottinniiiicated by W. J. Robbins, August 2, 1948 

In the bacteriunb Sarcirui lutea, a color mutation has beett found wliich 
has a number of interesting characteristics. The mutation is stable and does 
not revert to the original form cither spontaneously or under any treatment 
thus far attempted. It may be produced at any time by either of two 
different methods of induction, one environmental, the other chemical. It 
also occurs spontaneously at a low rate. 

If the following four species of bacteria, Bacilhis subtiliSy Proteus vulgaris, 
B, megatherium and S, lutea are grown together in nutrient broth for twenty- 
four hours and then reisolated by the dilution method, five different strains 
instead of femr are recovered. In addition to the four original species a new 
non-pigmented form is always obtained. The new type is similar to 5. 
lutea in all morphological features except in its color which is white instead 
of yellow. This new form is here called 5. alba and is considered to be a 
mutant form of lutea. 

The above experiment was repeated 15 times and in every case the same 
mutant form was obtained. About three times as many yellow colonies as 
white ones are found when the diluted mixture is plated out. All 15 lines 
of the white mutant have remained stable for at least .50 transfers at two- 
day intervals while some of the first to be obtained have been cultured for 
over -a year. 

Evidence of the stability of the white mutant is as follows. If S. lutea and 
5. alba are grown together in nutrient broth and then plated out both white 
and yellow colonies are recovered. 5. alba was inoculated into a medium 
which consisted of an autoclaved forty-eight-hour nutrrent broth culture of 
S. lutea. The S. alba grew in this medium without any reversion to the 
yellow form. 

Experiments were performed to determine whetlier a mixture of all four 
organisms is necessary to produce the white mutation. Each of the original 
species was left out in turn and mixture.s of three species were tested, A 
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mixture containing S, lutea with B. megatherium and P, vulgaris did not 
give rise to the white mutant. Mixtures of 5. lutea with B. subtUis and P. 
vulgaris likewise did not result in any mutations. Mixtures of 5. lutea with 
B. subiUis and J3. megatherium gave ri^e to the white mutation but in a much 
lower proportion of cases, about sixteen yellow to one white colony. 

Mixtures of 5. lutea with one other species of the original three were made 
but these mixtures of two organisms did not induce the white mutation in 
any of the three cases. 

Another experiment was made in which S, lutea was grown in mixed 
culture with three entirely different species, Serratia marcescens, B, cereus 
and Corynebacterium xerose. This mixture of four species did not give rise 
to any mutations. 

Observations on the control cultures showed that 5. lutea in pure culture 
undergoes spontaneous mutation to S. alba at a rate of about one in 40,000 
colonics. 

Another white mutation, apparently the same or at least indistinguishable 
from S. alba, can likewise be induced at will by growing 5. lutea^ in nutrient 
broth containing various concentrations of nucleic acid (sodium ribose 
nucleate). After twenty-four hours of incubation such cultures when 
plated out yield both white and yellow colonies. 

Comparison of these observations with other cases of mutation in bacteria 
will be made in a future paper. Further genetic tests of this mutation and a 
physiolcjgical comparison of S. lutea with 5. alba are in progress. 


A CONVEXITY THEOREM 


By R. Salkm and A. Zygmund 

MaSvSachusetts Institute of Technology and the University of Chicago 


Communicated by Marshall Stone, June 17, 1948 


The theorem which will be proved here has its origin in the study of the 
following question. 

Let Sn{x) denote the partial sum of order n of the Fourier series of the 
function g(x) « (1 < ^ 2). Littlewood and Paley^ have proved 

that, n(.Y) being any measurable function taking non-negative integral 
values, one has the inequality 



loglnCx) + 2] 


dx 




A 


j /’2ir 

[ kc*)!” dx, 


( 1 ) 


Ap being a constant depending on p only. 

The proof of the theorem, when p 5 ^ 2,* is extremely long and difhcult. 
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The authors of the present paper have long tried to give a proof which 
would be based on some theorem analogous to Marcel Riesz’s convexity 
theorem. The difficulty lies on the fact that the above inequality does 
not hold iot p = 1. If, however, instead of Fourier series of the class 


L*', we consider power series f{z) = of the Hardy's class //*’, and if 

0 ^ 

we denote by Sn{B) the partial sum of order n of the series f{e^) ^ 
then the inequality 



iog'[n(0) + 2] 


de ^ c 




( 2 ) 


holds for /) = 1 as well as for /> — 2. For /> *= 2, the result is equivalent 
to the Littlewood'Paley result. For p = 1 , the result is due to Zygniund.* 
Hence, if one could prove some kind of convexity theorem for functions of 
the class /i^, the inequality (2) would be proved for 1 ^ p ^ 2, and (1) 
would therefore be proved for 1 < p ^ 2, since it is known that the property 
IP for a power series is equivalent to the property for the Fourier series 
which constitutes its real part, provided that p > lA 
The purpose of this note is to give a convexity theorem of this kind. In 
the proof of it, the authors were inspired by a recent paper of Thorin, and 
especially by his proof of a theorem of Hardy and Littlewood.^ In his 
proof, as well as in ours, Thorin 's own generalization of M. Riesz/s convexity 
theorem plays an important r61e.® 

at 

Theorem. Let f{z) = 23 regular for \z\ < 1 and belong to the class 

0 

> 0). Lei M{a, 0) denote the maximum of the finite complex bilinear 

form 

m n 

S E aidXiyh 

when the complex variables Xj, yn (ire subject to the conditions 

t (/3 ^ 0 )’ 

0 


and 



(a > 0) 


the second condition holding for every f{z) belonging to and having Xo, 
xxf Xjn as its m -jr 1 first expansion coefficients, and for every non-negative 
r inferior to 1, Then, if the point (a, jS) lies on the segment joining the points 
(o;i, ^i) and ft), that is to say if a ^ tax + (1 — t)ai and /5 /ft + 
(i - /)ft (0 < / < 1), we have 
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l/(o£, j3) ^ C{au Oia) A/*(ai, fix) (a^, ft)* 

the constant C(ai, aj) depending on ax and a 2 only. 

Proof. We start from the assumption that the inequality 

if t W.1 ^ Mia,d (3) 

, i-0 A-0 L*/t> J L 0 J 

holds for the points (ai, fix) and (aa* ft), and for all y^. 

Let K be the smallest integer such that - ^ 2 and-^ ^ 2, and let G(z) = 

^0 + {is + ... + be a polynomial of degree p. We now apply the in- 
equality (3) to the case in which /(s) = Then^^, that is to say the 

coeflicient of 2 -^ in /(s), becomes a function - ^p)» which is a poly- 

nomial, hotnogencous, of degree k, whose coeflicients depend on k and p 
only. Then (»1) becomes 


i . ■ • ^p)y/,j ^ 

./ *» 0 A *■ 0 . 


J/(«, d r]Gie‘’)\'‘'"de\\j:\yn\'d 

.•/o J L 0 


(4) 


and is satisfied for the* points (ai, ffx) and (cr 2 , ft), and for all values of 
^ 0 , ... and yo, ... y«. 

Now, by a known theorem on interpolation^ there exist, for all exponents 
5^2, well-determined constants and B(g) such that 




jGoj^' + |Gi|^ + . . . + |g^|^ 


p + 1 




Ztt- 


/ u 

\G{e^^)\He 


B 




lG„| + . . . + |(7ph 
P + \ 


5, 


where G, = and — - 

p + 1 

We now cliange variables, taking, instead of {o, ... Jp, the variables 
T/i = So + kie*^^ + . . . + = Gg 

as is clearly possible, the determinant being different from zero. The 
polynomial ... ip) becomes a polynomial ... Vp)} and we get, 

{*(“)■ 

m n 

1 S E dniiirit, . . . np)yh\ ^ 

. 'fZoSio 


r„ W“+ ... + krT 

T*r iv I''''’!* 

\ ^ r 1T . , ■ 

p + l J 
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this inequality being valid for the points («», /SO and (a», /3*) and for all 
no, ... np and yo, ... y„- 

We apply now Thorin’s generalization of Marcel Kiesz’s convexity 
theorem, and we get, writing A instead of A 

m n 

1 H £ at^ijino ■ ■ . »?p)y4 ^ 

n R*** "11— < ^ n 

W (;r^, ][«<».. « i|;W'-nEl..r'r < 

M'iau dO 'hP-Kc^o. iSof Ekl'H ^ 

+ 1 0 Jo 

M<{au di) 3/-‘(a», |8*)[ jf' (|:|y*r/''f 

Thus also 

m n 

I E E ^ 

j •>•0 A «*0 

/^OA/'- (as. ds) [ 

where x^), xu ... x#„ are the first w + 1 coefficients of f{z) ==* G( 2 ) 

being a polynomial and k being fixed as said before. 

The last inequality being true when G is any polynomial, it remains true 
when G is any function of the class Hence it is also true when /(z) 

is any function of the class and having no zeros for jz] < 1, for then 
we can always write /(z) = C*(s), G being regular. 

From this we deduce, since any function /(z) of the class II ’^''is the sum 
of two ‘^zero-free’' functions /iCz) and fi{z) of the same class, with \fi\ ^ 
2 I/I and 1 / 2 ] ^ 2|/1, that, D being an absolute constant, 

m n 

I E E aihXtyn ^ 

J -0 A «»0 

for any function / € 7/*^“ regular for \z\ < L This gives just our the- 
orem, if we observe that aj < a < a 2 , that k and B depend only on ax 

and a 2 t and that the minimum of = ^4 

- , depends also on ai and only, 
aa 


K * K 

when ” lies between— and 

a • OLi 
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Writing X,i = 53 ajhXj (A — 0, 1, . . . w), it is familiar that M(a, 0) 

;*0 

is also the maximum of the ratio where 13 -f 

0 

j9' » L From sums of powers of linear forms we pass, by the classical 
process, to integrals, and the theorem of Littlewood and Paley is the con- 
sequence of the inequality (2) applied to the two extreme cases a ^ 13* — 
'A {p ^ 2) and a « 1 (p = 1). 

Remark: In our main theorem, the condition on the y's can be replaced 
by one similar to that imposed on the x’s. But this has no interesting ap- 
plication/ By passages to limits we can also obtain results about linear 
operations from IH to D, where ^ 1. 

* hitllewood and Paley, Proc. London Math. 43 , 105 (1937). 

* For a simple proof \n the case of p ^ 2, sec Hardy and Littlewood, Proc, Camhridj;^e 
Phil Soc„ 40 , 103-107 (1938). . 

" Se*e Zygnnind, A., Fund^menta Malhemafiaie, 30, 190 (1938). 

^ A function /(s) - regular for \z\ < 1, is said to tvelong to the class //^ if 

remains bounded as r 1. For the classical results of the theory 
see, e.g., Zygmund, Trifionomctrkal Series, Chapter Vll. 

^ Thoriii, G. O., Convexity Theorems, Uppsala, 1948, pp. 1-57, esp. 31-35, 

* Thorin, O. O., "An Extension of a Convexity Theorem Due to M. Hies/," Kungl. 
Fysiograjiska Sdlhkapets i Lund Fork&ndliger , 8 (1939), nr. -14. Tuniarkin, J. D., and 
Zygmund, A., "Proof of a Theorem of Thorin," Buli. the Am, Math. Soc., 50, 279 282 
(1944). Salem, R., Sur une extension du theortinie de convexity de M. Marcel Riesz, 
Colloquium Mathematicum, Wroclaw, 1947, Vol. 1, pp. 6-8, 

’ In the case 0 ^ 0, the condition is to be interpreted, as usual, as max, |.y;J < 1. 

^ Thorin’s idea (see footnote 5) of taking for / the kih power of an analytic function 
and applying his convexity theorem, is basic for the whole argument. If we wanted to 
restrict ourselves to the proof of the Littlewood -Paley result, the argument could be 
simplified still further, since here we interpolate between « * 1 and a ^ and we 
could imitate more closely the proof of Thorin (see footnote 5, pp. 31-35). 

** See e.g. Marcinkiewic/, and Zygmund, Fundamenla Maihematkae, 28, 131-166 
(1937). 


NOTES ON INTEGRATION, II 
By M. H. Stone 

Department of Mathematics, The University of Chicago 
Communicated July 0, 1946 

The results of our first note^ enable us to treat the following classes of 
functions, all contained in ® : 

1% - I// < + “>). » I/: /l/h- « 81. 

9K «■ {/; mid (/, g, h) e ifor all g and hin 8}, 
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where p I and mid (X, Mi »') designates the intennediate one of the 
three numbers X, fx, v in accordance with the precise relations 

mid (X, ju, v) =* max (min (X, niin (/i, i^), min (v, X)) 

“ min (max (X, m)» iiiax (ju, v), max (v, X)). 

Obviously, == and The importance of the class Pp is well 

established, and the consideration of along with Pp is natural. Since in 
the classical instances of our theory 3)1 can be identified as the totality of 
measurable functions, we shall call any function in SW a measurable 
function. 

In order to discuss gp we need to establish for the quantity Np{f) = 
N{\f\^y^^ the inequalities 

(1) (Holder) if p> I and p + q ^ pq, then N{fg) < Np{f)N^{g ) ; 

(2) (Minkowski) Nj,{f + g) S Np{f) + ^Np{g), 

The proof of (1) begins with the observation that for a > 0, jS > 0, and 

7 ~ l/iUi/py^'^ + (P/ 5 )^^^] the function y{a^ + 0 < J 

has as its absolute minimum and assumes this value only when 

i ^ io - iflq/ctpy^^- As a result we see that |/g| S 
and hence that N{fg)^^ 7(-^(i/!^)P + -^(|gj‘^)£ ’®) ff>r Jill £ > 0. On 
putting A(|/|*') = a, A^(|g)®) *= /3, and f = fo in the latter inequality we 
obtain (1). Since for ^ =« 1 the inequality (2) has already been established 
(as a special case of I (7)), we suppose that p> I, The proof for this case 
then begins with the observation that \ ^ + hl^)* Wc 

therefore have N(\f + g|p) g 2^’*H^(1/I^) + ^(|g|^))» so that / + g is 
in gp whenever / and g are. Consequently we can use (1) and the relation 
|/+g|'’^ l/i 1/ + «l"-‘ + |g| 1/ + gl"-* to obtain 

^(1/ + &)^ m\f\ \f + + Ar((g| 1/ + gl-’-i) 

g (7V,(/) + N,{g))N(\f 4- 

an inequality from which (2) follows at once. The Minkowski inequality 
shows immediately that identification of functions / and g for which 
^v(f — g) = 0 will permit us to treat gp as a real normed vector-lattice 
with Np as its norm-function. It is easily verified that this identification 
is the same for all values of p, two functions being identified if and only 
if they are equal almost everywhere. We can now generalize I (10) to 
read 

(3) the normed vector space gp is complete {and hence a Banach space). 

The proof will be sketched for p > By definition the mapping ^ which 
carries / into g «= |/1 « 1/1*' sgn / maps gp onto g. It has as its 

inverse, the mapping ^ which carries g into / « sgn g. The local 
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behavior of these mappings can be determined by an appeal to the in- 
equalities* 

which hold even for complex f and y). The first yields — ^(^ 2 ) I** S 

2’’“'|gi - gsl and hence A^p('*'(gi) - 'l'(gs)) ^ 2‘^*iV(gi — for all gi 
and gi in JJ. Accordingly ^ is continuous, belonging in fact to the Lip- 
schitz class Lip \*/p\ Similarly, the second inequality yields 
^(/2)( ^ Pilfi “ /2I + 1/1 /21 1/2!'*“^) and hence, with the help 

of the H51der inequality, 

■N(Hh) - Hh)) g pN,(f, - mNAf^y/^ + , 

Accordingly is continuous, belonging on any hounded pari of 55p to the 
associated Lipschitz class Lip L If now j/«( is a Cauchy sequence in 
it is bounded and must therefore be carried by 4^ into a Cauchy sequence 
gn = ^{fn)$ in 5 . 7'he completeness of shows that the latter se- 
quence has a limit g in 5. Thus the function / = 'l'(g) is the limit of !/„} 
in virtue of the continuity of 4'. This completes the proof. We 

note further that we have obtained at the same time the following variant 
of a result of Mazur;* 

(4) The spaces 1, are mutually homeomorphic ayid all have the 

ssame linear dimension. 

The first part of (4) follows from the fact that 4> maps %p homeomorphically 
onto shown above. The second results from a topological inter- 

pretation of the linear dimension. It is well known that a Banach space 
has finite linear dimension if and only if it is locally compact, in which 
case it is homeomorphic to an n-dimensional Euclidean space and its linear 

dimension is n. On the other hand, if the linear dimension of a Banach 

« 

space is infinite it is equal to the density-character of the S])ace that is, 
to the least among the cardinal numbers of everywhere dense parts of the 
space. 

Turning now to the consideration of Vpy we proceed to specialize and 
sharpen the results of the previous paragraph. First we replace (1) by 
the more detailed statement 

(10 (Hdlder) if f « lO and g « P., then fg t P and | L(fg) | g L( l/l")*''*’- 
the equality holding if and only if flfl’^'^ and 
are linearly dependent in P {when p — q ^ 2, if and only if f and g 
are linearly dependent in Pj). 

To show that/g e P under the. present hypotheses, we appeal to- 1 (13), 
writing/g » vif.g') where/' */|/|'’'** P,g' * gig|»-* t P,and,p(\, u) “ 
sgn Xm. Thus we have 
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\L(fg)\ ^ L{\fg\) = N{fg) g N,(f)NM = L{\S\vt^^L{\g\*f'* 

by virtue of (1). In determining the conditions under which the extreme 
terms here are equal, we may discard the trivial case where the last term 
vanishes, one of the two functions / and g being a null function. The 
indicated equality is equivalent to the continued equation ^L{fg) = 
L{\h\) - - L(|/|^{g + where fo has 

the value indicated in the proof of (1) and a fixed detennination of the 
ambiguous ssign is adopted for the remainder of the discussion. In view 
of the relations ^ \fg\ ^ 1/1 the continued equation for 

the integrals holds if and only if = \fg\ — |/|^fo + almost 

everywhere. The second equation here holds if and only if |g|^ = 
almost everywhere. Consequently both equations hold if 
and only if ^ iP / q) ion’ll almost everywhere. The proof 

of (!') is thereby completed. In a quite similar fashion we find that (2) 
can be replaced by 

(2') (Minkowski) if f and g are in 2p, then f + g is in 2p and L( \f + 
g\^y^^ g the equality holding if and only 

if f and g are linearly dependent in 2p and of the same sign almost 
everywhere. 

To show that / + g e under the present hypotheses, we appeal to I (13), 
writing (/ + g)i/+ gl'’-* = (p(/'. g') where/' =/|/|» -i« g' = glgl"-’ 
el', and^(X, Ai) = dXl’''” sgn X + sgn ai)| lX)‘^*’ sgn X + |ittf‘^''sgn 

The result given in (2) now assumes the present fonn. Reviewing 
the proof of (2) under the conditions postulated here we see that the 
equality holds if and only if |/ + g) = |/| + jg] almost everywhere 
while l/l^, jgl**, and j/ + gj** are linearly dependent in 2 in harmony 
with (!'); but these conditions are equivalent to those stated above, 
Since 2p clearly contains a/ and 1/| together with /, it is a linear sublattice 
of (?p. Moreover the fact that the homeomorphic mapping carries 
2p onto 2, where 2 is closed in shows that 2p is closed in Accord- 

ingly we have 

(3') 2p is a closed linear subspace of % {and hence is a Banach space). 

We can give a rather wide extension of (4) which will cover not only the 
spaces 2pt ^ 1 , arising from a fixed elementary integral but also the 
spaces 2p arising from different elementary integrals. This is possible 
because the space ?2 is a generalized Euclidean or real Hilbert Space, its 
norm being obtained in the appropriate manner from the, integral L(fg), 
which depends linearly and symmetrically upon/ and g. Two such spaces 
are homeomorphic if and only if they have the same linear dimension, as 
is well known. Hence^we have 
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(4^) the spaces ?p, /> ^ 1, arising jrom a fixed elementary integral are 
mutually homeomdrphic and all have the same linear dimension; 
two such spaces arising from different elementary integrals are 
homeomorphic if and only if they have the same linear dimension. 

This result completes our discussion of the spaces 

In the study* of the class SW, it is convenient to observe that mid (X, 
fjL} y) is a positively homogeneous, • continuous function satisfying the in- 
equalities min (jUi v) S mid (X, y) S max (m, v), since we thereby 
justify applications of I (13) and of the dominated-convergence theorem 
at various points below. It is, of course, true that mid (X, /u, v) has an 
explicit expression in terms of X, /x, v by means of addition, multiplication 
by constants and formation of absolute values. Thus we can show at 
once that 

( 5 ) iff = lim fn and fn t 9J2, then f eWi, 

n—^os 

In fact we have mid {fn^ g, h) e ? whenever g and h are in S, and hence 
conclude by the dominated-convergencc' theorem that mid (/, g, h) = 
lim mid (/„, g, h) is also in We also have 

(f^) if fu • • • » /m are in 9)? and if v?(Xi, . . . , Xm) w any positively homo- 
geneous function of Baire {bounded or not) defined for — co g 
X* g + 0° then fp{fu . • •» /«») € in particular, the functions 
I/I * / *+* U measurable whenever f and g are. 

Once the indicated particular cases have been handled, the general case 
is obtained by passages to the limit similar to those used in deriving I (13) 
from I (11). Taking the case of |/| as tyjncal, we wish to show that mid 
( I/I I ^ ^ whenever g and h are in ?. By hypothesis the function 
/„ mid (/, n((g| + -n(\g\ + |/W)) in and so also is the 

function g„ *= mid (|/nl, g, h). It is easily seen that lim /«(x) has the 

w— 

value 0 or the value /(x) according as |g(x-)| + jA(x)( vanishes or not. 
Hence lim g„ = mid (|/|, g, h), and the latter function is in ? by the 

n--*-co 

dominated*convergence theorem. In practice it is convenient to^have 
available the following criterion: 

(7) when f ^0, a necessary and sufficient condition forf to be measurable 
is that min (/, g) « S whenever g « 2 and g ^ 0. 

The necessity of the stated condition results immediately from the identity 
min (f, g) mid (/, g, 0). The sufficiency is established by noting that 
for arbitrary g and A in 8 we have raid (/, g, h) = max (min (/, max 
(g, A)), min (g, k)) c 8 since min (/, max (g, h)) = min (/, max (g, h, 



452 


MATHEMATICS: M. H. STONE 


Proc. N. a. S. 


0)) +»min (0, max,(^, h)) € S by hypothesis. From (7) and I (14) we 
have 

(S) the constant function 1 is measurable if and only if min (1, g) is 
integrable whenever g is; and it is measurable whenever I (3) is 
verified. 

Hence we immediately obtain the following generalization of (6) above 

(9) if ^ fm are measurable and if v?(Xi, . . . , Xm) is any function 
of Baire {bounded or not) defined for — ^ ^ X*: ^ + oo ^ then ^{fu 

..•,/m) eS??. 

We conclude our general remarks on measurable functions by noting some 
criteria for integrability. First we have 

(10) in order that a measurable function f be integrable it is necessary and 
sufficient that N{f) < + «> ; and it is likewise necessary and sufficient 
there exist integrable functions g and h, such that g S f ^ h. 

If/ is integrable, then N{f) < + «> and the second condition is satisfied 
with g — h — f. If iV(/) < + 00 we can find a function ^ e i? such that 

oo 

I/I ^ A, since there exist elementary functions /^ such that |/| g Sl/nl» 

00 OCD n “* I 

£( I/ft I ) < + 00 , and the function *= Xl l/« I is in S by virtue of I (12). 

rt *1 , « »«i 

Thus iV(/) < + OD implies that g^ f S h where g — —k and h ^ k are 
in S, When there exist such g and h, we have / = mid (/, gf h) e 2 by 
the definition of Since any integrable function is clearly measurable^ 
by direct application of the definition, we see that (10) yields the relations 

(11) {/;/ea«,iV(/) <+ a.). 

It follows immediately that 

( 12 ) = {/; <+«>}. 

When 1 is measurable wc can give the last result the sharper form, 

(13) iflemjhen 8^ - SOI n =. {/; /«2K, (/)< +«>}, 

since (9) shows that the functions g = /1/|^“^ and f — sgn g are 

measurable together. 

Finally we shall consider the connections between our theory of the 
general integral and the theory of measure. By specializing I (5)”(7) we 
see that an outer measure m* is defined for the subsets of X by putting 
^♦( K) = N{fr) where fr is the characteristic function of F c A', Similarly, 
we see from the properties of the general integral that the finite set-function 
u defined by putting ^(10 = ^(/r) whenever /r « 8 is a completely additive 
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measure. It is natural to define a set Y to be measurable if and only if 
fr € sot; but we must then consider how such sets are related to the m*' 
measurable sets F, characterized by the now classical condition that = 
^ Y) + ^*{Z F') for all Z. A fundamental tool in this investiga- 

tion is provided by the following result: 

(14) if N(f) < + «>, there exists a function g e S such that (/| g g and 
N{f) ^ L{g) — in particular f if \ t ^ and f is a characteristic 
function^ then g may he chosen to he a characteristic function. 

Adopting a device used in the proof of (10) above, we select elementary 

functions such that |/j g El/mnl = gm, N(f} g S/id/mnl) S N{f) + 

w •»1 n “1 

]/m and note that c ? and N(f) g L{gm) ^ ^(/) + 1/w in accordance 
with I (12)* It is then clear that g = lim min (gi, . . . , gm) has the desired 

Ml—**® 

properties. In the indicated special case, we may first suppose that g ^ 1 
since otherwise we can replace g by min (1, g) e 8 in accordance with (8); 
and we may theti suppose that g is a characteristic function, since other- 
wise we can replace g by tKe characteristic function lim g" e 8, in accord- 

ance with (9), (10) and the dominated-convergence theorem. From (14) 
we obtain 

(15) every measurable set is -measurable; but the converse is true if and 
onlyiflem. 

We sketch the pnx^f. Assuming F to be measurable, we have to reduce 
the inequality m*(^) ^ M*(^ ^ F) + ^ F') to an equality. Since 

the reduction is automatic when = + co, we suppose that m*(^) < 

+ 00 . Then (14) furnishes a function g « 8 such that fz ^ g, m*(A) = 
L(g). Since fz(XY = fzfy ^ g /r = min (g, fy) S g we see that g /r e 8, 
M*{Z n F) g L{gfr). The inequality /^n>" = /z(l - fy) g ^(1 - fr) - 
g — gfy€ 8 shows that Ai*(^ ^ F') g L{g gfy). By addition we obtain 
)U*(Z n V) + n F) ^ Ligfy)+L(g ^ g/r)-i(g)-/^*(^), thereby 
completing the discussion. Looking now at the converse, we see that 
X is trivially /i*-measurable and hence that the converse cannot hold 
unless 1 =® /x « 9K- Assuming this necessary condition, we now show that 
/r € by (7), whenever F is p*-nieasurable. Starting with an arbitrary 
non-negative integrable function we put/„ ~ Pnig) S ^ gfn^ g 
where <pn is the characteristic function of the interval 1/wg Xg + «>. 
By (9) and (10) we see that f„ and g« are integrable. Moreover /„ is the 
characteristic function of a set Zn with uiZn) « -f-(/n). Since min (/y, 
i) == lim min (fy, g«) = lim min (/r/n, g) ^ g it suffices to show that 

ft— 

frfn « Since /r/n is the characteristic function of Y O the special 
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case of (14) furnishes us with a set Wn such that F Z„ c ^ 

Zy,) ^ ^iW„). We may suppose that Wn c Z*, since otherwise we can 
replace it by n Zn^ We now have ^ 1^) + 

n^iWn Y) ^^f,^(YnZn) ^ ti{Wn). Hence 

FO = 0 and W„ ^ K' is a null set. Thus fyfn differs from the characteris- 
tic function of Wn by a null function and is integrable. This completes 
the proof. From (14) and (15) we at once derive 

(lb) when 1 € SO?, m*(F) < 4-00 is the minimum of the measures u{Z) 
where Z o Y; and u{Y) exists if and only if Y is -measurable 
and has finite outer measure^ in which case fi{Y) *= u^{Y). 

On the basis of the preceding results, we can now establish 

(17) when 1 e 9W, a finite function f is measurable if and only if the sets 
{or; a ^ f(x) < 0} are measurable for all (rational) a and fit a > 
and, when f is integrable ^ its general integral L(f) is the limit of the 
Lebesgue sums 

k m , 

«) = S' <rkfi{x; a^^fix) < a*+il, 

k mm m 

where lim a* ^ — 00 , Hm a* « + » a* ^ ^ u 

— oo O' 

«»+! - a* S «, and ff* = 0 for |o* 4 .i|) < «, the 

summation omitting those terms in which cr* = 0. 

The measurability of the set {x; a ^ f(x) <^] is equivalent to that of 
its characteristic function, expressible as (paeif) where <Pafi is the charac- 
teristic function of the interval By (9) this function is measur- 
able when f is. On the other hand, if is measurable for all a and 

A«4-c» 

(or even just for rational a and fi), we see that the function/, = 

Am — W 

where <Pk ~ is measurable (for rational a*, at least) and that its 

limit / = lim /. is also, in accordance with (5) and (6). When / is in- 

r-H) 

tegrable and 7 * * min (|a*|, |«*+i|) ^ «, wc see that vtif) I/I/ 7 *. 

* M-f » 

l/.i ^ tVkif) ^ 2 I/I by virtue of the inequality |<r*l S niin (1«*|, 

A M — CO 

I ot+J i ) + « S P 7 »; and hence that ^*(/) and /, are both integrable in 
accordance with (10). The dominated-convergence theorem then yields 

L{f) = lim L(f,), where L{f,) »• 23'<r*I.(v*(/)) <r(/; «), as we wished to 

*-►0 A«» — • 

show. If we apply these considerations to a particular instance of our 
general theory we obtain immediately an important theorem:* 

(18) if E is any positive linear functional on the real vector-lattice IS of 
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all continuous real functions with compact nucleus on a locally 
compact space X, then E can be expressed as an integral in the sense 
of Lebesgue with respect to a measure on X. 

As we have already pointed out, (S and E satisfy our basic postulates and 
therefore lead to the introduction of an associated general integral and an 
associated outer measure. Since I (3) is valid here, we see that 1 e 9JJ and 
hence that (15), (16) and (17) are valid also. 

It is an open question to determine what modifications (if any) in our 
definitions and procedures will permit a more thorough analysis of the case 
where 1 is not measurable. 

^ Stone, M. H., “Notes on Integration, I,“ these. Prockkdings, 34, 33(5 342 (1948); 
cited as 1. 

* Mazur, S., “Ihie remarque sur rhoni^oniori>hie des cliatnps fonctioimeIs,“ Sludta 
Math., 1, a3-85 (1929). 

* Mr. H. Rubin, while a member of one of my classes, worked out much useful in- 
formation on the subject of this paragraph and the next. 

* This result is closely related to theorems given by Riesz, F., “Sur certains syst^mes 
singuliers d'^quations int6grales/' Sci, de VEc. Norm. Sup. (3), 28, 33-02 (1911); 
Markoff, A., “On Mean Values and Extcrioi' Densities,” Mat. Shornik, 4, 165“19J 
(1938), especially Theorems 17 and 20; Kakutani, S., “Concrete Representation of 
Abstract M-Space,” Ann. Math., 42, 994- 1024 (1941), ospechUly Theorem 9. The 
measure found in (18) is always regular in the sense of Caratb^odory; but it is defined 
with certainty only for compact Gj-sets and not necessarily for all compact sets (except, 
of course, when X is separable). This measure is therefore not necessarily identical 
with the one introduced by Markoff. The distinction is that between ”Baire measures" 
and “Borel measures” (in the terminology of P. R. Hahnos) and is known to be genuine 
on the basis of an unpublished example of J. Dieudonn6. We shall have more to say 
about this situation in our fourth note. 


SOME PRELIMINARY RESULTS ON THE SPECTRA OF Aslh, 

AsDi AND Plh^ 

By Virginia Marie McConaghie and Harald H. Nielsen 

Mendenhall J.,aboiiatory op Physics, Ohio State University, Columbus, Ohio 

* 

Communicated by R. S. MuIIiken, July 30, 1948 

Measurements have been made on several of the bands in the spectra 
of AsH,, AsDj and PH,. Work is'progressing on the analysis of these 
bonds, but since some considerable time will be required to bring this work 
to completion we wish here to present a report on the work accomplished 
thus far on the spectra of these molecules. 

Figure 1 represents the 4.5 n absorption region in the spectrum of AsH, 
gas. This is the region studied earlier by Lee and Wu‘ under a resolving 
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power somewhat smaller than ours. We believe this region to consist of 
the two fundamental bands wi and m (using the notation of Dennison) 
where coi is a vibration where the electric moment oscillates along the 
axis of symmetry and wa is a twofold degenerate oscillation normal to the 
axis of symhietry. The sharp set of lines is taken to be those associated 
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FIGURE \ 

wi and wi in the infra-red spectnim of AsHj. 



with wi while the diffuse set (particularly so on the low-frequency side) 
are taken to be associated with W 2 . An analysis of has led to the values 
5' « 3.723 cm.”^ and JB' « 3.682 where the B's are the reciprocals 

of inertia, effective in the normal state and the vibration state 

<*>i. The band center Pi is found to have the value 2116.1 cm."^ 
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Figure 2 represents the corresponding region in the spectrum of heavy 
arsine. An analysis of 0)1 in this spectrum leads to the values B'' = 1.896 
cm."* and = 1.88.3 cm."* for the reciprocals of inertia of this molecule 
in its normal and excited states. The band center vj for AsDs is found 
to be 1523.1 cm."* 

If the values Be (and therefore are known for both the molecules 
AsHa and AsDa it is possible to determine the two quantities ro(As-H) and 
the angle between tq and the axis of symmetry, From these we may 
then determine the values and the reciprocals of inertia Ce — h/Hir'^cP/p 
For Be we shall here use the values for the molecules in the 
normal state. We obtain for Tq the value ro ==* 1.5126 A and for the value 
(i ^ 54^ 39'. For the two values C" ~ .'160.3 cm.“* and C'' 1.831 

cm.~* are obtained, respectively, for the molecules AsHs and AsDa. 

With these values for B" and an attempt has been made to analyze 
the band wa for AsHg. The details of this will be deferred for a later cora- 
mtiiiication, but satisfactory agreement is obtained with experiment when 
the values V2 = 2123 cm."*, B' = 3,69 cm."*, (1 — fa) C B — 0.16 cm. 
and (B' — B*' — C' + B'') ~ 0.02 cm."* are adopted. These calculations 
lead to an approximate value of fa = —0.0602 for AsHg. 

Figure 3 shows the 10 ju region of absorption for AsHg. This region we 
believe is also made up of two bands, namely, a >8 and u >4 using as before the 
notation of Dennison, cog is a vibration which induces an electric moment 
parallel to the axis of symmetry. We identify the band center 905 cm. ’ * 
with Us because of the two Q branches and the band center 1002.6 cm."* 
as Ui. No attempt has been made to analyze either the bands n or Ui, 
but it is found that in the. R branch of Vi and the P branch of vs the spacings 
between the i? and P lines are, respectively, about 10 cm."* as compared 
to a spacing of about 7.0 cm,"* in the bands v\ and u^. An explanation of 
this anomaly of rotational spacing is found in a strong Coriolis coupling 
between the frequencies C03 and o> 4 . The theory of such an interaction has 
been developed by one of us® and applied in a general way to the case of 
AsHg^ in an earlier note. An attempt to analyze this region in detail 
will be made at a later time. 

The region corresponding to figure 3 for AsDg is not available. Measure- 
ments were made on this region, but it appears that the sample used for 
this set of measurements was contaminated with some of the hybrid mole- 
cules AsHDa and AsHjD. This region we hope to repeat, at a later date. 
For Vs and V 4 . for the AsDg molecule we take the values given by Lee and 
Wu.* Their values are vs « 660 cm."* and 714 cm."*. 

If the normal frequencies a>2 and 0)4 are known, and not just the band 
centers, it is possible to calculate fj for AsDa and compare the computed 
value with the experimental value, A method for closely simulating the 
normal frequencies for molecules like AsHg and AsDs has been given by 




figure 3 

«3 and ui in the infra-mi spectrum of AsHi. 
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Dennison^ and this method is applied here. For ^2 for the AsD* molecule 
fs * —0*0383 is obtained. For the value (1 — {*2)^ — JB a value 0.0053 
cm."^ is predicted. This value seems consistent with the measurements 
on u>s for that molecule which shows that the lines are about equally sharp 
on both the high- and the low-frequency side of the band. For this to 
be true (1 — fj) C — 5 itself must be very small as well as the value 

B' - c - B" + r. 

It will be seen that the angle obtained for the AsHs molecule in this 
work is considerably smaller than the value derived by Sutherland, Lee 
and Wu.^ For this reason it is worth while to make an independent veri- 
fication of this value. We may assume that the force fields of the molecule 
are closely approximated here by valence forces. On the basis of valence 
force fields Lechner” has derived certain equations which relate the nonnal 
frequencies to the valence force constants, the atomic masses and the angle 
d. We state one of these 


4X2X4 - 


fed 2 

w w’l + 3 cos^ 



( 1 ) 


where p ~ 


Hm + ^ 


M and m being the masses of the As and H atoms 


TABLK 1 


Band Centers and Normal Frequencies for AsH^ and AsDa 


MOLECVLB 


« Fi 

*^4 

us 

W4 



904.4 




AsH» 

2U6.1 

2123.0 906.9 

1003 

2226.8 

1012.1 

AsD, 

162.3.1 

1629.3 

714 

1528.4 

718.6 



TABLE 2 




Rotational Constants and Molecular Dimensions of 

AsHj and AsO* 

MOLBCTTLR 

/« X 10« 

Bo X t0« Co 

ro 

ho 


AsH, 

7.517 

3.723 7.641 3.66.3 

1.513 A 

0.93 A 

54 ° 39' 
.54° 15' 

AsD* 

14.76 

1.896 15.282. 1.8:^ 

1.613 A 

0.93 A 

64° 39' 
S4° 16 


and where X^ — 47rVV^ on being one of the normal frequencies. The 
nonnal frequencies wa and o>a for the two molecules AsHs and AsD« have 
been found to take the values a>a « 2225.8 cm,”‘b W4 « 1012.1 cm.“S 
» 1582.4 cm.“^ and «4' 718.6 cm.'”^ Since/, d and will be the 

same in the two molecules one may quickly arrive at the relation 

XaX4 ^ p (2 — p) cos^ 

4 \ vK ^ * p'+(2-p0cos«/?“ 


( 2 ) 
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Using the above values for a)< one quickly arrives at the value ^ =» 54° 15' 
which is in satisfactory agreement with the value arrived at earlier. This 




Absorption baud in the spectrum of AsDa near 3020 cm.“^ 

calculation serves to illustrate how important it is to use the normal fre- 
quencies rather than the band centers in determining the constants of a 
molecule from vibration spectra. 




Absorption band in the spectrum of AsH» near 1800 cm. 
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In tables 1 and 2 we summarize the results obtained for the AsH# and 
AsD« molecules* 

Figures 4 and 5 are absorption regions in the spectrum of AsH» and AsD». 
In each case there appears to be two independent and overlapping bands. 
If the combination relations are applied to the two sets of lines in each 
case the band centers seem to be located at 4174.2 cra.'”^, 4170 cm.*”^ and 
3022.2 an., 3019.8 While no definite identification is given here 

it is suggested that they may be 2p% and 2vi, respectively, in each case. 
Figure 6 depicts an absorption region near 5.5 m- It resembles strongly 
the region near 10-11 m and it is suggested that it comprises the bands 
2ps and 2 v 4 > 



FIGURE 7 


on and m in the infra-red spectrum of PH 

Figures 7 and 8 represent diagrams of the principal absorption regions 
in the spectrum of PHj. The region near 4,3 m is the region studied by 
Fung and Barker.^ Their measurements covered only a part of the band 
because of the overlapping of the band by atmo^heric C02. We believe 
this region represents the two bands pi and V 2 . We believe the sharp lines 
to be associated with vi and an analysis of these lines leads to a band center 
2322.9 cm.“^ The B values are found to be equal to 4.358 cm,"^ 
and 4.301 cm.”h An analysis of the band has not been carried 
out, but an estimate of the band center has been made. We take it to be 
2328 cm.“^ 







FIGURE 8 

«j and <^4 in the infra-red spectrum of PHj, 
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The region near 10 /x was also studied by Fung and Barker.'’^ Our dis- 
persion seems considerably better than that available to them and we 
identify it as due to the vibrations and Vi. We have estimated the cen- 
ters to be V 3 = 090 cm. and Vi = 1121 cm.“^ Here as in the corre- 
sponding region in AsHa the spacing between rotational lines is anomalously 
large as compared to the rotational separation at 4.3 /i. The effect is 
explained as in the case of AsHj as being due to a Coriolis interaction be- 
tween and Vi. The band vn is double^ as shown by Fung and Barker/ 
the two Q branches being at 989.9 cm. and 992.5 cm.“\ It is a rather 
surprising fact that the band v^ in AsH^ has a separation between the two 
components as large as that observed for PHs. 

No records have been obtained at the present time on the spectra of 
PDa. It is hoped to obtain such records in the near future. 

Grants-in-Aid from the National Research Council and the Research 
Corporation in New York are acknowledged with gratefulness. Ac- 
knowledgment is made also to the Cincinnati Chemical Works for a fellow- 
shii> to one of us (V. M. M.). 

* These results were discussed at the Symposium on Molecular Structure and Spectros- 
copy at Mendenhall Laboratory of Physics, Ohio State University, Columbus, Ohio, 
June 14-19, 1948. 

* Lee, E., and Wu, C. K., Trans. Faraday Soc., 35, 1 (1939). 

* Nielsen, H. H., Phys. Rev., 68, 181 (1946). 

» McConaghic, V. M., and Nielsen, Phys. Rev., 73, 1260(A) 1948. 

* I>eiinison, 1). M., Ret\ Mod. Phys., 12, 176 (1940). 

^ Sutherland, G. B. B. M., Lee, E., and Wu. Cheng- Kai, Trans. Faraday Soc., 35, 
1374 (1939). 

•Lechner, F.. Setz. bet. Akad. Wiss., Wien, 141. fl33 (1932). 

’ Fung, L. W., and Barker. E. F., Phys. Hei^ . 45. 238 (1934) 
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EVIDENCE FOR AN INTERRELATION IN THE METABOLISM 
OF LYSINE, ARGININE AND PYRIMIDINES IN NEUROSPORA* 

Bv Mary B. Houlahan and Herschee K. Mitchell 

Kbrckhoff Laboratoriks of Biology, California Institutk of Technology, 

Pasadkna 

Couimunicated by G. W. Beadle, July 27, 194« 

The behavior of a strain of Neurospora crassa carrying the pyrimi- 
dineless gene 3a (37301) and s, a second mutant gene which suppresses the 
effect of 3a, has been described briefly in an earlier publication.^ A strain 
carrying 3a alone has an absolute requirement for pyrimidine, while 3a-s 
reaches about one-half the maximum growth of the wild type on the un- 
supplemented basal medium.^ However, if arginine is present in this 
medium the pyrimidine requirement is again manifested. The effect of 
arginine may be suppressed in turn by the addition of lysine. This re- 
sponse to arginine and lysine suggested the possibility that one or both of 
these amino acids are involved in the biosynthesis of pyrimidines. More 
recent investigations have provided evidence that a relationship does 
exist, but its nature is not yet understood. 

Of the two lines of evidence which indicate this interrelation perhaps the 
most convincing is the fact that two of four non-allelic lysineless mutants’* 
accumulate pyritnidiue compounds in their culture media. One of the com- 
pounds has been isolated and identified as uracil. A second substance, 
more active biologically, has been shown to be present but has not been 
isolated. 'Fhere is some evidence which suggests that this compound is 
uridine. 

A second line of evidence is based on growth responses of multiple mutant 
strains derived from crosses of lysineless mutants to pyrimidineless 3a~s. 
The unexpected behavior of several of these strains has not been satis- 
factorily interpreted, but, in the opinio^ of the authors, such an inter- 
juretation must involve an interrelation in the metabolism of pyrimidines 
and lysine, and, possibly of arginine as well. 

Accumulation of Pyrimidines by Lysineless Strains. — Four lysmeless 
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mutants, shown by Doermann^ to be non-alldic, have been tested. The iso- 
lation numbers ate 33933, 37101, 4545 and 15069; for simplicity they will 
be called ly 1, 2, 3 and 4. After the finding by Borsook, et that lysine 
is converted to a amino adipic acid by mammalian tissue slices and homo- 
genates it was shown that this amino acid can be used as a substitute for 
lysine by strain ly 1 but not by ly 2^ 3 and 4/ From this it is inferred that 
the reaction blocked in vStrain ly 1 precedes those blocked in the other strains. 

Accumulated pyrimidine compounds have been demonstrated in culture 
fluid from ly 3 and 4 but not in that from ly 1 and 2. The amount found, in 
terms of cytidine sulfate activity for tlie pyrimidineless strain Sa^ varied 
from 0.1 to 0.2 mg. in 10 ml. of culture fluid. The substances promote 
growth of three non-allelic pyrimidine-requiring strains, 37301 or 3a^ 263 
and 38502.^ The accumulation was observed in four-day cultures contain- 
ing 1 mg. of L(+) lysine monohydrochloride in 20 ml. of medium. This 
quantity of lysine is sufficient to allow half-maximum growth of the lysine- 
less strains. When higher lysine concentrations were used little or no 
pyrimidine activity was detected. 

Of the four lysineless strains, i and 3 have been more thorouglily tested. 
In repeated experiments ly 3 has not failed to show the accumulation under 
the conditions given above while ly 1 has always failed to do so. Moreover, 
no accumulation by the double mutant ly l-ly 3 has been observed. In 
three experiments with ly 2 and ly 4 the former has behaved like ly 1 and the 
latter like ly 3. Culture fluid from wild type (Abbott 4) and from an ade- 
nine-requiring strain 27663-44206 supplied a limiting quantity of adenine, 
showed no biological activity for the pyriraidinelcss strains. 

Uracil was isolated from a culture of ly 3 grown four days at 25°C. in a 
five-gallon bottle containing 15 1. of basal medium supplemented vnth 750 
mg. of L(+) lysine raonohydrochloride. The material was first con- 
centrated by adsorption on Norite (2 mg. per ml. of culture fluid) and 
elution with boiling 10% aniline solution. The active compounds were then 
precipitated by the addition of excess silver nitrate at about pH 8. Silver 
was removed as the sulfide, the volume reduced by evaporation and crystal- 
line compound was obtained. After two recrystallizations from hot water 
the compound melted with decomposition at 335®C, (corr.). Literature 
values for uracil are 338^^0., 335®C. The ultra-violet absorption spectrum 
was identical to that of uracil and the biological activity for pyr 3a was also 
the same. 

It seems clear that all of the biological activity found is not due to uracil. 
The activity of a number of partiaUy purified preparations exceeded by a 
considerable margin that of the quantity of uracil which will remain dis- 
solved in the same volume of water. Moreover, solutions of such highly 
active preparations slewed the maximum absorption of ultra-violet light 
at the same wave-length (259 m^) in 0.1 N NaOH as in 0.1 N HCL. This 
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is characteristic of the spectrum of uridine, while solutions of uracil, on the 
other hand, show a change from 259 him in acid to 283 m^ in alkali. 

It was found that-a small quantity of cytidine, which has the same bio- 
logical activity us uridine (about 30 times that of uracil®) will greatly 
enhance the activity of uracil, A mixture of 0.1 mg. of cytidine sulfate and 
1.6 mg. of uracil is equivalent in activity to 8 mg. of uracil alone, It seems 
safe to conclude, therefore, that a pyrimidine derivative with the activity 
of uridine or cytidine is also accumulated. The ultra-violet absorption 
spectra mentioned above indicate that it is uridine. 


. TABLE 1 

Requirements for Half-Maximum Growth of Single anu Multiple Mutant 

Strains 

SrUAlK leiiiQTJlIISMSNT — MlC«OMOLS/2U MI.. MSDJUM 


pyr 3a 

Pyr 3a-s 
ly 1 

ly i-A* 


ly Tpyr 3a 


ly I’pyr 3a- s 
ly3 
ly 3-s 

ly 3 Pyr 3a 
ly 3‘Pyr 3a-s 


0 

cytidine sulfate l.C; uracil 54.0 
cytidine sulfate 0.31 + uracil 2.7 
0 

iysine 5.5 

DL a amino adipic acid 6 . 2 
L — lysine 6.5 

DL a amino adipic acid 25.0 

])L cx amino adipic acid 6.2 -f- h — ^arffinine 0.47 

DL a amino adipic acid 6.2 -h DL citrulline 5.7 

DL (X amino adipic acid 0.2 -f DL ornithine 13 . 0 

L — lysine 5.5 4- cytidine sulfate 1.6 
DL a amino adipic acid 6 2 + cystidine sulfate 1 .6 
+ L— lysine 0, 65 

L — lysine 5 . 5 
L — lysine 6. 6 
L — lysine 5. 6 

L lysine 5.5 + cytidine sulfate 1.6 
L - lysine 5,5 + cytidine sulfate 1,6 + L — arginine 2.4 


Double and Triple Mutants Involving Ly i, Pyr 3a and s. — The requirement 
for lysine due to the mutant gene ly I is not affected by the presence, in the 
same strain, of 5 or pyr 3a, nor is the pyrimidine requirement or pyr 3a 
altered by the presence oily 1. Growth of the triple mutant ly l-pyr 3a-s, 
when supplied adequate lysine, parallels that of pyr Sa-s on the unsupple* 
mented tosal medium. However, with respect to their ability to use a amino 
adipic acid as a substitute for lysine each of the three strains; ly l-s, ly 1- 
pyr 3a and ly Tpyr Sa-s differs from strain ly 1 . 

The quantity of a amino adipic acid required to initiate growth of strain 
ly Ts is about four tim^ that which is necessary for half -maximum growtli 
^ ly 1, but if arginine, citruUine or ornithine is added then the response 
of this strain is very nearly like that of the single mutant. Citrulline is less 
effective than arginine and ornithine is stiU less effective ; also the effect of 
the latter is rather erratic. The quantities required are given in table 1. 
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This response to these amino acids is of particular interest because of their 
effect upon the lysineless strains and upon pyr Sa-$. Their presence in the 
culture medium inhibits the utilization of lysine by all of the lysineless 
strains’ and prevents growth of strain pyr 3a-s in the absence of pyrimidine.^ 
The relative effectiveness of arginine, citrulline and omitliine is the same in 
the three cases- 

Strain ly I -pyr Sa does not grow when supplied a amino adipic acid with 
cytidine and cannot be made to do so by the addition of arginine, ci- 
trulline or ornithine. However, if a small quantity of lysine is addedf about 
one-tenth the requirement for half-maximum growth, then, in the presence 
of adequate cytidine, the response of this strain to a amino adipic acid is 
like that of ly i. Utilization of this compound by ly 1-s is apparently not 
affected by lysine. When supplied lysine in addition to quantities of a 
amino adipic acid smaller than tliat required to initiate growth, this 
strain responds as it does to the same quantity of lysine alone. 

Utilization of a amino adipic acid by ly 1-pyr Sa-s has not been 
demonstrated although the following additions have been tried: lysitie; 
arginine plus cytidine; and lysine plus arginine plus cytidine. 

No inhibitory effects have been observed of cytidine upon the utilization 
of a amino adipic acid by strain ly 1, nor of this amino acid upon the utili- 
zation of cytidine by pyr 3a. Growth of strain pyr 3a-$ is not affected by 
a amino adipic acid. 

Double and Triple Mutants Involving Ly Pyr 3a and 5,— Tlequire- 
ments for lysine and cytidine of the double mutants ly 3-s and ly 3-pyr 3a, 
like the corresponding combinations with ly i, have not been found to differ 
from those of the single mutants. Strain ly 3-pyr Sa^s, on the otlier hand, 
departs markedly from the behavior which would be predicted for it on 
the basis of characteristics of the single and double mutants involving these 
three genes. It docs not grow when supplied lysine alone, but requires 
pyrimidine and arginine as well. Moreover, in order to allow maximum 
growth, lysine and arginine must be supplied in a molar ratio of 2.3 to 1.' 
The requirement for pyrimidine is not surprising since the suppressor 
does not function if arginine is present unless tlie lysine concentration is 
about six times that of arginine. When lysine and arginine are supplied 
in suitable concentrations then the response of this strain to cytidine is the 
same as that of pyr 3a. Table 1 lists the requirements for half -maximum 
growth of the various single and multiple mutant strains. 

There are two points of similarity between ly S~pyr Sa-s and the argi- 
nineless mutant 36703. First, neither citrulline npr ornithine will satisfy 
the arginine requirement.® Second, both strains are inhibited by lysine if 
the molar ratio of lysine concentration to arginine concentration is 3.5 to 1 
or greater. P'or this reason strains of the iconstitutions arg-s and arg-pyr 
Ba were considered of possible interest and were prepared. However, no 
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departures from predicted behavior have been observed, Arg-s rasponds to 
arginine and lysine as does arg alone, while requirements of arg-pyr 3a for 
arginine and cytidine are like those of arg and pyr 3a, Combinations in- 
volving arg and ly 1 or ly 3 may prove of interest but they have not yet been 
obtained. 

Verification of Genetic Constitution of Multiple Mutant Strains ~ 
various double and triple mutants were obtained from crosses of pyr 3a-s 
to ly 1 fly 3 and arg, Ly 1 -5, ly 3-s and arg~s were selected from asci contain- 
ing four spores carrying pyr 3a alone. The other four spores would, of 
course, carry s along with the third mutant gene involved in tlie cross. The 
double mutants of pyr 3a with ly L ly 3 or arg were obtained from asci 
which gave rise to four wild-type appearing strains and four having the 
appropriate double requirement, lyvsine plus pyrimidine or arginine plus 
pyrimidine. Ly l-pyr Sa-s came from an ascus from which were obtained 
four wild- type appearing strains and four requiring only lysine. The ascus 
from which ly 3~pyr 3a~s was derived gave rise to four wild-type strains and 
four w4iich failed to grow when supplied lysine plus cytidine. The identity, 
of these two strains was further checked by recovering from cr(;sses to wild- 
type strains carrying pyr 3a-s and others requiring lysine alone or lysine plus 
pyrimidine. Arg-pyr 3a had*of course, to be crossed to wild type in order 
to distinguish it from arg-pyr 3a-s, 

In the case of each multiple mutant described, isolates from several 
different asci were tested and found to have the same characteristics. 

Discussion.- Th(t fact that obstruction of the biosynthesis of l}^sinc at 
either of two points results in accumulation of pyrimidines, while in- 
terniption of the series at two other points does not produce this result, 
establishes an interdependence in the metabolism of pyrimidine and lysine 
in Neurospora, Such a relationship is also strongly indicated by the fact 
that introduction of a genetic block in the series of reactions by which the 
p)rrimidine ring is synthesized interferes with the utilization of a precursor 
of lysine, a amino adipic acid, by strain ly l-pyr 3a. The behavior of ly i-5 
and ly 1-pyr 3a-s, as well as that of ly 1-pyr 3a, suggests that utilization of 
this compound is dependent upon the pyr 3a reaction. 

No satisfactory scheme has been devised which will explain how lysine 
metabolism is related to pyrimidine biosyntliesis and in what way arginine 
is involved. 

Summary , — Of four non-allelic lysineless strains two have been shown to 
accumulate pyrimidines, while two do not. One of the accumulated com- 
pounds has been isolated and identified as uracil. Artother has been 
tentatively identified as uridine. 

The double and triple mutant combinations of the pyrimidineless gene, 
3a and its suppressor, 5, with two lysineless strains have been prepared and 
tested. Several of these show growth responses, not characteristic of the 
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single mutants involved, which indicate a relationship in the metabolism 
of pyrimidines, lysine and arginine. Combination of the genes, lysineless 
3, pyrimidineless 3a and s introduces a requirement for arginine. Lysineless 
strain 1 is able to use a amino adipic acid as effectively as it uses 
lysine. Combination of this gene with the suppressor gene ^ produces a 
strain which has the same requirement for lysine as lysineless i, but a much 
higher requirement for a amino adipic acid, unless arginine, citrulline or 
ornithine is also supplied. By combination of this lysineless gene with 
pyrimidineless 3a a strain is produced which cannot use a amino adipic acid 
unless a small amount of lysine is added. 

* Work slipportt'f! by grunts from the Ki:>ckefe!ler Foundation, 
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THE CYTOGENETIC EFFECT OF SONIC ENERGY APPLIED 
SIMULTANEOUSLY WITH X-^lUYS* 

By Alan D. Conger 

Biology Division, Oak Ridgk National Laboratory, Oak Rioorc, Tennehser 

Communicated by Karl Sax, July 23, 1048 

It is generally agreed that the number of chromosome breaks initially 
produced by a given dose of x-rays is independent of conditions at the time 
of radiation. But the subsequent yield of observable chn)mosomal 
aberrations from a given number of initial breaks depends upon the ratio 
of those breaks which rejoin (and are not detectable) to those which do 
not rejoin or which rejoin in detectable new associations. The majority 
of the breaks produced by x-radiation, under normal conditions, seem to 
rejoin in their original position and do not form observable aberrations.® 
Any factors which affect this process of rejoining will influence the yield 
of chromosomal aberrati(.ms obtained from a given x-ray dose. Several 
treatments used in conjunction with x-rays have been shown to increase 
(or decrease) the yield as compared with that obtained from the same dose 
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of x-rays alone. The results of some of these treatments are summarized 
in table 1 : 

TABLE 1 

Effect on X-Ray Aberration Frequency 

KFfTBCT 


TRRATMBNT 

ALONE 

DSPORB 

DURING 

AFTER 

REFUKENCE 

Centrifugatioti 

0 

X 

+ (2/l)* 

0 

(6) 

Temperature (3*’/36‘*) 

0 

0 

-f(4/l) 

0 

(4) 

Colchicine 

0 • 

-a/3) 

X 

X 

(2) 

Ultra-violet 

-f 

-a/2.5) 

X 

-(1/2) 

(8) 

Infra-red 

0 

+ (2/1) 

X 

■f (2/1) 

(0) 


* Ratio, x-ray + treatnicnt/x-niy alone. 
X =* not Studied- 


In addition to tlie treatments above, the effect of the stage of division at 
the time of radiation, genetic differences and dilTerences between different 
tissues of the same individual have been studied.* 

Most of these artificial or natural influences (except ultra-violet and 
infra-red) seem to produce their effect on the yield of chromosomal aberra- 
tions by altering somehow the amount or freedom of chromosome move- 
ment. An increase in the amount of movement after chromosomes have 
been broken by x-rays would enable the broken ends from one break to 
he separated from one another (reducing restitution) and would bring 
broken ends from different breaks together (increasing new reunions); 
either would increase the yield of aberrations. These considerations, and 
the work which had been done with centrifugation, suggested that sonic 
or supersonic energy would be a means of applying mechanical agitation 
to cellular structures during radiation, thereby increasing the yield of 
chromosomal aberrations. 

Experimmtal Methods . — Inflorescences of a clone of Tradescantia paludosa 
Anderson t^nd Woodscjii were subjected to simultaneous x-ray and sonic 
treatment. Aceto-carmine smears of the anthers were made four days after 
treatment, and the frequency of diromosomal aberrations determined at 
the microspore mitosis. X-rays were delivered at 250 kv. peak, 15 ma., 
filtered through V 2 Cu and 1 mm. Al. The average intensity, meas- 
ured with a Victoreen dosimeter in air at the same position as the buds 
were when exposed to radiation, was 78 r/minute. A dose of 250 r was 
given in all experiments. 

Sonic treatment was begun with the x-radiation and continued for 
five minutes after radiation ceased. The sonic treatment was administered 
by a Raytheon Manufacturing Company Model R-22-3 magnetostriction 
transducer connected to an electronic oscillator operating at about 9100 
cycles/second.’ The material was treated in a stainless steel cup, the 
bottom of which was a diaphragm connected directly to a nickel magneto- 
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striction rod which alternately contracted and expanded in an alternating 
electromagnetic field. The sound energy generated by the aip diaphragm 
was transmitted to the Tradescantia buds by water 3.4 cm. deep (30 cc.) 
in which the inflorescences were immersed, upside down, the center of 
the buds being 3 mm. beneath the surface of the water through which the 
sonic vibrations were transmitted. Temperature was ke])t constant by a 
continuous flow of tap water (18“C .) through the water jacket of the double- 
walled sonic cup. Inflorescences were held in place during treatment by 
inserting the stem base of the inflorescence through a hole in a thin Incite 
cap fitted over the top of the cup. The machine was always operated at 
the same voltage level across tlie transducer, liO volts, and at the same 
frcquericy, about 9100 cycles/second. The sonic cup, with the flower 
buds held in position in the water, was centered under the x-ray tube; in 
both the control series (x-rays only) and the treated series (x-ray plus 
sonic energy), buds were held in the same position in the water inside 
the sonic cup during treatment. The relative x-ray dose received by the 
buds in the sonic and control series was the same; however, the absolute 
dose, due to scattering by the Incite cap, water and steel cup, may not have % 
been the same as the 250 r measured by a dosimeter in the same position 
in air. 

Results " \ series of six experiments was made. Since the results of all 
are essentially the same, the data have been combined and are presented 
in table 2. 


TABLK 2 

Yield of Fouk-Day Chromosomal Aberrations per 1(X) Cells, 250 r X-Rays 
(Av. 78 r/Mtn.); Av, 7V2 Minutes Sonic Treatment 



No. or 

NO. or 


EXCHANOEi* 

— 

-DKUKTfONSf ' 

TREATMENT 

BOOB 

CELLS 

NO. 

rER 100 CELLS 

NO. 

BER 100 CELLS 

X-rays -f sonic 

21 

1481 

547 

36.9 1.4 

751 

50.7 1.9 

Control (x-ray alone) 

8 

650 

189 

29.1 2.0 

261 

40.2 * 2.6 


Difl. (sonic) — (x 

mys) S.E. diff. .. ... 7.8 =fc 2.5 ... 10.5 * 3.2 

Ratio; sonic/x-ray .. .. ... 1.27/1 ... 1.26/1 

• Dicentrics -f tricentrics ■+■ centric rings. 

t Terminal + small isodiametric fragments (acentric rings excluded). 

Previous experiments had shown tliat the sonic treatment alone, as 
given here, did not cause detectable chromosomal aberrations.f The 
yield of x-ray induced aberrations has been increased by the application 
of sonic energy; the differences between the sonic treated and x-ray con- 
trols are statistically significant for both the one- and two-hit aberrations 
(difference > 3 times S.E. diff,). 

Discussion . — The increase in aberration yield is somewhat less than that 
obtained by other treatments, where the ratio of treated/contrpl has been 
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about 2/1 for centrifugation, and infra-red, about 4/1 for cold treatment. 
It is believed that the smaller effect found with sonic energy, as adminis^ 
tered in these experiments, is due to the fact that it is difficult to deliver 
a sonic dose intense enough to produce the effect desired without causing 
a disruption of the cells or entire tissue, making further observation im- 
possible. An intensity of 30 volts across the transducer was empirically 
determined as the maximum intensity which could be used, and still have 
the buds and anthers survive intact. In these experiments, cells have been 
observed as much as five days after treatment in which the entire nucleus 
had been disrupted into numerous small droplets scattered throughout tlie 
cell, in other cases the nucleus had been condensed into a solid, amorphous 
pycnotic globule. It is interesting tliat some cells, five days after treat- 
ment, tliough still intact and at the same stage of cellular development 
as normal cells, had no vestige of the nucleus or nuclear fragments re- 
maining, though the cytoplasm was uniformly darker stained than nearby 
normal cells. Apparently the nucleus was almost completely dispersed 
throughout the cells, yet five days of development and growth of the 
microspore ensued in such cells with a dispersion rather than an organiza- 
tion of geiiic material. There can be no doubt, however, that the trans- 
mission of sonic energy does cause movement of cellular constituents with- 
out disrupting the cell ; such effects have been described in early biological 
studies made with sonics and supersonics.^ Further, an x-ray induced 
chromosome fragment, because of its smaller mass and surface area, should 
have a smaller viscous drag and therefore be displaced by sonic vibration 
more tliiui tlie heavier and larger diromosome from which it came. This 
may be observed qualitatively for isodiametric deletions ('‘minutes’^ or 
“dots") which, following x-ray treatment alone, are generally associated 
quite closely with the chromosomes; after combined x-ray and sonic 
treatment, the deletions are often completely dissociated from the chromo- 
somes. 

It is tiiought tliat by refinements in the method of treatment, and 
perhaps by using ultrasonic energy of much shorter wave-length than used 
here (9100 cycles/second about 16 cm. wave-length in water) greatly 
enhanced yields of aberrations may be obtained; if the ptoblem of inducing 
considerable vibrational movement of cellular constituents without causing 
disniption of the cell wall can be solved, tliis should be possible. Ultra- 
sonics witli wave-lengths of the order of magnitude of cell dimensions may 
be the way of doing this. 

Summary . — ^The cytogenetic effects of simultaneous treatment of 
Tradescantia inflorescences with x-rays (260 r) and sonic energy (9100 
cycles/second) are described. Simultaneous treatment with sonic energy 
and x-rays increases the yield of x-ray induced chromosomal aberrations 
ibout 1 .3 times the yield obtained with the same amount of x-rays alone. 
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The sonic treatment alone did not cause aberrations. The increased yield 
is probably due to an increased movement of chromosomes and chromosome 
fragments caused by the sonic treatment, resulting in a decrease in the 
amount of restitution and an increase in the amount of detectable new 
reunions between the broken ends of chromosomes. 

t A recent experiment reports the production of chromosomal aberrations, mutations 
and other effects in Allium root tips, Heliaiithus stem apices, atid Drosophila by treat- 
ment with ultrasonics alone. However, the treatment was quite different in frequency 
(4(K),(XK) cycles/second) and in other factors from the sonic exposures reported here. 

* This work was t>erfonued under Contract No. W-7405’Hng 20. 

^ Bergmann, I..., Ultrasonics, Their Scientific and Technical Applications, Johti Wiley 
& Sons, New York, 1938, Chapter V. 

» Brumfield, R. T. Proc. Nat. Acad. Sci. 29, 190 L93 (1943). 

* Lea D, E., Actions of Radiation on Living Cells, Macinillan Co., New York. 1947. 

^ Sax, K., Genetics, 32, 75-78 {1947). 

‘‘Sax, K., Proc. Nat. Acad. Sci., 29, 18 21 (1943). 

* Sax, K., and Swanson, C. P., Am. J. Bot., 29, 52 59 (1941). 

’ Shropshire, R. F.,-/. Bad., 53. 685-093 (1947). 

* Swanson, C. P., Genetics, 29, 61 458 (1944). 

^ Swanson, C. P., and Hollaender, A., Proc. Nat. Acad. Sci., 32, 295-302 (1940). 

Wallace, R. H., Bush well, R. J., and Newcomer, E. H., Science, 107, ,577 578 
(1948). * ‘ 


RA VLEJCH-RITZ AND A . WEINSTEIN METHODS FORAPPROXT 
MATION OF EIGENVALUES.* L OPERATORS IN A HILBERT 

SPACE 

By N. Aronszajn 

Harvard Graduate, School of BNomE^RiNO 
Communicated by Marston Morse, July 23, 1948 

The well-known method of Rayldgh-Ritz^ permits us to find upper 
bounds for the eigenvalues of a differential operator. In the late thirties, 
A. Weinstein introduced a new method, in some cases important for 
applications, giving lower bounds for the eigenvalues.* 

We were able to extend Weinstein's method, making it more precise and 
simplifying it at the same time by the use of the Hilbert space theoiy. 

This method is seen then as a counterpart of the Rayleigh-Ritz method, 
or more precisely, of a generalized Rayleigh-Ritz method for which similar 
developments to Weinstein's method can be established. 

In the present paper we develop the theory for completely continuous, 
symmetric operators in a Hilbert space. In another paper we shall study 
the applications of this theory to differential self-adjoint bperators. 
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1. Consider in k Hilbert space JC, with the scalar product (x, v), an 
operator II, symmetric and completely continuous. 

For any linear closed sub space i3 c 3C we denote by P the corresponding 
projection. 

The operator L = PH, considered in the subspace JC, will be called 
the part of 11 in 2. It is a symmetric and completely continuous operator 
(in ii). If II is positive, L is positive too. 

The eigenvalues, eigenvectors, resolvent operator, etc., of L (in Z) will 
be called the eigenvalues, eigenvectors, resolvent operator, etc., of H in Z. 

An eigenvector and the corresponding eigenvalue X of II in Z satisfy 
the equation 

Hti — \u p with p X J£. (1) 

The resolvent operator i?x of if in Z, for any / e Z satisfy the equation 

IIR^f ~ X/ex/ ^f+piorpJLZ. (2) 

2. The eigenvalues of II in Z can be defined by maximum -minimum 
problems for the positive eigenvalues and by minimurn-maximum problems 
for the negative eigenvalue*.^ This is done in the following way. We 
define 

QW == for n 9^ G (3) 

(w, ii) 

0(0) - 0 

and then for any set of n vectors (n == 0, 1, 2, . . . ), ipi, of 3C we 

consider the maximum (or minimum) of Q{u) for all vectors ut Z satisfying 
the conditions («, ^jt) == 0, ^ — 1,2,..., «. This maximum (or minimum) 
is attained by some vector and will be denoted by X„{^*1 (or 
If we vary the n vectors the X„{^jt} will attain its minimum X„ 
which is the nth positive eigenvalue of H in Z, In the same way, the 
minimum for varying will attain its maximum which is the 

.wth negative eigenvalue of H in Z. In this way we get the positive and 
negative spectra of H in JC : 

Xo ^ Xi ^ 0 positive spectrum, . . 

Mo ^ Ml ^ 0 negative spectrum. ^ 

In this definition we do not exclude the vector « = 0. This fact makes it 
necessary to accept the following convention. If tliere are only a finite 
number of positive (or negative) eigenvalues, then the positive (or negative) 
spectrum has to be completed by an infinite number of zeros so that the 
sequences (4) will always have an infinite number of terms.^ The eigen- 
vectors corresponding to the eigenvalues (4) will be denoted by 
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Wo, Wi, . . .. 

Wlieu, following our convention, we continue the positive (or negative) 
spectrum by zeros, the corresponding or w ’ will be equal to zero. All 
the other eigenvectors will be supposed nonnalized (||w‘I;|| = l|w”|| =» 1). 
The operator H may admit in JC the eigenvalue 0. A corresponding 
complete system of orthonormal eigenvectors will be denoted by 

«S, nl (50 

S. The following two theorems are well known.® 

Theorem A. If £> c then for the corresponding eigenvalues we have 

^ ^ Mil ^ • 

Theorem B. J£ c je' Q £, is n-dimensionaly then 

xi ^ x* ^ K+«’ A*! ^ M* ^ k = 0, 1, — 

The following theorem seems new even in the case of an w-diniensional 
space, « < 00 . 

Theorem L If c Ji, JC" == we have the inequalities: 

Xk/ + Mo ^ X' 4* Xy, + Xo ^ Mi + Uiffor iyj — 0, i, 2, .... 

An interesting si)ecial case of this theorem is 

Corollary V. Under the assumptions of Theorem /> if H is positive 
definite we luive ^ X^^ + X^. 

A sequence of subsj)aces is said to converge to a subspace £ if for 
every u € 3C, u Pu. We then have the theorem 
Theorem II. If £ then Xi"^ X^, m^ M*. 

If is an increasing (or decreasing) sequence of subspaces, then it 
converges to the smallest closed .subspace £ containing all of them (or the 
intersection £ of all of them). It follows from theorems A and II that 
Corollary IT. If / £ {or \ JC), Xi"' / X*, uT M* {or 

K ^ K / M»). 

4. Consider two subspaces, ii' c ii with £ Q £^ w-dimeiLsional. 
Consider further, a system of n vectors pi, p2, . . . , pn generating the sub- 
space £ Q £\ the resolvent operator Rx of H in £ and 

UrrA'K'" » R\pmy ^ « 1, 2, X Ruy complcx number. (6) 

We will denote by IT(i‘) (Weinstein’s determinant) the nth order determi- 
nant 

T7(f) - det. !(«.,({■), y>.)) (7) 

and by r es r {/>*}, the Gramm’s determinant 

- det. {(/>„. 


( 8 ) 
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We have then the following fundamental theorem. 

W(C) 

Theorem III. The function 4>(f) = dependent only on the 

operator //* atul the subspaces £ and £\ ^(f) is meromorphic in the whole 

plane with the exception of ^ ^ 0 {where it may hive an essential singularity ) , 
is regular a/ f and representable by the product 





n 

- xj,.o(r - u>,y 


(9) 


where fj.[ are the eigenvalues of H in £ and i3', respectively. 

Consider now the projection on and the resolvent operator Ri of 


II in L'. 

We write 





tc*.(X) - 

-KP'iip,. 


(10) 

Denoting 

by D(f) the determinant 

of nth order 



Dit) - (let. \(]lw^ + Hp„ - 

tpk, Pi)}, 

(11) 

We have 


p>(:) . 
rlP*} 



7'hborem IV. Ilte function 'l'(r) 

given by 



*(f) * 

n 

=.0 cc - K) 

- (r - ».) 

(12) 


T). The proof of theorems III and IV is based on a few lemmas. We 
use first 

Lemma i . I'he f miction 4[H.f ) of {9) does not depend on the choice of vectors 
\pk\ generating £ © 

This lemma allows us to limit ourselves to the case of orthouormal 
vectors p*. In writing 

(13) 

we can state 

Lemma SJ, Jf £ c £*^ c jc, then ^ ^ £* 

This lemma is proved firstly in the case when £Q is one dimensional 
and the general case follows immediately. 

Following these two lemmas, the proof of Theorem I is reduced to the 
case when jC © £' is one dimensional. In this case we have only one 
vector, pi, \\pi\\ = 1, and using the spectral representation of the resolvent 
operator, we obtain 


' iPu 1*t)> «i 




+ E 


a. 


Ik-oM* ~ f J *-l 


■*"' “ (Pif «*'). a* = (pi 


hi 

■*i 9 


( 14 ) 


where a* 
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We use then the following lemma on analytic functions. 
Lemma 3. Any meromorphic function of the form 




00 + CD "■ 


(15) 


where y'l > 0, 7 ^ > 7 ^ 0, 7 + 53(7* + 7 *) wo wj* > . . . 0 

Wo < coi' < Oj is representable in the form 


^(f) 


-1 

f 




(16) 


where w* > t* > w^i, w* < < w*+i. Inversely, every function of the 

form {16) is representable in the form {15), Both representations are unique, 
the r* and are the zeros of ^ and- we have the formulas: 


n 


7i 


—T™ n 


in 


CO; 


O); 


w; 


n 


j± 




This lennna gives us the representation (16), similar to (9) for the case 
of « = 1. In order to obtain the exact formula (9) from (16) (for n — 1) 
we use the following lemma. 

Lemma 4. In the case of a one-dimensional JC © X', for any positive {or 
negative) number f ^ the difference of multiplicity of f ' in {X*} and {Xj^} {or 
\iif\and U;fc)) is equal to —l,0orl, depending on f ' being a pole, an ordinary 
point or a zero of <^(f). 

The term * ‘multiplicity of f"* in a monotonic sequence {p*} means the 
number of times f ' appears in this sequence. 

After having proved Theorem III, we pass to Theorem IV. It is 
sufficient to prove here that ^ = 1/#. This is achieved by comparing 
the expressions of the determinants W{i) and P(f). 

6. The problem in which we are interested is the calculation of the 
eigenvalues of the operator II in a given subspace JC. On the basis of the 
preceding theorems, we will develop two methods for the computation of 
these eigenvalues. 

A, Weinstein's Method , — Suppose that for some subspace 
we know the eigenvalues and eigenvectors of H in and suppose further, 
that for a sequence of vectors, pu pz, ... of the subspace © JC, we 
know the vectors rjt(X) - B\^pk- We consider then the subspace * 
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jg(o) 0 0)(«) (5>(«) is the n-dimensional subspace generated by the 

n first vectors Pk- 

Our assumptions allow us to form explicitly the function ^n(f) ^ 
^{o)({'), and by Theorem III, knowing the eigenvalues {xfM and 
we can find the eigenvalues and 

By Theorem A, we have 

^ \ ^ ^k* M/fc •<: Mjt ^ M*- 

If the sequence* {/>*} is complete in the subspace © £, the subspaces 
\ £ and by Corollary II', \ X^ and mT ^ 

Remark: Wc can give here a practical rule for establishing the sequence 
{Xi”^j (for the there is a similar rule). Consider the sequence of 
positive poles coi ^ 0)2^ ^ ... and of positive zeros ti ^ ^ ... of 

{co;;,} is a subsequence ©f the sequence |xf^), i.c., it is of the form {Xji°^}, 
/ — 1,2,.... Consider then the complementary terms X*?^ for all ^ ki 
and order all these terms together with the zeros in one non-increasing 
sequence. The obtained sequence will be 

B, Rayleigh-Riiz Meihod , — ^Suppose now that for some subspace 
c jc we know completely the eigenvalues, eigenvectors, resolvent 
operator and the part of H in 

Consider then a sequence of vectors [pic] contained in £ © We 

introduce the increasing sequence of subspaces where 

is the w-dlmensional subspace generated by the n first /?*• By our 
aSvSumptions we can calculate the function ^„(f) and know- 

ing the eigenvalues of 11 in we obtain, by Theorem IV, the eigenvalues 
of H in By Theorem A, we have 

xr ^ xr*’ ^ X.. Mr ^ m*. 

If the pj, form a complete system in £ © we get X^ / X*, and N* 
/jt*. This method will be called the generalized Rayleigh- Ritz method. 
The ordinary Rayleigh-Ritz method corresponds to the case when we take 
= (0), i.e., the subspace containing only the zero vector. It is clear 
that in this case all our assumptions will be fulfilled so that the ordinary 
Rayleigh-Ritz method may always be applied. 

7. It is clear now that the two methods are complementary in character. 
The Rayleigh-Ritz method gives lower bounds for X*, upper bounds for 
jufc, whereas the Weinstein method gives upper bounds for Xit, lower bounds 
for fXf The combination of the two (even by the use of a small number 
of pjc) may lead to quite good approximations of the eigenvalues of H in 
£. A method may be developed for evaluating the errors made in taking 
X*"^ instead of X*. In the case of a definite positive operator we can use, 
for instance. Corollary I' of § 3 and obtain inequalities of the type | X^**’ — 
Xj ^ Xi"*. where x|"* are the eigenvalues of II in the subspace £^'‘^ © £ 
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for the Weinstein method and £ © for the Rayleigh-Ritz method, 
respecth^ely. 

. S. Lemma 3 of § 5 allows the complete solution of the following problem. 
Given the eigenvalues {X*} and {^*1 of H in X, find the characteristic 
properties of the eigenvalues {X*l and {/*») of H in a subspace X' c X. 

We will mention here only the solution of this problem in the case of a 
positive definite H, We have then only the sequence Xo ^ Xi ^ Xa ^ 

0. For Xi ^ Xj ^ Xa ^ 0 to be the sequence of the eigenvalues of 

i7in a subspace X' c X, it is necessary and sufficient that X* ^ \ for every 

k and that for some h = 1,2, . . . , the following condition be fulfilled 

« 

n - 0, (17.) 

where X'.;, = max. (x'. X„+J. 

It should be remarked that for two sequences jX*j and {X*} \ 0, satisfy- 
ing the condition X^ ^ X*, the conditions (17,^), for any values of h, are 
always equivalent. From (17^) follows the condition 

oa ^ 

n ^ « 0. (18) 

We can get more precise infonnation about X* if we require them to be 
the eigenvalues of H in a subspace X' c X such that X © X' be n-dimen- 
sional, « < <». Then the necessary and sufficient conditions are X* ^ 
Xi ^ X^„, together with the condition (18). 

* The results of the present atid the following papers were obtained by the author 
iti 1943 as far as the positive definite operatt>rs are concerned. A r6suni6 of these results 
was circulated in a few copies among a number of mathematicians, but were never 
published. The extension to indefinite operators is much more recent. 

^ Ritz, W., /. jReine Angffw. Math., 135 , t ( 1908 ); Courant, R. Bull. Am, Math. Soc. 
49 , I (1943). 

* Weinstein, A., Memorial des Sciences Math., 88 (1937). 

* CourantTIUbert, Meihoden der Math. Physik, Vol. I, 2nd od., Berlin, pp. 20-29, 
312-113, 351. 

♦This kind. of convention was first introduced by H. Weyl, Math. Ann., 71 , 443 
(footnote), 1912. 

® These theorems are known especially for differential opera tOTvS, cf. Courant-Hilbert, 
toe. cit., p. 353. These operators in usual cases are the inverses of completely continuous 
integral operators and consequently the inequalities in the theorems have to be inverted. 
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EXPONENTIAL TRANSFORMS AND APPELL POLYNOMIALS 

By R. P. Boas, Jr. 

Mathematical Reviews, Brown University 
' Communicated by Hassler Wiiitncy, July 31, 11^48 

1. By an exponential transform we mean an integral of the form 

where a is a complex number of absolute value one. The choice a ^ — 1 
gives tlie usual form of the Laplace transform. The bilateral Laplace 
transform is the sUm of two exponential transfonns with a — — 1 and a « 
1; the Fourier transform is the sum of two exptmential transforms with 
a ^ i and a = — A bilateral Laplace transform converges, in general, 
in a vertical strip of the complex plane; a Fourier transform converges, 
in general, in a horizontal strip; but not every function analytic in a 
vertical or horizontal strip is represented by one of these transfonns. The 
sum of a bilateral Laplace and a Fourier transform converges, in general, 
in a rectangle. This fact suggests the investigation of what analytic 
functions are representable by such sums of transforms or, in general, by 
a sum of « > 3 exponential transforms in which the a's do not lie on a 
straight line. The convergence region of such a sum is in general a bounded 
convex polygon, the intersection of n half planes; it turns out that con- 
versely every function analytic in a convex w-gon can be represented as a 
sum of n exponential transforms. In particular, every analytic function 
has (infinitely many) representations as a lum of three exponential trans- 
forms. 

The proof of this result is a simple application of Cauchy's integral 
formula. Let F{z) be analytic in a closed bounded w-gon P whose sides 
are line segments L^ and represent F{z) in the interior of P by Cauchy’s 
formula : 

- Z fu {t - z)-^F{i) dL 

Let P be the intersection of the half planes , so that the ec|uation 

of Lfr is =*= Ck, and let ^ If we have 

^)) ^ ^ h>t‘ / on Lfc and 

a, f" = (/ - 2)-'; 

since ^he integral converges absolutely and uni- 

formly (in t) for t on /.*, Hence 

(2n)-‘ fi, it - z)~lFit) dt e“““ du fu dt 

« fr (T" hiu)du, 
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say. Thus 

m = E e'^'‘Uu)du 

in the intersection of all the half planes 9t(Qf;ts) < c*, that is, in P. 

2. The applications of the result of § 1 to Appcll polynomials arise as 
follows. An Appell set \pn{z)\ is defined by the formal expansion 

f epniz). 

OP 

where i4(/) stands for the formal power series 23 called the 

n >»0 

generating function of the set {/?„(s)) , The class of functions representable 

Ck) 

by series 23 ^np«(^) depends on properties of A (/) ; it was found by Sheffer* 

n«0 

that the appropriate class of generating functions A{t) for representing 
analytic functions in general is the class of entire functions of exponential 
type. ShefTer proved that, if A{t) belongs to this class, every function 
analytic in a sufficiently large circle with center at 0 has an Appell expaiv 
sion representing it in some neighborhood of 0; if the type of A(t) is zero, 
the expansion represents the function in its circle of regularity with 
center at 0, just like a power series (which corresponds to A{t) 1). 
Sheffer’s results were obtained from a study of linear functional equations 
associated with the Appell set. 

Suppose now that F{z) is an£^ytic at-s = 0 and that we represent F{z) 
as a sum 

m - i: dt (1) 

of exponential transforms. We have 

^ [l/AmitnCclPniz), 

n 

and if we substitute these expansions into (1) we obtain, formally, 

m - tpniz) t 

a series in the polynomials paiz). To justify the formal process for some 
domain of values of z we need sufficient information about the behavior 
of l/A (/) . In general it is necessary to alter the path of integration in each 
exponential transform in order to avoid the zeros of -4(/). The more 
precise our knowledge of the behavior of the sharper our expansion 

theorem will be. It is possible in this way to prove Sheffer's general 
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theorem and to obtain more precise results for special classes of generating 
functions. An advantage of this approach is that, since the theory of the 
associated functional equations is not used, the Appell expansion becomes 
available as a tool for studying the functional equations. Furthermore, 
the method works equally well for a large class of the more general poly- 
nomial sets defined by 

, «*0 

where B{0) — 0, i3'(0) — I (ShefTer’s “sets of type 0”) and the results so 
obtained could also be applied to functional equations. 

To carry out the discussion outlined here requires more information 
about the reciprocal of an entire function than seems to be available in the 
literature. The details will be given elsewhere. 

* Shcffcr, I. M., “Some Applications of Certain Polynomial Classes/' Bull. Am. Math. 
Sot:., 47, 885 H98 (1941); further references are given there. 


NOTES ON INTEGRA TION, III 
Bv M. H. Stonk 

Department of MATUEMATtes. The I/niversi/ v op Chicaco 
Communicated August 2, 1948 

As part of our theory ‘of general integration begun in earlier notes, ^ we 
shall now establish general forms of the luibini theorem and its extensions. 
Since the Fubini theorem deals with multiple and iterated integration, 
our notation must be modified so that at least three general integrations, 
attached to as many different domains, can be handled simultaneously 
without confusion. For our present i>urposes it suffices to indicate clearly 
the particular domain to which is attached each mathematical object 
under consideration. Thus the different families of functions which have 
to be considered on a given domain X will be denoted as fiCA"), %{X), 
^(X), and so on. Operations on such functions will be denoted, in a 
slightly different fashion, as FAi N^, Lx, and so on; and the results of 
applying such operations to a particular function / will be denoted as 
Nxf(x), Lxf{x)t and so on.^ Furthermore it will be convenient to 
follow the common practice in shortening the precise phrase “the function 
/ whose value at is/(jc)“ to the handier phrase “the function f{x)T 
Let Z ^ X X F be the Cartesian product of A" and F—that is, the 
totality of pairs z » (x, y) where x tX and y € Y. Let and Ey be ele- 
mentary integrals defined for the respective families <5 (A*) and S( F) of 
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elementary functions. We then designate by (S(jf) (5(F) the totality 
of real functions /(s) ~ f{x, y) with the following properties: for fixed x, 
the function f(x, y) is in @( F) ; and the integral Eyf(x, y) is a function in 
(S(A^). This family is obviously linear but is not guaranteed to contain 
l/j whenever it contains /; it fails in this respect to conform to the re- 
quirements imposed upon a family of elementary functions. Further, we 
designate by itc Ey the operation which takes any function / with the 
above properties into the real number ExEyf(x, y ) . This is a positive linear 
operation which even satisfies the condition I (2) under the hypothesis 

that I/I and |/„I are in g(Z) * (S(F): indeed, if |/(x, y)| g ^ y)|, 

application of I (2) to Ey yields Ey\f(x, y)| ^ 3^)1 for each x 

n » 

and then application of I (2) to E^ yields ExEy\f(x, y) | ^ ExE,y y ) ! . 

If ®(Z) is a linear subfamily of Q(X) (S(V) which contains \f\ together 
with/ and if E^ is the contraction of Ex # Ey to @(Z), we therefore see that 
(5(Z) and Eg satisfy I (1) and I (2); and hence that E^ can be regarded as 
an elementary integral and (S(Z) as tlie family of elementary functions 
over which it is defined. There are many important examples where 
S(Z) can be specified so as to contain all the functions h{z) *= h{x, y) « 
f(x)giy) where / € Q(X) and g t (5(F), such functions h obviously being 
members of Q.{X) \ C(F). Frequently it, is given directly without ref- 
erence to Ex and Ey, and has to be identified as a contraction of Ex ♦ Ey — 
in other words, the relation Eg c Ex * Ey has to be proved as a theorem. 
Since illustrations of these remarks are well known we shall not go into 
greater detail here. We must, however, call particular attention to the 
fact that in general we will have (S(A') ♦ (5( F) 5^ (5( F) » (5(X) and Ex 
Ey Ey ^ Ex. This lack of symmetry may well extend so far that for 
some functions / we have ExEyf{x, y) 5^ EyExfix, y); but, of course, the 
functions h(z) - h(x, y) = fix)g{y) where / £ ^{X) and g 6 (S(F) are not 
among them. On the other hand there are many familiar and important 
cases whej-e @(Z) can be specified so that Ex * Ey and Ey ik Eg have identical 
contractions to (5(Z). In such a case we have EJ{z) F.xE^yj{x, y) «« 
EyExf{x, y) and the relation of £, to Eg and Ey involves the latter in a 
symmetric manner. 

Turning now to the general integrations Lx and Ly associated with Eg 
and £1,, respectively, we shall introduce an operation Lx ^ Ly analogous 
to the operation Eg .k Ey of the preceding paragraph. First we designate 
by i{X) * 8(F) the family of all extended-real functions /(s) = f(x, y) 
with the following properties : for each x outside a fixed nuU subset Xq of 
X the function /(^, y) is in 8(F); and the integral Lyf{x, y) is a function 
defined outside Xq and coinciding there with a function g in 2(X), We 
then define Lg Ly as the operation which takes such a function / into the 
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real number L^(x) where g(x) « L^f(x, y) for x outside Xa and g e 9(X), 
observing that this number is unaffected by the ambiguity in the detenni- 
nation of g. As we shall see below, the generalir^ed Fubini theorem is 
conveniently expressed in terms of the operation Lx * 

As a preliminary to the statement and proof of the generalized Fubini 
theorem, we first make the following observation: 

(1) if the elementary integrations Ex, Ey, and £, satisfy the relation 
Et c Ex m Ey, then the corresponding operations Nx, Ny, Nt are 
suck that NJ(z) ^ NxNyf(x, y) for every f in @(Z). 

The proof is simple. Since we have nothing to prove unless NJ{z) < + , 

we assume the latter relation. We can then choose /„ in S(Z) so that 

I/I S £ I/* I ^ExE,\f„{x, :y)| = f:ii,|/«(r)| ^ NJ{z) + * for any 

mmI n«>l n**! <» 

given € > 0. On the other hand we have Nyf(x, y) S y) = 

J2 Eplfn(x, y)\ by 1 (7) and I (9); and hence N^NJ'ix, y) g Z |/,(jr, 

y) I = S EpE, l/n(x, y) j g Nif(z) -f e by I (7), I (9). and the above. Since 

€ > 0 is arbitrary, the theorem is established. 

We now state the first part of the generalized theorem of Fubini: 

(2) (Fubini) if the elementary integrations Ex, Ey, and Ex satisfy the 
relation E, c Ex * Ey, then the corresponding general integraiions 
satisfy the relation c ij. * Ly — in other ivords the general integral 
LJ{z) can be evaluated as the iterated integral LrLyf(x, y) in the 
sense made precise ahmfe. 

With the help of (3) the proof offers little difficulty. Jf / is in 4!(Z) we 
can find/„ in 6(Z) so that Nx{f{z) — /«(z)) ^ The positive»temi 

CO , 

aeries £-^»(/(*> V) ~ /«(*> y)) sum h(x) in &(X); and the relation 
t NrNMx, y) - Ux, y)) ^ z N,m - /.(a)) < Z 2-» - 1 

«*•! n»l fi*! 

shows that k e %iX) and hence that h is finite except on a null set Xq. If x is 
ontside Xa we therefore have lim y) — /,(»:, y)) « 0 and hence 

/(x, y) e 8{y). We let g(x) be any function in @{Jt) which is equal to 
LJ{x, y) outside Xo- Since |g(x) - £J»(x, y)| => \L/{x, y) - EyU^x, 
y)l * (/'»(/(*. y) - fnix, y))| S Eylfix, y) - f„(x, y)j = Ny(f(x, y) - 
/«(*. y)) almost everywhere, we see that Nr(g(x) - By/„(x, y)) S NyNyif{x, 
y) - /«(*. y)) S N,{f(,z) - /»(s)) S 2-*. Hence g(*) is in ^X) and 
Lygix) «■ lim ExEyfnix, y) = lim EJJji) * LJ{z) in accordance with* the 

definitioDS of Lt and L,. The remainder of the generalized theorem of. 
Fubini is the following partial converse of (2) : 
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(3) (Fubini) if the elementary integrations E^, and Eg satisfy the 
relation Eg c. Ex * JSy, if f e 5D?(Z), and if there eodst functions fg^ 

in g(Z) such that |/| g S l/«l» I/I « 8(X) « 8(F) implies 

/c 8(2). 

In accordance with II (14) we may suppose without loss of generality that 
/„« 8(Z). The function g„ = min (|/|, |/i| + ... + |/„|) is also in 
S(Z) in accordance with II (6), II (7). Since 0 ^ ^ |/| we see that 

Nugnix, y) g NyJ{x, y) and NtNygJx, y) g N,Nyf(x, y). The fact that 
I/I is in 2iX) « 2{Y) shows that Nyf(x, y) =. L„\f(x, y)| for almost all x, 
and also that iV„/(x', y) differs only on a null set from an integrable func- 
tion g(x) and is therefore integrable itself. Thus NxNyf(x, y) = Lxg{x) < 

m 

+ c». On the other hand the inequalities g gn^i and |/j g 2 l/nl 

n»*l 

show that {g„) is a monotonely increasing sequence which converges to 
I/I . Hence N,f{z) = lim Lig^iz). Application of (2) to g, « 8(Z) yields 

Lzgn(z) = NxNygnix, y) g NxNjfix, y). Thus Ngf{z) S NxNJix, y) < + ® 
so that /e S(Z). Sinc^ it was assumed that / € 2K(Z), we conclude by 
II (11) that/ € 8(2). It is well known that the hypotheses of (3) cannot 
be weakened in any essential respect. Membership in 8(-^) * 8(F) does 
not imply membership in 3Ji(2), so that some hypothesis concerning the 
measurability of / is needed in order to guarantee that / e 8(2). The 

eo 

need for the condition that |/| ^ 2 |/«| for appropriate in*g(2) is 

n*l 

illustrated by a simple example of Saks.® This condition is automatically 
satisfied in many of the common instances of our general theory. In 
particular if 1 € 8(2) we can always take/n — 1. 

Our version of the Fubini theorem can be applied directly to a situation 
in the theory of locally compact topological groups.® Let 2 be such a 
group, Y one of its closed subgroups and X the homogeneous space of 
left cosets of F. Selecting from each coset x a fixed element Zx we see 
that the equation z *= Zxy defines a one-to-one correspondence between 
2 and X X Yt which can therefore be identified as abstract sets during * 
the remainder of the discussion. We let @(X), (S(F), ®(2) be the families 
of continuous real functions with compact nuclei on the respective spaces 
X, F, 2. Three elementary integrations Ex, Ey, Eg defin^ over ®(-y), 
@(F), (5(2), respectively, will be said to form an admissible triple if Ey 
is left-invariant, Et and £* are relatively left-invariant and Etf{z) » 
ExEyfiz^y) for all / in @(2) . It is implicit in this definition that the integral 
E>yf{z*y) is constant on each coset x and can therefore be considered as a 
function on X which is, In fact, a member of @(^). We observe now that ' 
£*, Ey, Eg constitute an admissible triple if and only if, in addition to 
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enjo)ring the required invariance properties, they satisfy the relation 

c Ex ★ To verify this we need only note that for any / in (£(Z) we 
have/(fi:) ^ /fey) » f(x, y) and hence Eyf(x, y) =» Ev/fey) ” for 

all 2 ' in the coset x: for we then have Eyfix, y) e (&(X) and the conditions 
Egfiz) ExEyf{z^y) and Eg c Ex Ey are therefore equivalent. The 
group-theoretic conditions for the existence of admissible triples are dis- 
cussed by A. WeiL^ Here we direct attention to the fact that when 
\Ext Ey, JS«} is an admissible triple, the associated general integrations Lg, 
Ly, Lg (which enjoy corresponding invariance properties) must satisfy the 
relation Lg c, Lx Ly in accordance with (2) above ^ 

We turn finally to an extension of the Fubini theorem, due originally to 
Jessen in a particular case.® With each element X of a fixed infinite class 
A let there be associated a non- void set X\. We denote by^A the Cartesian 
product of those X\ with X e A. For each non-void part B of A let 
there be given an elementary integration iJacj, defined for a family SCATp) 
of elementary functions on X^. Let it be assumed that the following 
conditions hold: 

(4) the constant function everywhere equal to 1 on Xn is in <5(Xb) and 
its elementary integral is 1 ; 

(5) if r and A constitute a partition of B and if g t ^(Xr), then the 
function f defined by fix^) ~ /(xr, x^) « g(xr) is in (£(Zb); 

(6) if V and A constitute a partition o/B, then Ex^ c Ext ♦ 

For an arbitrary infinite part A of A we can now define^ (SC-ATa) and Jfi*A 
satisfying I (1): we take ©(ATa) to be the family of those functions / on 
Xa such that for some partition of A into a finite set B and its complement 
r and for some g in (S(Xb) the relation /(xa) - fix^y ^r) ~ is valid; 
and for each such / we put £*a/(^a) =* Ex^fixn, Xr) «= Exyigix^^). We 
assume finally that I (2) holds for (£(Xa) and ft is then evident that 
I (2) must also hold for ,(S(XA) and £*ai whatever the infinite set A c A, 
As an instance where" all our assumptions can easily be verified, we cite 
one equivalent to that given by Jessen :* we take A'x to be the unit interval, 
0 ^ xx g 1 ; @(Xb) to be ^e family of all continuous real functions on the 
hypercube Xb; anJ £*b to be the Riemann integral. In the general case 
a rather simple analysis, which we shall not repeat, shows that 

(7) in (4), (5) and (6) the finite set B can be replaced by an arbitrary 
infinite set A C A, 

We now direct attention to a remarkable property of the general integration 
associated with £*a» namely: 

(8) if f ^ 8|^(Xa) then there exist a partition of A into sets T and A, 
where T is countable, and a function g in $p(Xt) such that f(xi) » 
/(xp, x^) «« gfer) for almost ail 
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Because of the mapping of onto S(Xa) discussed in II, it saflSces 

to treat the case ^ — 1 . There we determine functions /„ in (£(Xa) sudi 
that N{f •“ fn) S 2^". As in the proof of I (10), we find that/ and Km sup 

ft^ — h differ only on a null set. In view of the definition of (5 (A"a) there 
exists a countable set T such that for every n the function /„( x:a) fni^vp 
x^) is constant with respect to Hence h{x^) k(xrt has the same 
prox>erty. The function g(xr) — h(xr» x^) is th^ in S{Xr)t since (6) and 
(7) above permit the application of (2). Jessen's most interesting results 
concern the case where A is countable; but (8) shows that in handUng a 
finite or countably infinite family of functions in %(Xj^) there is no loss 
of generahty in restricting attention to this case. We suppose therefore 
that A is the class of positive integers, and establish the following result: 

(9) (Jessen) B = |a; ag «!, awrf F {a; a> n}fthen 

there exist functions gn, in ^p{Xa) defined for almost all hy 
Ike relations gnix^) = ^r) ^r), K{^k) = 

= Lxifix^t :rr) ; and in i^p{Xi^) the convergence relations gn — ► 
Lx„f(Xi,), hn f are valid. 

Only hn will be discussed in detail, as can be treated in much the same 
way. Since 1 € MiXf) for any A c A, we see that Sp(Xa) c i{X^) and 
that all the teclmiques developed in II are available to us here. The 
Fubini theorem is also available to us. Thus we can use this theorem to 
infer first that A« exists as a member of If / is in ilp{X^), the 

inequality iVacAlA^CxA)!" = | I.»r/(*B. %)l' ^ NxaLxt\f(x^, Xr)|' = 

LxgLxj-lfixB, Xr)!" * Lxa(/(xa)|'’ = iV*A|/(xA)|’’ < + » shows that A, is 
also in V.p(X^). If / is in we can find for any « > 0 a function f 

in S,(Aa) such that /(x,) = /(xb, xr) is constant with respect to Xj- for 
some choice of B = ( a ; a § m ) whUe Np{f — / ) ^ i«. Using the notations 
of II, we choose /so that g *= *(/) * ®(Aa) c 8(Aa) and -^(♦(/) — |) ^ 5. 
Since B == j a; a ^ m] can be chosen so that |{xa) » ^(xb. *r) is constant 
with respect to Xr, we see that / «= ’4'(|) has a like property and belongs to 
^p(Aa). If S has been taken sufficiently small, it is clear that Np(f — /) S 
i € by virtue of the continuity of Now if » S m,' m being the integer 
just determined in our' choice of/, we see that A«(xa) « Z,*r/(xB, Xr) 
/(xb, Xr) = /(xa) because /(xg, Xp) is constant with respect to Xr, T = 
{a; a > »1 . Hence we have N,(f - K) = Np(J -/ + S, - fcn) S Np(J - 
/) + Np{hn ~ hn) for » ^ w, by Minkowski’s inequdity. By our choice of 
/we have iV,(/ - /) g 4* and Np(hn - K) = (Lxj,\kM - hixj,)\>)^* - 

(L*Bi*r|i*r(/(xB, Xr) - /{xg, Xr))|')‘'' = (Z,*BiX-*r(/(xB. Xr) - f(xg, 
Xr)l*’)‘''*’g (L*Bl,r|/(xB,Xr) - f{xg,Xr)\’>)^^* • (I.»a I/(*a) “ /(*a) I * 
A,(/ — /) S i«. Hence Np{f — hn) ^ t for n ^ m, as we whdied to show. 
A further result of Jessen will complete our discussion, namdy: 



VoL. 34, 1948 


MATHEMATICS: M. H. STONE 


4g9 


(10) (Jessen) the relations lim-g,(a:*) == Z.»a/(*a)« “ /(*a) 

tl— ►« 

hold almost everywhere in the pointwise sense. 

We consider only hnt modeling our treatment on that already given by 
Jessen® for gn. Since c S(Xa) we may suppose that ^ 1 in the 

present instance. The sequence being convergent to/ in I8 (Xa) has 
a subsequence which converges almost everywhere to / in the pointwise 
sense. Consequently h =* lim sup S / almost everywhere. By a 

method which will be sketched below we show that at almost every point 
of the set X^ — h(xA) > X} we must have f(xji) ^ X. It then follows 
that lim su]) /?«(.Va) = /(xa) almost everywhere. Replacing / by —/, we 

have to replace //„ by —h„. We therefore have lim inf hft(xA) = “ lim sup 

(’-hn(xA)) = = /(•^a)* a relation which completes the proof of 

the theorem. Reverting now to the detailed study of X^, we let fj^^ e S(Xa) 
be the characteristic function of the set {xaI h^^pixA) > X, ht^ixA) S ^ for 
nSh^n + p-- 1 1 , w — 1, 2, 3, ... and — 0, 1, 2, . . . . The charac- 

09 

teristic function of is then expressible as /^ = lim Ylftp « ^(A*a). Since 

p *»o 

hkis constant with respect to for / ^ ^ + 1 we see that hmp and/«p are 
both constant with respect to xi for I ^ n + p + 1, Let g be an arbitrary 
function in ?(Xa) which is con.stant with respect to xi for I ^ m + 1 and 
which satisfies the inequalities 0 g g g L Taking w ^ w we note that 
fnpi is constant with respect to x/ for / § n + /? -f 1 and hence can be 

multiplied into both members of the equation /7 „^.,(xa) — to 

yield hn+,.ixA)f!:^(xt)gixt) == I.*r[/(.VB. Xv)f^^(,Xu, Xr)g{xB, »:r)]. Applying 
L = Lxa id both members of the latter eejuation we obtain L{h„^ff^^) 
HffnpS)- Since A„., „ > X on the set where = 1 it follows that XL(/,’),g) g 
^(}fnt£) hence that \L{f^g) ^ L(ff*'g). It is not difltcult to determine 
a sequence of functions g of the kind admitted here which converges 
boundedly to the characteristic function of the set {xa; /(xa) S 

X — «}, exception being made as usual for points of a null set. Passage 

to the limit in the above inequality therefore yields XL(/^g^“*) g L(ff^ 
g^~*) ^ (X — V'"*)- Hence t > 0 implies L(/V"*) " mother 

words the part of X^ where/(xA) S X — e is a null set. Thus we must have 
/(xa) g X almost everywhere on A"ai as wc claimed above. 

* Stonei M. H., “Notes on Integration, I.” these Procbedings, 34, 336-342 (1948); 
“Notes on Integration, 11,” Ibid. 447-455 (1948); cital here as I and II, resptrctively. 

’ The symbol x in these expressions denotes a Iwnnd variable. 

^ Saks, S., Theory of the Integral, 2nd revised ed., Warszawa-Lwow, 1937, pp. 87-88. 

* Weil, A., LTntSgration dan$ les Groupes Topologiques el ses AppliaUions, Paris, 1938, 
pp. 30-45, especially 42 45. 
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‘ While this result resembles one established by Ambrose, W., "Direct Sum Theorem 
for Haar Measures,*^ Trans. Am. Math. Soc., 61, 122-127 (1047), it is actually identical 
with the latter only in the case where Z is separable. The reason for the distinction which 
must be made in the non-separable case is indicated in the fourth footnote of 11. 

* Jessen, B., "The Theory of Integration in a Space of an Infinite Number of Dimen- 
sions," Acta Mathematical 63, 249^-323 (1934), especially 272-280. 

’ ffi(^A) awd Em^ have in a general way the character of "projective limits” of the 
given £(A'b) and £»b» the conditions (6) and (fl) being "consistency conditions” essential 
to the constructive process. 


ERRATUM 

The eleventh (last) pentad of the second line of the value for 340!/ 10*** 
on p. 409 (August) of volume 34 of these Procbbdings should read 85229 
in place of 5S229. 

Horace S. Uhlbr 
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ENZYMATIC FIXATION OF CARBON DIOXIDE IN a-KETO^ 

GLUTARIC ACID^ 

By Samuel J. Ajl an» C. H. Werkman 
Bacteriology Section Iowa Agricultural Experiment Station, Ambs, Iowa 
Communicated August 10, 1048 

During investigations on the heterotrophic assimilation of CCh by 
Escherichia coli arid Aerobacter aerogenes, it was shown that the Cs com* 
pounds, a-kctoglutaric acid and its precursor, glutamic acid, were more 
effective than the other members of the Krebs cycle or their precursors in 
replacing CO 2 -in the metabolic requirements of the organisms.^ It was 
profiosed that a fixation over and alx)ve the Wood and Werkman reaction 
takes place and that this reaction may be of great importance to the cell. 
The present purpose is to report the enzymatic exchange of with the 
carboxyl group of a-ketoglutaric acid and to show a new type of hetero- 
trophic assimilation of CO 2 involving a C 4 and Ci addition. 

A cell-free enzyme preparation from E, coli decarboxylates a-keto- 
glutarate to succinate and CO 2 in the presence of malonie acid as an in- 
hibitor of succinate oxidation. Under proper conditions the same prepa- 
ration fixes in the carboxyl group adjacent to the carbonyl carbon 

of the Cb acid. 

Any exchange reaction involving COa and resulting in the formation of a 
carbon-to-carbon linkage is considered to be a fixation reaction. At- 
tempts to demonstrate the carboxylation of succinate have thus far failed, 
probably because the equilibrium of the reaction is far to the side of de- 
carboxylation and the quantities of a-ketoglutarate formed are too small 
to detect. A phosphorylated form of succinate is apparently involved 
since adenosine triphosphate enhances the fixation. The reaction as 
studied in the presence of malonate is a reversible oxidative decarboxylation 
involving a half mole of oxygen uptake for each mole of a-ketoglutaric acid 
utiKzed for the production of a mole of succinate and a mole of CO 2 . Thus, 

COQHCHflCHaCOCOOH + O COOHCHsCH^COOH + COj. 

Methods.—E. coli was grown for 16-18 hrs. at 30°C. in a medium con- 
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tairiing 0,8% glucose, 0.4% (NH4)2SOi, 0.8% KHgPO^, 0.2% yeast extract 
and 10%; tap water at an initial pH of 7.0. The cells were then harvested 
and ground with powdered glass and subsequently extracted with phosphate 
buffer solutioti (Kalnitsky, et al^). 

The exchange reactions were carried out in 125 ml. Warburg- Barcroft 
reaction vessels with two side arms. The final concentration of the a- 
ketoglutarate was 0.01 M and that of tnalonate 0.05 M. Sodium salts 
of both acids were used. De|xmding on the activity of the juice, a quantity 
varying between 5 and 10 ml. was added to each flask. The mixture was 
buffered with 0.2 M phosphate at pH fi.fi and 0.07 M NaHC^^Oa. Appro- 
priate concentrations of the two buffers were mixed with the substrate 
and enzyme after temfxrature equilibration (30. 4® C.) had been established. 
pH of the resulting mixture was approximately 7.2 and the volume 25 
or 30 ml. 

The reaction was allowed to continue until approximately half of the 
substrate was utilized. The residual C()2 in the mixture was tlieu deter- 
mined by aeration. Addition of the necessary reagents was made during 
the course of aeration and heating. The C'Kh was liberated by the 
addition of 0 N H2SO4 and collected in 8 ml. of 4 N carbonate-free NaOH 
in specially constructed carbon dioxide. absorj)tion tubes.. 

Since both malonate and a-ketoglutarate are decarboxylated by the 
same reagents, the former was removed before decarboxylating the keto 
acid by the addition of 10 ml. of 0.025 M sodium bisulfite to the reaction 
mixture from which the residual CO2 had been removed. The depro- 
teinated sample was extracted for 72 hrs. with ether. The ether extract 
cxjntained all of the original malonate as subsequently determined, plus 
the other dicarboxylic acid (succinic) formed during the reaction. 

To the extracted solution was added 0.75 niM* of NaHC^^Os, further 
acidified with H2SO4, heated and aerated for 15 minutes. The use of 
C^’02 rinse precluded residual C*®02 remaining to interfere with the isotope 
determination of the carboxyl carbon. The content of the rinse 

was always determined. 

a-Ketoglutaric acid was degraded with ceric sulfate and KMnO^ to 
succinate and CO2, The CO2 originates from the carboxyl adjacent to 
the carbonyl grpup; it was collected and the content determined on 
the mass spectrometer. 

Experimental. Succinic acid and carbon dioxide are the products 
formed by the aerobic dissimilation of a-ketoglutaric acid in the presence 
of malonate by the cell-free enzyme preparation of E. coli (table 1). The 
reaction is similar to that reported by Ochoa® using cat heart as the source 
of a-ketoglutaric dehydrogenase. When the action of the bacterial suc- 
cinic dehydrogenase is blocked by sodium malonate, one molecule of 
succinate and one molecule of COa are formed for each atom of oxygen taken 
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Up in the oxidative decarboxylation of the keto acid. Succinate determi- 
nations by the silver salt method or by the oxidation with succinic de- 
hydrogenase obtained from beef heart agreed well with the values for 
oxygen uptake and COj evolved. No attempts were made to determine 
the products when malonate was omitted since the respiratory quotient of 
1.2 to 1.3 obtained (theoretical 1.25) indicated a complete oxidation of 
a-ketoglutarate to CO 2 and water. 


TABLE 1 

OxiDATIVIC DECARUOXVLATION OF a-KETOGLUTARATE BV A CeLL-FREB EnKYMB 

Preparation op E. coli 


MATRRlAt. DHT8ltMtNBD 

cK’Ketoglutarate 

WITH / — 

MAl.OHATB* THBOttV BXTTIL. 

WITHOUT 

MAUDNATItt 

, ft.Q. 

THBOKY BXPTL. 

utilized; mM. 
Succinic acid 

0.02 

0.002 


formed; mM. 

0.017 

0,0 

» * • « 

C)x uptake; (A. 

109 1 2.0 2.1 

• 1 

1.25 1.80 

COj liberated ; fA. 

239 i 

1 135 \ 



Total volume of reactants 2.8 ml. 0.(K)36 M cr-kctoglutaratc, O.Ov^ M PO 4 buffer, 
pH 6.8, 1 ml. bacterial juice per cup. Temp., 30.4®C. 

All values are corrected for enzyme blanks. 

* 0.031 M sodium malonate. 

t Time, 2 hrs. 

The cell-free enxyme preparations are generally not highly active on 
a-ketoglutarate or succinate but were used because malonic acid does not 
block the oxidation of succinate when the intact bacterial cell is employed 
(table 2). It was assumed that malonate did not penetrate the cell, there- 
fore the bacteria were treated with various solvents to increase the per- 
meability of the cell wall to the inhibitoi*. However, no satisfactory rc - 
suits were obtained. Quastel and Wooldridge* have shown that exposure 
of JE. coU to toluene brings about a number of inactivations. The enzymes 
for lactic, succinic and formic acids were found intact. Our results are in 
agreement. Toluene and acetone treated cells remain active on succinate 
and become permeable to malonate; however, the same cells show no 
activity on ot-ketoglutarate. n-Propyl alcohol destroys both enzymes. 

Recently, Klotz and Tietze* reported on the inhibition of succinic acid 
oxidation by structurally related sulfonic acids using rat liver homogenates. 
No such inhibition was noted with bacterial cells (table 3). However, in 
the case of bacterial juices, high concentrations are effective. The endo- 
genous activity of, the juice remains essentially unchanged even when a 
concentration as 0.08 M of inhibitor is used. Malonate hot only inhibits 
succinit dehydrogenase but reduces the endogenous activity as well. Since 
toluene-treated cells remain active on succinic acid, this treatmeut does 
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TABLE 2 

Kkvkct of Malonjc Acid on Succinic Dehydrogbnase 

, MSTHUD OK INVKSTiaATXON — 

thunbbrg; rgdvction 

OK M.B. 

MANOMKTRIC; OXVOBN UPTAltB, ftV. ' % MBDVCTtOK 

EtUBHTRATBS BOBBTRATBS 



8 ITCC 1 - 

8 UCC 1 - 
NATK 4“ 

MAI.O- 

a-RBTO- 
OLtTTARATB 
a-K»TO- -f MAL- 

MALU- 

rniR, 

BUCCl- 

BUCCI- 
NATB -h 
MALO- 

PBlTFARA'nON 

NATB 

VIATR* 

CLWTARATB ONATff 

NATB 

hrh. 

NATK 

KATB 

Suspension of washed 
E. coli 

446 

516 

180 198 

30 

2 

90 

90 

Toluene- treated sus- 

pension of E. coli 

108 

3 

18 10 

0 

2 

80 

0 

Acetone-treated sus- 
f>ension of E. coli 

201 

63 

02 83 





w- Propyl alcohol- 

treated suspension 
of E. coli 

-6 

—2 

23 6 

0 




Cell-free enzyme 
preparation of 

E, coli 

93 

65 

257 153 

-6 

0.4 

90 

0 


Manometric data: Total volume of reactants 2.3 ml. 0.0048 M «-kcloglutaratc 
and succinate, respectively, 0.05 M PO 4 buffer, pll 7.0. Bacterial suspensions were 
added at the rate of 30 mg. per cup, dry weight, bacterial juice, 1 ml. per cup. Temp., 
80.4X. 

Thunberg data: Total volume 6.0 ml. 0,0033 M succinate, 0.0066 M malonate, 
0,066 M PO4 buffer, pH 7.2. Bacterial suspensions, 0.6 ml. 10% suspension wet weight. 
Dilution of methylene blue 1/5(K)0. 

* 0.0086 M sodium malonate. 


TABLE 3 

Oxidation of Succinic Acid in the Presence of 1, 2-Ethane Disulfonic Acid 




OXYOBN 

MRTHYlURNtt 

B1.UB RKDUCTION 

RNZYMB PRBPARATTON 

SUBSTRATK 

UPTAKW, fiL. 

TIMB. nRS, 

% RBDUCTXON 

Suspension of 

Succinate 

312 

0.6 

76 

washed E. coli 



0.4 

96 


Succinate + 

352 

0.3 

95 


inhibitor 




Toluene-treated 

Succinate 

107 

2 

75 

E, coli 

Succinate + 

103 

2 

80 


inhibitor 




Cell-free enzyme 

Succinate 

224 


. . 

preparation of 

Succinate -p 

60 



£. coli 

inhibitor 





Manometric data; Total volume 2.3 ml. 0.0043 JM succinate, 0.05 M PO 4 , buffer, 
pH 7.2, 0.08 M 1,2-ethane disulfonic acid. Bacterial suspensions were, added at the rate 
of 30 mg. per cup dry weight, bacterial juice — 1 cc. per cup. T^mp., 30.4®C. 

Thunberg data: Total volume 6.0 ml. 0.(K)33 M succinate, 0,16 M inhibitor, O.OOfJ 
M PO 4 buffer, pH 7,0. Bacterial suspensions, 0.5 cc. of a 10% suspension wet weight. 
Dilution of methylene blue 1/5000. 
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not alter permeability to l|2-ethanedisulfonic acid. Type of the inhibition 
is yet to be determined. Apparently the sulfonate ion forms an enzyme 
complex of almost the same strength as that with malonatc. 

Because of the difficulties with intact cells, it was necessary to employ 
a cell-free preparation which not only oxidatively decarboxylates a-keto- 
glutarate to succinate and CO 2 but imder the proper experimental condi- 
tions carboxylates succinate to form the Cr keto acid (table 4). 


TABLE 4 

Exchange of Heavy Carbon Dioxide in the Carboxyl Group or «-Ketoglutaric 
Acid during Enzymatic Decarboxylation 





a 

-COOH OH 

KRSlnUAl. 




COOH 




Ct-KUToaVVrAKATR 

NaHC^»0« RJNSii — ' 

MALONATB 

OKOOPS 

d 

S 

u 

Q 

W 

0 

S t* 

f s 

< 

2 0 

t » 

Eg® 

MS 

Q 

w 

. 

SB 

M 

cx 

0 

tn 

m 

s 

K 

Ui 

Bx 

u| 

=• g 

8 It 

H 8 

txi 

0 

S 

tsi 

U 

K 

U] 

s 

cT 

03 

a 

Recovered, 

mM. 

u 

K 

m 

1 


0.25 

0.16 

0.171 

2.7 

2.79 0.76 

0.00 

1.25 

1.24 

0.00 

2 


0.25 

0.15 

0.00 

0.0 



1 . 25 



3 


0.25 

0,09 

0.06 

0.5 



Not 

added 



4at 


0.25 

0.18 

0. 102 

1.8 



1 . 25 

1 . 2:1 


46 

. 40 

0.25 

0. 19 

0. 372 

7.0 



1.25 

L26 


Reactions 

were carried on in 125-ml. Erletuneyer flasks with two side arms which were 


attached to the Warburg' Barcrofl luanonieters. The final concentration of the a- 
ketoglutaralu was 0.01 M and that of malonate 0.05 M. Depending on the activity of 
the juice, a quantity varying between 5 and 10 ml. was added to each flask. The 
mixture was buffered with 0.2 M phosphate, pH 6.0 and 0i)7 M NaHC^^O^ (3.113% 
excess). Appropriate concentrations of the two buffers were mixed with the substrate 
and enzyiTu: after temi>erature equilibrium (30.4 °C.) hud been reached. The pH of 
the resulting mixture was approximately 7.2 and the volume 25 or 30 ml. 

* tuM. represent amounts recovered after treatment with NaHC^^Oj. 
t Experiments 4a and 46 were carried out simultaneously. 

It is apparent that the decarboxylation of a-ketoglutaric ucid is re- 
versible. The per cent excess of C*® in the a-carboxyl of the keto acid was 
much higher when the reaction was conducted in the presence of malonate 
and adenosine triphosphate. In the absence of malonate the products of 
the reaction were water and CO 2 . As soon as succinate was formed, it 
was oxidized. No detectable carboxylation of succinate occurred, conse- 
quently the reaction is not recognized as reversible. Since the error of the 
mass spectrometer is =^0.02, a i)er cent excess of 0.06% is questionable. 

In the presence of malonate succinic acid accumulates to enhance the 
fixation of COj, At approximately half time of the reaction carboxylation 
is readily detectable. 
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In common with other carboHylations* this one is endergonic as is borne 
out by its enhancement by adenosine triphosphate (table 4). 

It should be pointed out that at times reversibility could not be demon- 
strated. This may have been due to faulty procedure in the preparation 
of the juice. For example, when the juice is not centrifuged long enough 
to remove all of the unground cells, enough of them will be present to 
oxidize much of the succinate formed since their succinic dehydrogenase 
is not blocked by riialonate, and consequently no COj can be shown to be 
fixed. Partial denaturation of the enzyme or some component of the 
enzyme system may also account for experiment 2 in table 4. However, 
the discrepancies in this experiment are not too serious when compared 
with the overwhelming evidence for the reversibility (Expts. 1, 3, Aii and 
46). Any significant failure of malonate to block succinate dehydrogena- 
tion may result in fixation of carbon dioxide in the of-ketoglutaric acid. 
Our previous experience would lead us to believe that this has n6t occurred 
under the conditions. 

Discussion . — Although the present status of the Krebs cycle in bacterial 
metabolism is still uncertain, the evidence thus far obtained favors the 
occurrence of such a cycle in certain bacteria at least in principle. The 
results of Ajl, et al.,^ on the replacement of CO2 are of particular signifi- 
cance in this connection since metabolites normally occurring in that 
cycle are able to replace COj thus showing not only a common function of 
these compounds in replacing COa, but potential interconversions among 
these compounds as well. 

Every reactioii of the Krebs cycle except the one studied has been shown 
to be reversible. According to the present findings, a complete reversal 
of the oxidative degradation of foodstuff would now be possible. By 
carboxylation and reduction, a-ketoglutaric acid would be converted to 
citric acid and the latter would split into acetic and oxalacetic acids as 
shown by Brewer and Werkman.® Further, oxalacetic acid would be re- 
duced to succinic acid by way of malic and fumaric acids, and the succinate 
thus formed would be converted to a-ketoglutaric acid by reductive car- 
boxylation. In this way, a-ketoglutaric acid would be constantly re- 
generated. Therefore, CO2 and Hj entering the cycle at various points 
during metabolism would emerge as pyruvate which could then be used 
for the synthesis of carbohydrates. 

In a system devoid of COa, a-ketoglutaric acid may function in one or 
two ways. First, it may be. oxidatively decarboxylated to yield succinic 
add and COa, the former being utilized by the organism in place of COa 
and secondly, the keto acid may function as a substrate for transamination, 
a mechanism responsible for the interconversion of proteins and carbo- 
hydrates. Since growth depends on the presence of carbon dioxide, which 
is replaced by a-ketoglutarate to a greater extent than any of the C4 acids, 
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it is entirely possible that during the nonnal metabolic processes of the 
bacterial cell the Ci to C4 addition may be of greater importance to the cell 
than some of the other fixation reactions known to occur. 

The mechanism of the reversibility may be represented; 


COOH 

1 

COOH 


COO“ 

1 



C-nO 

1 

HOC— OPOsHit 


0«t^OPO,H2 


COOH 

1 

HAKh 1 


2H 1 

-t-AHP 

1 

CH. 

CH« 


— - CH, 

or — 

-- CHa + COa + ATP 

1 

1 

4 2H f 

AA 

I 

CH, 

CHj, 

1 

1 CHj 


CHa 

1 

COOB 

1 

COOH 


1 1 

COOH 


j 

COOH 


/or some other \ 






1 phosphorylated | 


- — 




\intertnodiale / 







XH, 





1 

\ — POnHu 




I 

Vlh 

i Wi o 

\hO 

where X and Y arc intermediary hydrogen acceptors. 

Of tlie 50 energy-rich phosphate bonds that are generated when one 
molecule of glucose is completely oxidized, not more than two are formed 
during the initial anaerobic stages that lead to the formation of lactic acid. 
The residual 48 bonds therefore must drise during the subsequent oxidative 
stages. Twenty 'four must be generated from each molecule of lactate. 

Lactate is dehydrogenated to pyruvate and the keto acid oxidatively de- 
graded through the Krebs cycle. But of all the reactions iiivolved in this 
cycle only two are known to undergo oxidative decarboxylations* yielding 
energy-rich phosphate bonds, i.e., the oxidative decarlx>xylation of py- 
ruvate and of a-kctoglutarate. It follows that some 22 additional energy- 
rich phosphate bonds are formed as a result of other reactions. It is 
postulated that the additional bonds are formed during the transfer of 
electrons from the primary acceptor to oxygen. If such bonds are 
generated, their energy could conceivably be used to reverse the inter- 
mediary steps of the reaction studied, I'hat this may actually be the case 
is borne out by the fact that ATP enhances the reversibility (table 4) by 
increasing the concentration of energy-rich phosphate bonds. 

Summary. Reversibility of the following reaction has been demon- 

strated with a cell-free enzyme preparation of E. coli. 

COOHCH,CH,COCOOH + 0 ^ COOHCH,CH,COOH + CO,. 

0 

Adenosine triphosphate enhances the reversibility. , 

Occurrence of this reaction explains the function of a-ketoglutaric add 
in replacing COa, 
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ANTIBIOTIC SUBSTANCES FROM BASWIOMYCETES IIL 
COPRINVS SIMILTS AND LENTINUS DEGENER* 

By Marjorie Anchel, Ankette Hervey, Frederick Kavanagh, Jerome 
POLATNICK AND WlLLIAM J. ROUHINS 

Department op Botany, Columbia University, and The New York .Botanical 

Garbbn 

Communicated Augnf?t 28, 1948 

In the course of our investigations of the production of antibiotic sub- 
stances by Hasidioinycetes, two fungi, Coprinus similis and Leniinus 
degener,^ were found to form the same antibacterial substance. This has 
been determined to be ^-methoxy^/i-toluquiitone (I). 



The identification of this compound as a mold product is of particular 
interest because two related compounds, furaigatin (II) and spinulosin 
(III), have previously been obtained from the culture liquids of fungi. 
Fumigatin is produced hy Aspergillus fumigatus} spinulosin by PenicUlium 
spinulosin^ and by A, fumigaius* 

Antibacterial Activity of Culture Liquids. — Each of the two fungi was 
grown at 25°C. in 2800 -iti 1. Fembach flasks containing 1 liter of modified 
Czapek-I)o 2 medium with dextrose and corn steep solids on coils of beec±- 
wood shavings* which furnished mechanical support for tiie mycelium. 

Cultivated under these conditions, C. similis produced in about one 
month culture liquids with an activity of 128 or 256 dilution units per 
milliliter when tested against Staphylococcus aureus by serial dilutiou. 
The antibacterial activity remained essentially unchanged in such cultures 
for two months or more. When the activity of the culture liquids reached 
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128 or 256 dilution units, the old culture liquid was decanted and replaced 
with fresh sterile com steep medium. Within seven to ten days, sufficient 
antibacterial activity had developed tb justify further reflooding. Mats 
sixty-one days old were successfully reflooded and some mats were re- 
flooded three successive times. The maximum activity observed for our 
cultures was 256 dilution units per milliliter. 

Culture liquids of L, degener developed an activity 2 to 4 times that 
observed for those of C. similis. In three to four weeks, the antibacterial 
activity of the culture liquids of L, degener was, as a rule, 256 dilution units 
per milliliter which with further incubation of a week or two reached 500 
or 1000 dilution imits and, on occasion, even 2000 dilution units per milli- 
liter. If mats which produced culture liquids of activity such as mentioned 
were reflooded with fresh sterile medium, the new culture liquid evidenced 
an activity of 250 to 1000 dilution units per milliliter in five to ten days. 
Some mats were successfully reflooded 3 successive times. 

Although both fungi produced culture liquids with substantial anti- 
bacterial potency, their activity as detennined by the streak and disc 
methods was unsatisfactory. In fact, if tlie results from the streak and 
disc methods had been used as a standard of judgment, neither fungus 
might have been considered worthy of furtlier investigation.* 

Preliminary tests with the culture liquids of C. similis indicated that the 
antibacterial substance was largely destroyed by boiling at pH 8.8 or 11.0, 
and was destroyed in part by boiling at pH 4.1. These facts were borne in 
mind in efforts to isolate the material. 

Isolation of Crystalline MateriaL — It was found that the antibacterial 
material could be removed almost quantitatively by extracting the culture 
liquid with ethyl ether or chloroform. From the ether or chloroform 
extracts a golden-yellow crystalline material was obtained either as plates 
or clusters of short prisms. These crystals had a characteristic aromatic 
odor which could be detected from the culture liquids also. 

A procedure developed for isolating the crystalline material consisted 
of adjusting the pH of the culture liquid which was originally between 
3.5 and 5.0 to 5.5 or 6.0, and extracting t^ee times with one-fifth the volume 
of chloroform each time. The chloroform was removed under reduced 
pressure, and the crystalline residue was recnystallized from 95 per cent 
alcohol with addition of charcoal. The final product was dried in vacuo 
and stored m evacuated vials in the refrigerator to avoid possible oxidation. 

In tlie following table, the results of the extraction of the culture fluid 
from each fungus is given: 

AV. ACTIVITY, DILUTION VNITa IBOLATED. 

AV, ailR ML. OF OftlOINAL CULTURE FLUtO O. PEE tlTKE 



EATCU, 

NO. OF 

CULTUKB 

CEUOS 

FUEIPIEO 

CULTUEE 

FUNOUa 

LITKW* 

EATCUEH 

LIQUID 

CRYATALa 

CRY»TAL» 

FLUID 

C. similis 

8.6 

2 

128 

102 

303 

0.12 

L, degener 

15.0 

n 

1005 

1150 

1060 

0.87 
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For example, two batches of culture liquid from C. similis were worked up. 
They averaged 8.5 liters per batch and the culture liquid had an average 
activity of 128 dilution units per milliliter. The total antibacterial activity 
of the crude crystals was equivalent to 192 dilution units per milliliter of 
the original culture liquid, indicating complete or nearly complete extrac- 
tion, The total activity of the purified crystals was equivalent to 303 
dilution units per milliliter of culture liquid, which is within the probable 
error of the serial dilution method used in determining activity. The 
purified crystals recovered amounted to 0.12 g. per liter of culture fluid. 

Identity of Crystals from Two Fun^i, — The identity of the yellow crystal- 
line material from the culture liquid of L. degener and that from the culture 
liquid of C. similis was established by mixed melting points of purified 
samples of crystals obtained from the two sources, by carbon and hydrogen 
analyses of both samples and by a comparison of the bacterial spectra of 
crystiilline material obtained from culture liquids of each fungus. No 
evidence for the production of more than one antibacterial substance by 
either fungus was observed. 

Bacterial Spectrum. — The inhibitory concentration at twenty-four hours 
in micrograms per milliliter as found in three determinations for crystals 
obtained from the culture fluid of C. similis and from that of L. degener, 
was as follows. Tests of the same number were run simultaneously. The 
crystals were dissolved in 10, 15 or 20 per cent alcohol, and the determina- 
tions were *nade by serial dilution. 


MINIMUM XNHIHITOKV Ct>WCIfNT»4TlUN» IN FHII Ml.. 
GXY»TAU» FttOM CNYSTAUa FROM 

OKOAKiHM C. similis L. degsnsr 



( 1 ) 

( 2 ) 

( 3 ) 

( 1 ) 

( 2 ) 

( 3 ) 

Bacillus mycoides 

.32 

. . . 

16 

64 


16 

Bacillus subtilis 

2 

2 

4 

4 

2 

4 

Escherichia coli 

64 

64 

64 

128 

64 

32 

Klebsiella pneumoniae 

16 

64 

32 

64 

64 

16 

Pseudomonas aeruginosa 

256 

128 

256 

256 

128 

250 

Mycobacterium smegma 

128 

tvt 

128 

00 

Cl 

128 

64 

Staph, aureus 

1.0 

0,5 

1,0 

0.5 

0.6 

0.6 


Antifungal Action. — The effect of crystals prepared from the culture 
liquids of C. similis and L. degener on the inhibition of several fungi was 
detennined. A spore suspension of each fungus was tested by serial 
dilution in l-rnL quantities of a peptone medium’ at pH 6.0. Tricho- 
phyton mentagrophytes was incubated at 30‘^C.; the other fungi at 25 
The activity of both samples of crystals was essentially the same. T. 
mentagrophytes the most sensitive; Gliamastix cmvoluta, Stemphylium 
ronsortiale and Penicillium notalum, the most resistant. 
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MINIMUM INHIIIITORY CONCENTRATION* IN >iO. 1*KR ML 
AT BNO 0 » 


Staph, aureus 
A, niger 

Chaeiomium ghbosum (USX>A 1042.4) 
GL convoluta (PQMD 4c) 

Memnoniella echinata (PQMD Ic) 
Myrothecium verrucaria (USD A 1334.2) 
St. consortiale (PQMD 41b) 

P. nolalutn 

Pkycomyces blakesleeanns (4*) 
r. fnentagrophytes 


24 KEB. 

42 mta. 

72 Htta. 

1(1) 

1(1) 


16 

32 

32 


16 (16) 

16 (32) 

64 (64) 

128 (128) 

128 (128) 


32 (32) 

32(64) 


64 (64) 

64(64) 


64 (128) 

128 (128) 

128 (128) 

128 (128) 

128 (128) 

^2 

32 

64 


4(4) 

8(8) 


Identification of Crytitalline Material , — ^The identification of the crystalline 
material as 5-methoxy“/>“toluqninone was based on the following evidence. 

1. The substance showed typical quinone behavior: its solution in 
concentrated sulfuric acid was bright orange-red; an alkaline solution 
darkened rapidly to a purplish brown color and the compound could not 
be recovered on acidification ; it reacted with carbonyl reagents; it took 
up bromine in carbon tetrachloride; it yielded a purple crystalline deriva- 
tive with aniline; it gave a blue- violet color changing to blue-green and 
finally reddish-brown on treatment with ethyl cyanoacetate and am- 
moniacal ethanol.® 

2. The melting point was in agreement. Luff, Perkin and Robinson** 
report a melting point of 170~172°C, with previous softbning at 165® for 

(I). 

3. Analyses established an empirical formula of CsHsOs. 

4. The compound underwent the same reactions as those reported for 
(I) and gave products with the reported melting points 

(a) On reduction with sulfur dioiCide, a white solid was obtained which 
crystallized from water in long, fine needles of melting point 122““124®C. 
The melting point reported for the reduction product of (I) is 124®C.** 

(5) 'Thiele acetylation" yielded a white solid which crystallized in 
prismatic needles of melting point 91-‘92®C. Erdtman^* reports 9I“92®C. 
as the melting point for 4-methoxy-2,3,5-triacetoxytolueue obtained by 
this method from (J). 

(c) Treatment with acetylchloride and acetic acid gave a white solid 
which crystallized from acetic acid in fine needles of melting point 126- 
127®C. The melting point of 3-cliloro-2,5-diacetoxy-4-methoxytoluene 
obtained from (I) by this method is 126®C.** 

5. The positions and heights of the maxima in the absorption spectrum 
are in agreement with those reported for 

Oxford** compared the antibacterial activity of a number of derivatives 
of toluquinone and benzoquinone. He found 5-niethoxy"/>-toluquinone** 
to be one of the more active compounds effective on gram-positive organ- 
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isius but without striking action on gram-negative bacteria. It was more 
active than fumigatin which in turn had a greater antibacterial effect than 
spinulosin. The inhibitory concentrations reported by Oxford for Siaph. 
aureus are one-third of those we found for this compound or less. This is 
probably because of differences in strains of bacteria and differences in 
methods of test. 

Some of its characteristics militate against the possible therapeutic 
application of 5-methoxy-/?“toluquinone, Its solubility in water or sjiline 
was low (0.5 mg. per milliliter). Wlien exposed to 5 per cent blood for 
three hours at 37*^0., its activity was reduced on the average by 50 per cent. 
A few preliminary tests indicated that 25 mg. per kilogram killed one-half 
the mice injected intravenously within five days. 

* This investigation was supported in part by grants from the Albert H. and Jessie 
D. Wiggin Foundation and from The Commonwealth Fund. 

^ Wc are indebted to Dr. Jos6 Emilio Santos Pinto Dopes, Institute Botanico, Lisbon, 
Portugal, for the culture of C. sitnilist and to Professor Roger Heim* Museum National 
d'Histolre Naturelle, Paris, for that of L. degener. 

* Anslow, W. K., and Raistrick, H., Biochem. 32, 687-^da (1938). 

* Birkinshaw, J. H., and Raistrick, H., Roy, Soc* Lon. Trans. ^ B220, 245-254 (1931), 

* Anslow, W. K., and Raistrick, H., Biochem. J., 32, 2288-2289 (1938). 

* Robbins, W. J., Kavanagh, F., and Hervey, A., these Procbbdings, 33, 171-176 
(1947). 

» Hervey, A. H., Bull. Torrey Bot. Club. 74, 476-503 (1947). 

^ This medium contained per liter 1.6 g. KH*PO<, 0.5 g. MgSO<.7HiO, 60 g. dextrose, 
2 g. neopeptone, 15(K) moles of thiamine, and a mixture of minor mineral elements 
as used in this laboratory. 

* The figures in parentheses are the values for crystals from L, degener; the others 
are those for crystals froiii C. similis. We are indebted to Dr. W. L. White for cultures 
of the fungi with U>SDA or PQMD numbers. 

» Craven, R., /. Chem. Soc., 1931, 1605-\606 (1931). 

“ Luff. B. D.. Perkin, W. H., Jr.. ancURobiiwon, R., Ibid., 97, 1131-1140 (1910). 

“ Erdtmaii, H. G, H., Roy. Soc. Lon. Proc., AI43, 177-191 (19^3). 

“ Braude. E. A., J Chem. Soc., 1945, 490-497 (1945). 

*• Oxford. A. E., Chem. and Ind., 61, 189-192 (1942). 

According to the system of nomenclature used by Oxford, this compound is 4* 
methoxy-p-toluguinone. 
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THE BEARING OF THE LIVING MEIASEQUOIA ON PROBLEMS 
OF TERTIARY PALEOBOTANY 

Hy Ralph W. Chaney 

Department of Paleontoloov, University op Caupornia, and Research 
Associate, Carneoir Institution of Washington 

Read before the Academy, April 26, 1948 

The discovery of huge living trees in California in 1709, followed by the 
naming and* description of the coast redwood, Sequoia sempervirens, by 
Endlicher in 1847,* served as a prelude to the recognition of fossil redwoods 
in many parts of tlie northern hemisphere. l./eafy shoots from the Oligo- 
ocne of France, originally assigned to Taxites langsdorfii by Brongniart* 
were correctly transferred to the genus Sequoia by Heer in 1855.® Heer 
also identified as members of this genus specimens sent to him from the 
collections of polar explorers, from Tertiary deposits in Greenland, Iceland, 
Spitzbergen, Siberia, Sachalin, northern Canada and Grinnell Land.* 
Bringing to North America much of the tradition of European paleobotany, 
Lesqucreux recognized several species of fOvSsil Sequoia in the western 
United States, including the widely distributed 5. langsdorfii} During 
ensuing years the occurrence of Sequoia has been widely noted over the 
northern hemisphere, at middle latitudes in rocks assigned to middle 
Tertiary, and at high latitudes in rocks of older Tertiary and Cretaceous 
age. From the pattern of its occurrence during these later periods of earth 
history, the paths of its migration southward have been charted.**’ ^ Its 
environment in past ages has been reconstructed from comparisons with 
the modem habitat of the coast redwood in California and Oregon. 

A fossil cone described as S, heerii by Lesquereux® from beds of Oligo- 
cene age on Medicine Lodge Creek (Sage Creek), Montana, differs from 
other American cones referred to Sequoia in its attachment on a "naked 
pedicel" Lesquereux believed that the absence of needles on this "pedicel" 
(if it had had needles it could not have been properly so designated) had 
resulted from maceration. In later years identical stalked cones have been 
found at other Tertiary localities in western North America, such as Bridge 
Creek, Oregon, and Elko, Nevada; some of the cones figured by Heer as 
5. nordenskiddi from the Eocene of vSpitzbergen,® and as 5. langsdorfii^^ 
and 5. brevifolia^^ from the Eocene of Greenland are also borne on stems 
lacking needles. For some time it has been apparent that this type of 
Sequoia cone is readily distinguishable from those of the living species and 
of’ other American fossil species; one of my students has even suggested 
that there are differences sufficient to justify establishing a new genus. 

In 1036 Endo^® pointed out for the first time a significant character in a 
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cone of this type, assigned to S. japonica from later Tertiary deposits of 
Japan and Korea. His description and remarks are as follows: 

"Description: Cone rather small, spherical, ca. 16 mm. in diameter; cone-scales 
ca. 16 in number, arranged in 4 longitudinal rows, each row with 4 scales; escutcheon 
hexagonal, transversely grooved and radially wrinkled, 10 niin, wide, 3 mm. high. 
Peduncle stout, 2 mm. in diameter. 

"Leaves with decurrent base, sessile, arranged in 2 lines; linear, bluntly mucronate 
at apex, 10 mm, long, 2 mm. wide; upi>er surface slightly furrowed along the midrib. 

"Remarks : The arrangement of the cone-fecales in the present species is in longitudinal 
rows, while being usually spiral in most other species. It has this characteristic feature 
in common with the cones from the Miocene of John Day valley, once described by 
Lesquereux as belonging to Sequoia langSdorfii; unfortunately the latter is too imperfect 
for farther comparison with the prc.sent materials." 


Endo’s use of the tenn ' ‘peduncle’’ is unfortunate, .since the stems to which 
the cones are attached appear in at least two specimens (figures (i, 13) to 
bear leaves. They may best be considered leafy shoots bearing temiinal 
cones. An obscure photograph (figure 12) of a vegetative shoot shows its 
needles in opposite position, although Endo does not mention this feature 
in his description of the leaves. In fact, many fossil shoots with oppositely 
placed needles had been figured as far back as the days of Heer with no 
reference to this readily observable character. 

It remained for Miki’* to found a new genus. Metasequoia, in 1941 on 
the basis of stalked cones and leafy shoots from Pliocene deposits at Osu- 
sawa and elsewhere in the clay beds of Central Hondo. His description and 
discussion (in altered sequence) are here quoted: 

"Character: Cone pedunculate, scale decussate, shield-form; peduncle with distichous 
scars of leaves and scaly leaves at the base. Shoot deciduous; leaf distichous, linear, 
obtuse, petiotate; stomata parallel to the midrib. 

"The remains have usually been referred to Sequoia or Taxodium, indeed the cone is 
like that of Sequoia and the foliage shoot is somewhat like those of Taxodium. 

"The cones were never found connected to branches, but as the }eaf>scars on the 
peduncle are also distichous, it is conceivable that the cones and the shoots belonged to 
the same plant. The foliaged shoots seem to be lateral branches shedding in autumn, 
because their length is usually constant and the proximal end is covered by scaly leaves, 
although they have no scaly bud on the top and the branche.s two or more years old have 
two or more bud scars on the nearly same point as in Fig, 8 Ge. 

"The cone is distinguished from that of Sequoia by the decussate arrangement of scales 
and by the delicate peduncle having scale leaves at the base. The foliaged shoot differs 
from Sequoia by distichous arrangemfent of leaves and by the brittle petiole. At a 
loanee the shape of the shoot of fragmental remain seems to be Taxodium or Cephalo- 
taxus but it differs from Taxodium by distichous leaf and parallel arrangement of 
stomata on it and from Cephalotaxus by short delicate shoot without scaly bud at the 
terminal and by the obtuse top of leaf. 

"The decussate arrangement of cone-scales is not found in living Taxodiaceae, but a 
common character in Cupressoceae. The shedding of lateral foliaged shoot with linear 
leaves is common in Olyp^ostrobus and Taxodium. So it Is sure that the remains 
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6dcmg to Taxodiaceae but as the characters do not harmontxe with those ot the living 
forms, a new genus Metasequoia is established,’' 

Since several of the oone-stems which he figures (^— g* A, i, j, k) show scaly 
leaves or leaf scars, it seems clear that they are modified leafy shoots rather 
than peduncles. Miki uses the term “distichous*’ to describe the position 
of needles on the foliage shoots; whether he meant to indicate their oppo- 
site position (and I am inclined to believe from his phrasing that he did) 
is uncertain, but in any event the term carries no such implication^ Sar- 
gent even defines “distichous” as “leaves arranged alternately in two 
vertical ranks,” though the word may be equally well used for opposite 
position. The significant feature of Miki’s description is his recognition 
of the association of cones bearing decussate scales with leafy shoots which 
•were deciduous. He assigns two species to Metasequoia, of which one, 
Af. dislicha, was originally described as 5. disHcha by Heer^® from the 
Eocene of Spitzbergen on the basis of leafy shoots. The second, M, 
japonica, is the species originally described by Endo as 5. japonica from 
Miocene and Pliocene deposits in Japan and Korea; it is distinguished from 
M. disticha by the shape and fewer numbers of its cone-scales, distinctions 
which may hot prove to be of specific significance in the light of our present 
knowledge of the genus. Miki’s assignment of these fossil cones and shoots 
to a new genus, and his condusion'that even though they do not occur in 
direct attachment they are parts of the same deciduous plant, represent 
an outstanding discovery in Tertiary paleobotany. It is all the more 
remarkable, coming as it did only a few years before a second major dis- 
covery. 

Miki’s paper had probably not been read by any paleobotanist or botanist 
outside of Asia when it was announced, in the spring of 1946, that three 
trees of Metasequoia had been found living in Central China. Tsang 
Wang, attached to the Bureau of Forestry of the Ministry of Agriculture, 
had brought back to Nanking specimens collected at the village of Mo- 
tao-chi, in eastern Szechuan, about 140 miles northeast of Chungking. 
This material was studied by W. C. Cheng, Professor of Forestry at Na- 
tional Central University, and H. H. Hu, Director of the Fan Memorial 
Institute of Biology, both of whom have a wide knowledge of the living 
plants of China, They soon realized that it represented no known living 
ttee, and comparisons showed that the cones and leafy shoots were essen- 
tially the same as those described by Miki from fossil specimens in Japan. 
Additional collecting by C. J. Hsueh in 1946 resulted in the discovery of 
Several additional trees, and greatly augmented the material available 
for study. During the fall of 1947, C. T. Hwa, also a student of Professor 
Cheng,, spent several months in the region, with financial support provided 
by the Aitiold Arboretum of Harvard University through the cooperation 
of E. D* Mferrill,^^ and with a small grant from the University of C^fomia. 
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In the region to the south, in western Hupeh, Hwa found several hundred* 
additional trees of Metaseqiioia, made a comprehensive collection of the 
woody plants of tliis general area, and brought out a large quantity of viable 
seeds. With adequate material for study at hand, Hu and Cheng have 
recently published an account of this new tree under the name M. glypto- 
stroboides.^^ In an earlier paper, Hu'® had mentioned the discovery of this, 
living tree in his brief discussion of another fossil species, 5. chinensis, 
which had been described by Endo from the Oligocene flora of Fushun, 
Manchuria;^® Hu correctly transferred it to the genus Metasequoia' on 
the basis of its stalked, decussate-scaled cones. The leaves and cones of 
the living trees of Metasequoia, as described by Hu and Cheng, differ in 
no essential respects from those of the fossils on which Miki based his 
generic description. But there are four additional characters, of par-* 
ticular interest to paleobotanists, which are mentioned by these authors: 
(1) “opposite, distichously arranged foliage shoots’ (2) “leaves — op- 
posite“; (3) “staminate flowers axillary and terminal, opposite, on 
racemose or paniculate flowering branchlet-system'’; (4) cone-bearing 
twigs “with deaissate linear leaves before maturity, and with conspicuous 
leaf scars and with persistent bracts at the base in winter.” This paper 
by Hu and Cheng, describing the occurrence and external characters of 
M. glyptostfoboides, represents a major contribution to the botany of 
China and of the world. 

With this significant information regarding Metasequoia, both fos^ 
and living, coming over from Japan and China, I have reexamined with 
graduate students at the University of California*' the abundant conifer 
material in our Tertiary collections from the western United States, and 
later the collections at the United States National Museum. We have 
also studied the descriptions and illustrations of Heer and others, covering 
material from Cretaceous and Tertiary horizons elsewhere in the northern 
hemisphere. All of the specimens previously referred to 5. heerii, and 
many of those assigned to 5, langsdorfii and several other fossil species, 
have the cone or foliage characters of Metasequoia. In addition, staminate 
aments like those of the living species have been found in the Creek 

flora (Oligocene) of Oregon, and the Elko flora (Miocene) of Nevada, in 
association with typical cones and leafy twigs of Metasequoia. These 
fossil aments and twigs from Nevada had previously been referred to 
Taxodium.** It has become increasingly apparent that many of the speci- 
mens assigned to Sequoia and Taxodium from the Cretaceous and Tertiary 
floras of North America are properly referable to Metasequoia. A generic 
revision of some of these is now in preparation, under the auspices pf the 
American Philosophical Society and the Carnegie Institution of Washing- 
ton. At this time it seems desirable to rewrite the description of Meta- 
sequqia on the basis of tiie paleobotanical evidence. In this description 
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and the following discussion the data provided by fossil specimens will be 
tlie primary consideration, though in some cases our knowledge of corre^ 
spending parts of the living tree has enabled us better to interpret them. 
All consideration of fossil stems is here omitted, since study of the wood of 
Metasequoia, modem and fossil, has not progressed to a point where 
significant distinguishing characters between it and Sequoia have been 
noted. 

Genus Metasequoia Miki. — Description . — Foliage shoots straight, decus- 
sate; alternate pairs which come out from top and bottom of branch are 
twisted approximately 90^ into horizontal plane of laterally disposed pairs so 
that all he along one plane on branch, in opposite pairs; pairs originating in 
vertical plane often missing and represented by scars preserved on top 
surface of branch ; diverging at angles approaching 90°, commonly ranging 
in length up to 8 cm., deciduous. Needles decussate, twisted with their 
decurrent bases to form two oppositely paired ranks, closely spaced, di- 
verging at angles approaching 90° in typical, mature specimens; up to 
1.8 cm. long, averaging about 8 mni., longest on proximal half of shoot 
and gradually reduced in length toward its tip; up to 2 mm. in width; 
obtusely tipped, narrowed and twisted at point of attachment to decurrent 
base; midrib well defined, with stomata parallel to it on ventral surface. 
Staminate cones ovate, up to 5 mm. long, with decussate bracts; closely 
spaced, sessile and decussate on elongate spikes; rotated into one plane 
so that they appear to be attached in opposite pairs. Ovulate cones 
globose to ovoid or elliptic, up to 2 cm. long and 1.5 cm. wide, averaging 
1.5 by 1.2 cm. (at one American locality (Mollala) they are globose, 1.6 
to 2.4 cm. in diameter, open cones slightly broader); cone-scales 12 to 
24, decussate, peltate on broad-based stalks, discs lenticular to hexagonal, 
with transverse, medial grooves. Seeds about 3 mm. long, 1 mm. wide, 
the surrounding wings asymmetrical, notched at the apex, with over-all 
length of 4 to 5 mm., width of 3 to 3.5 mm. Cones terminal on stout, 
straight or curved shoots; cone-bearing shoots probably lateral, up to 4 
cm. long and 2 mm. in diameter, more slender at the middle, bearing 
scaly leaves at base in complete specimens, rarely witli scaly leaves or leaf- 
scars preserved along the shoot, probably widely spaced and evidently 
decussate. 

Discussion . — It is unusual to find leafy shoots attached to branches in 
the fossil record. Their position is decussate in every instance, though the 
shoots that come out at right angles to the plane of the branch are com- 
monly missing, and may be represented only by scars which show on the 
exposed surface of the slab. Hiese fossil shoots average somewhat louger 
than those of the living M. glyptostroboides which we have examined. 
Some specimens, especially those from Elko, Nevada, and Mollala, Oregon, 
both of Miocene age, have slender, curving shoots with needles more 



508 


BOTANY: k. W, CHANBV 


pRoc. N. A, a 


openly spaced and directed distally at higher angles than the typical apeci- 
mens from Bridge Creek and other localities; studies of foliage of* living 
trees have not progressed to a point where we can determine whether 
there is corresponding variation in Af. glypiostroboides* Diff^ences of 
opinion have been expressed regarding the mode of attachment of the 
needles. I agree with Stebbins®* tWt their position is decussate; this 
may be readily observed at the tips of young shoots on seedlings which 
we have growing in Berkeley. The older shoots on herbarium specimens, 
as well as the leafy shoots preserved as impressions on our fossils^ also show 
clearly the alternating position of attachment of successive pairs of needles 
and the twisting of their decurrent bases to bring all the pairs of needles 
into a single plane. Thomas Morley, graduate student in botany at the 
University of California, has at my suggestion sectioned the stem of a leafy 
shoot of the living M. glyptostrobo^s (sheet No. 753369, Univ. Calif. 
Herbarium). He finds the leaf gaps opposite at each node, with each 
successive pair at right angle.s to the pair below. However, In alternating 
nodes the leaf gaps and the decurrent leaf bases are twisted approximately 
90°, which brings all the points of attachment of the needles into essen- 
tially the same plane along the shoot. Aa original decussate arrangement 
is thus confirmed by Morley's slides. No difficulty has been experienced 
in recognizing the opposite position of the needles in well-preserved fossils 
of Metasequoia; under low magnification the relations of needles and 
leaf bases to the shoot are as clear as with modem material; both living 
and fossil specimens are distinguishable at a glance from leafy shoots of 
Sequoia and Taxodium in which the needles are alternately disposed along 
the shoots. Like the pairs of needles, the decussately attached staminate 
cones are twisted into a single plane along the twig so that they are dis- 
posed in opposite or nearly opposite pairs. The staminate cones of a fossil 
specimen from the Oligocene Bridge Creek flora of Oregon are much smaller 
than those from Blko, and appear to represent a less-developed stage; 
in the living species there is a similar range in size. A specimen from Elko 
shows six spikes, in close association like those of the living species. The 
considerable range in size and shape of the ovulate cones, and in the 
numbers of their cone-scales, is no wider than is to be found in cones of 
the living species, and we have no present basis for determining whether 
such variation will provide criteria for recognizing two or more species. 

As stated in the description, needles are commonly lacking from the 
cone-bearing shoots, and even their attachment scars are difficult to make 
out on most fossil specimens. The scars are readily visible on shoots of the 
living plant, and needles may remain in attachment while the cone is on 
the tree. When it has fallen, the needles are shed; the fossil record is 
made up exclusively of cones which have fallen to the ground, and the 
presence of needles on their shoots is not to be expected. Since this dis- 
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cussion deds with fossil material, in which the cones and leafy ^oots are 
not commonly attached to branches, we have had to qualify certain erf our 
statements regarding their mode of attachment. However, there is little 
doubt that thi$ follows the general pattern of the living M. glyptostroboides, 
in which the vegetative and reproductive shoots, and their needles and 
scales, are prevailingly decussate. 

A survey of the characters of Metasequoia as seen in fossil material, 
and a comparison of these characters with those of Sequoia and Taxodium, 
provides the following bases for distinguishing this Chinese genus : 

(1) Leafy shoots decussate, disposed distichously in opposite pairs 
along the branches in Metasequoia; spiral, disposed distichously and 
alteniately in vSequoia and Taxodium. 

(2) Leafy shoots deciduous in Metasequoia and Taxodium; remaining 
on the branches 3 to 4 years in Sequoia. 

(3) Needles decussate on the shoots of Metasequoia, twisted and dis- 
posed distichously in opposite pairs; spirally disposed, commonly dis- 
tichous, on the shoots of Sequoia and Taxodium. 

(4) Stomata in parallel bands on each side of the midrib in Meta- 
sequoia and Sequoia; irregularly transverse in Taxodium. 

(5) Storainate cones decussate on spikes, twisted into distichous, 
opposite pairs, in Metasequoia; spirally disposed on spikes in Taxodium; 
solitary in the axils of tenninal needles in Sequoia. 

(6) Pistillate cones terminal on elongate, probably lateral, leafy shoots 
in Metasequoia (they are lateral in the living species), the needles widely 
spaced, deciduous, leaving a naked cone-shoot on shedding ; terminal on short 
scaly shoots which develop at the ends of leafy shoots of the preceding year 
in Sequoia; cones at the ends of branches in Taxodium. 

(7) Cone scales decussate in Metasequoia; spirally disposed in Sequoia 
and Taxodium. 

Our conclusion that Metasequoia rather than Sequoia was the dominant 
conifer of the Arcto-Tertiary Flora, whose southward migration from high 
latitudes has been so well established, ^ calls for reconsideration of the 
paleoecology and floristics of the Tertiary period. It is of primary signifi- 
cance to note that it was not an evergreen but a deciduous conifer which 
ranged northward to latitude 82® in Grinnell Land during the Eocene. 
The deciduous habit of Metasequoia was wholly consistent with that of 
the majority Of its angiosperm associates in the older Tertiary floras from 
high northern latitudes. This same group of trees, only slightly altered 
in composition, is widely known at middle latitudes, both in North America 
and Asiai during middle Tertiary time. The need for determining the 
associates of the living M, glyptostrobrndes becomes at once apparent, for 
riiey may represent a closer approach to the Arcto-Tertiary Flora than any 
modem vegetation as yet studied. It is necessary also to learn as much 
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as possible about the modem environment of Metasequoia, to serve as a 
^ide for the reconstruction of its habitats in past ages. 

In February and March, 1948, with Dr. Milton Silverman, Science 
Writer for the San Francisco Chronicle, I made a brief trip to western 
Szechuan and eastern Hupeh under the auspices of the Save-the-Redwoods 
League, and with the cordial cooperation of Chinese scientists and of 
Chinese and American ollicials. It was our good fortune to have accom- 
panying us C. T. Hwa who had previously collected extensively in this 
area. The redwoods of China live iu valley bottoms and slopes at altitudes 
from 4000 to 4450 feet. The discovery trees at Mo-tao-chi, Szechuan, 
including the largest tree observed*^ with a diameter of 64 inches above 
the buttress and a height of 98 feet, are growing in the midst of rice- 
paddies, and no other trees occur within 100 yards. But in the valley of 
Shui-hsa-pa, in western Hupeh, scores of Metasequoias were observed not 
only on the borders of rice-paddies on the floodplain, but extending up 
ravines under conditions which appeared to be relatively natural.** Tliis 
is in no sense a forest, for trees occur largely in isolated ravines in associa- 
tion with other conifers and with deciduous hardwdods which show every 
evidence of being second growth. These associates had been widely noted 
at corresponding elevations during our 5-day trip into the area, and the 
plant formation has been described by Cheng*® as occurring between 400 
and 2000 meters elevation in this area. Among the more common hard- 
woods noted in immediate association with Metasequoia are chestnuts 
{Castanea henryi and two other species), a small-leafed oak {Quercus glandu- 
losa), sweet gum {Liquidamhar formosana), and cherry (Prunus) of an un- 
determined species. An evergreen shrub related to our spice-bush 
(Lindera) is one of the most abundant members of the tmderstory. On 
adjacent higher slopes the birch {Betula luminifera) and the beech {Fagus 
longipetiolata) are common, and in one ravine there is a large tree of katsura 
{Cercidiphyllum japonicum, var. chinensis). Four evergreen conifers, 
Cunninghamia lanceolaUt, Cephalotaxus fortunei, Finns massoniana and 
Taxus chinensis, are of regular occurrence here, and small fan palms 
{Trachycarpus fortunei) were noted at various places in the Shui-hsa-pa 
area. This assemblage is essentially the same as that recorded in the 
fossil record of the Eocene from high latitudes; many of the figured speci- 
mens of Metasequoia from Greenland and Alaska have on the same slabs 
leaf impressions of katsura or birch; the Oligocene and Miocene floras 
from the John Day Basin of Oregon ‘and other localities in the western 
United States include all of ^he angiosperm genera (except the palm) above 
recorded, in association with fossils of Metasequoia. Numerous genera 
which are common members of the Arcto-Tertiary Flora, both in the 
Eocene of high latitudes, and in middle Tertiary deposits at middle lati- 
tudes, have not yet been noted in immediate association with Metasequoia 
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at Shui-hsa-pa; however, our field work was of limited duration and 
carried on at a season unfavorable for easy recognition of deciduous trees. 
We already know that species of Alnus, Acer, Carpinus, Ostrya and Ulmus 
have been observed within a few miles of Metasequoia trees, and it is prob- 
able that other genera known in the fossil record will be recorded during 
the field season of 1948 while Professor Cheng and his associates are work- 
ing in this region. 

Prior to the study of the trees of this region, the nearest surviving equiva- 
lents of the Arcto-Tertiary Flora which I have seen are the mixed bald 
cypress (Taxodiura) — hardwood forest of the Wabash river valley in Illinois 
and Indiana, and the hardwood forests with associated conifers at middle 
altitudes on the Island of Hondo in Japan. The occurrence in the Shui- 
bsa-pa region of Metasequoia and Cercidiphyllum now restricted to Asia,*^ 
togetlier with many angiosperm genera which occur today in North America 
as well, gives these groves in the ravines of western Hupeh a closer re- 
semblance to the Eocene floras of Greenland, Spitzbergen and Alaska, and 
to the Oligocene-Miocene floras of Oregon and Manchuria than any living 
group of plants known to me. Not only has Metasequoia come down 
through the ages to survive in Central China, but the whole assemblage 
of which it is a part has had a long geologic history, and has participated 
in wide migrations. During these movements covering thousands of miles, 
and continuing for millions of years, some genera have disappeared and 
others have been added; minor changes in leaf or fruiting characters which 
are the basis for specific distinctions have appeared; but the Arcto- 
Tertiary Flora as we know it from early Tertiary rocks at high northern 
latitudes is so fully represented in the Metasequoia groves of Central China 
that there can be no question as to the holarctic origin of this modern 
vegetation. 

That being the case, we may turn to this region for suggestions regarding 
the physical environment occupied by the Arcto-Tertiary Flora at many 
localities in the northern hemisphere during past ages. The nearest station 
which provides climatic data is Chungking, 140 miles to the southwest, 
and at an elevation more than 3000 feet lower. Annual precipitation here 
(43-year record) is 43.1 inches, of which 2.3 inches fall in the winter, 11.1 
inches in the spring, 17.7 inches in the summer, and 12 inches in the 
autumn. The mean annual temperature (44-year record) is 66.2®F,, 
ranging from a low of 48.6® in January to a high of 84.4® in August; the 
mean monthly minimum (6-year record) ranges from 35® in January to 
70® in August, and the extreme lowest recorded temperature in 25 years is 
28,9®; the mean monthly maximum (6-year record) ranges from 59® in ^ 
January to 104® in August, and the extreme highest recorded temperature 
in 25 years is 111®, Relative humidity averages about 82% (16-year ' 
record), and there is little monthly variation. It seems probable that at 
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Shui-hsa*pa, 4000 feet in elevation, there is higher rainfall and a wider 
range in temperature. At the time of my visit in March, temperatures were 
mild and light rains fell daily. Villagers reported that there is no snow 
or frost, and the general aspect of the understory, made up of evergreen 
shrubs in the Lauraceae, Theaceae, Euphorbiaceae and Palmae, is sug- 
gestive of winter temperatures which rarely fall below freezing. Discussing 
the climate of the Red Basin of Szechuan, on the eastern tim of which our 
area is located, Cressey has stated c®**, “The climate is temperate and mild. 
Despite the location in the interior of the continent, it is protected from 
extremes of temperature by the surrounding mountains, and the contrast 
between summer and winter is not great. Summer temperatures seldom 
exceed 100®F., while during the winter the thermometer does not usually 
drop below freezing,’" 

The only vegetation in North America which is closely comparable 
with Metasequoia and its associates of Central China is the bald cypress- 
hardwood forest of the south Atlantic coastal plain and the Gulf of Mexico, 


TABLli 1 


Showing Precipitation and Temperature in Rbgionh Occupied by Mbtasequoia, 

Taxodutm and Sequoia 


Fahrunhuit 



AtTl' 

TUOB, 
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APSINO SUHMBil 

INCHIC8 

AUTUMN 
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annual max. MXN. 

Chungking 

764 

2.3 

11.1 

17.7 

12.0 

43.1 

(i6.2 

111 

28.9 

Brunswick, Ga. 

14 

9.3 

9.8 

18.6 

12.0 

49.7 

68.4 

103 

13.0 

Glennville, Ga. 

176 

9.7 

9.9 

17.4 

9.9 

46.9 

67.1 

106 

11.0 

Hammond, La. 

44 

14.9 

14.0 

18.1 

11.2 

58.6 

67.6 

106 

1.0 

Eureka, Calif. 

62 

19.5 

10.2 

1.0 

8.3 

39.0 

51.6 

'85 

20.0 


extending northward up the Mississippi Valley to Illinois and Indiana. 
This is a lowland forest, reaching a maximum altitude of about 475 feet 
in the valley of the Wabash River. At latitudes corresponding to Shui- 
hsa-pa in Louisiana and Georgia, this forest lives within a few tens of feet 
of sea level, ranging up to about 200 feet in Georgia. As in Central China, 
precipitation is weU distributed and adequate over all this region (table 1), 
with more than half falling in the spring and summer months. In the 
southeastern United States at the latitude of Shui-hsa-pa, temperatures 
show essentially the same mean average, but the extreme minima are 
much lower. 

The bald cypress, J\ distichum, of the American forest has its best de- 
velopment in swamps and on swamp borders, but its occurrence with 
hardwoods on moist floodplains more closely resembles the environment 
*of Metasequoia in Central China. All of the angiosperm associates in 
* the groves at Shui-hsa-pa have been noted with the exception of Cbrci- 
diphyllum and Trachycarpus which are confined to Asia; Sabal takes the 
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place of the latter genus in the southern United States. In spite of their 
geographic separation and marked topographic differences, the general 
aspect of the Taxodium-hardwood forest is surprisingly similar to tha^ of 
the Metasequoia-hardwood assemblage. This resemblance is the more 
significant since during middle Tertiary time Taxodium and Metasequoia 
lived together in western North America and in northeastern Asia, in 
association with the same angiosperms; during early Tertiary time, these 
two conifers were widely distributed at high latitudes and with the same 
genera of hardwoods. Taxodium is almost as widely distributed in the 
Arcto-Tertiary Flora as Metasequoia. We conclude that this forest type 
had its origin at the north, in Eocene and Cretaceous time, in a region with 
a summer-wet and winter-cool climate; the deciduous, habit of all the 
dominant trees, including Metasequoia and Taxodium, is consistent with 
such a climate. By Oligocene and Miocene time, a ^milar forest ^Was 
widely established as far south as Oregon and Nevada, and down into 
Japan and Manchuria. By the end of the Miocene, Metasequoia appears 
to have disappeared from this continent; with a changing climatic regime 
in western North America, the surviving Taxodium-hardwood forest has 
been confined to southeastern North America. In Asia Taxodium is rare 
or absent in Pliocene floras; here Metasequoia has continued down to the 
present, though it is now confined to a limited area where environmental 
factors are favorable. This tree is reproducing on a limited scale, but its 
continued existence will be determined by the pressure put upon it by a 
people whose land, fuel and timber resources are wholly inadequate. A 
conservation committee has recently been organized in Nanking, and we 
may hope for its success in protecting some of the groves in which Meta- 
sequoia and its associates are living. ^Glyptostrobus, a close relative of 
Taxodium, has survived in the lowlands of South China. Sequoia, the 
living genus most similar to Metasequoia, is likewise a relict genus, re- 
stricted to the Califoniia and Oregon coast. Here the rainfall regime is 
wholly different from that in Central China, though the temperature, 
somewhat lower at this more northerly latitude, resembles that of western 
Szechuan in its equability (table 1). Our present knowledge of the Ter- 
tiary floras of Europe indicate that Heer was correct in his original reference 
of material from the Miocene of Switzerland to this genus, and that Sequoia 
rather than Metasequoia lived on this continent during the Tertiary period. 
Wide-spread submergence in western Europe at this time appears to have 
provid^ living conditions which favored Sequoia, although Metasequoia 
may be found in the fossil record of the Tertiary interior, farther to the east. 

Having in mind the deciduous habit of Metasequoia and Taxodium, the 
deciduous hardwood associates of these genera, both in living forests and 
in the fossil record, and the modem environments in Central China and 
southeastern North America, we may suggest certain physical conditions 
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which may have been best suited to the origin and development of the 
Arcto-Tertiary Flora. A summer-wet climate appears to have been the 
. primary requisite, with a total annual rainfall in excess of 40 inches. 
Moderate temperature seldom falling below freezing is also indicated, 
though a winter characterized by lower temperatures is indicated by the 
prevailing deciduous habit. The apparent absence of polar ice-caps during 
at least the early part of the Tertiary period, and postulated ocean circula- 
tion, makes it reasf)nable to accept the occurrence of Metasequoia and its 
associates as far north as Grinnell Land; possibly it was the darkness of the 
arctic night rather than low winter temperatures which brought about the 
annual shedding of the leaves of these trees, a habit which has been re- 
tained in Metasequoia even though winter temperature in its habitat in 
Central China seems not to make the deciduous habit a modem necessity. 
It is doubtful whether the present altitude of the Metasequoia occurrence, 
at atout 4000 feet, has always been an essential requirement. More 
probable is the assumption that the high valleys occupied by these trees 
provide the only existing habitat which is suitable. Farther to the north 
at lower altitudes, extremes of temperature or precipitation characterize 
the climate of China, and although the fossil record shows that Meta- 
sequoia has lived there in the past, it can no longer do so. The limited 
area in eastern Szechuan and western Hupeh where the trees are known to 
have survived is surrounded by mountain ranges which protect them from 
the climatic extremes which characterize other inland environments. An 
equable climate rather than a high altitude appears to.be the determining 
factor in the modern occurrence of Metasequoia. 

We may summarize our current knowledge of the fossil occurrence and 
history of the genus Metasequoia as follows; 

(1) Many of the fossil leaves and cones from the Cretaceous and 
Tertiary rocks of high northern latitudes, and from middle latitudes in 
North America and Asia, which have previously been referred to Sequoia 
and Taxodiimi, are now known to be Metasequoia on the basis of recent 
descriptions of fossil and living members of this genus in Asia. 

(2) Vegetative and reproductive units in the fossil record differ in 
no essential respect from those of the living M. glyptostroboides of Central 
China. Like those of this tree, they are characterized by the decussate 
arrangement of their shoots, leaves and scales, and by the deciduous habit 
of leafy and cone-bearing shoots. 

(3) Occurrence of Metasequoia in the Arcto-Tertiary Flora, at high 
latitudes in the Eocene epoch, at middle latitudes in the Oligocene and 
Miocene, provides evidence of the northern origin of this Flora, and of its 
southward migration during the Tertiary period. 

(4) Survival of Metasequoia in Centrd China, in association with 
many of the hardwood genera recorded with it in tht fossil records of the 
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northern hemisphere, provides a basis for reconstructing the climatic condi- 
tions under which the Arcto-Tertiary Flora had its origin and subsequent 
migration. A humid climate with summer rainfall, and with moderate 
temperatures not regularly falling below freezing, may be suggested as 
best suited to this deciduous forest during its past history. 
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INFLUENCE OF AMINO ACID^ ON GROWTH OF* DATURA 
EMBRYOS IN CULTURE* 

By Mary E. Sanders t and Paul R. Burkholder 
Obborn Botanicai. Laboratory, Yalb University 
Communicated by E. W, Sinnott, August 6, X94S 

Investigations of the growth of Datura embryos in culture have shown 
that as early as the preheart stage, the embryos can be excised from the 
seeds and grown in an artificial medium containing only the major in- 
organic salts and sucrose. Such cultured embryos sometimes showed 
premature differentiation of root or plumule and grew to the seedling stage 
in less time than is required for the normal cycle of capsule ripening and 
seed germination. However, initial growth of the excised embryos, from 
preheart to mature embryo, never equalled that of the corresponding 
period of development in the seed which covers from 10 to 14 days 
(Sanders^^* Addition of certain vitamins and organic acids did not 
markedly affect growth. However, addition of some organic complexes, 
notably coconut milk and malt extract, definitely increased the growth 
• rate and favored normal development of the embryos (van Overbeek, 
Conklin and Blakeslee^*; Blakeslee and Satina^. 

Studies on the nitrogen metabolism of higher plants have shown that 
many plants grown in sand culture, especially if deprived of inorganic 
nitrogen, can absorb and utilize certain sources of organic nitrogen. Le- 
gmnes have been found better able to use organic nitrogen than other 
plants, such as wheat and barley (Virtanen and Linkola^^). Plants 
furnished with external supplies of different amino acids have been found 
to have distinct morphological variations (Virtanen and Linkola*^; Stein- 
berg^*). Tomato and tobacco seedlings deprived of inorganic sulphiu: were 
found able to use DL-methionine as a source of sulphur (Miller*). Though 
many amino acids can be utilized, toxicity is frequent and may be due 
either to specific acids or to unfavorable concentrations. Under controlled 
optimum conditions for growth, ammonium nitrogen has been shown to 
be utilized more rapidly than nitrate, but under usual conditions for 
growth, nitrates have proved to be the best external source of nitrogen for 
higher plants (Nightingale** 

With the development of tissue culture techniques, it has been possible 
to show that plant tissues, organs and embryos can assimilate inorganic 
nitrogen. On the whole, nitrates have again proved to be the best source 
of nitrogen although ammonium salts have been found available and, in 
some cases, a good source. For the most part, nitrogenous organic com- 
pounds have been toxic to plant tissue cultures, but there are exceptions. 
With tomato roots, White^® found that glycine with thiamin satisfactorily 
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replaced yeast extract in the nutrient. For growth of bacteria*free crown- 
gall tissue of sunflower, Riker and Gutsche^' found urea to be the only 
organic nitrogenous compound approaching the effectiveness of nitrate. 
Some of the amino acids (DL-alanine, L-arginine HCl, L and DL-aspartic 
acid and L-glutamic acid) did prove to be available for growth and were 
not toxic when present with nitrate. In the culture of orchid embryos, 
addition of amino acids to a medium containing nitrate failed to improve 
growth and frequently showed toxicity (Withner*®; SpperF^). ^oerl 
found that arginine and aspartic acid under certain conditions were as 
effective as ammonium nitrate, but used in addition to ammonium nitrate, 
they showed no stimulation of growth! He found that the effect of the 
amino acids depended upon concentration, light conditions, species of 
orchid and age of embryos. In studying the problem of rooting in as- 
paragus stem tips in artificial culture, Galston^ found that glutamine and 
arginine stimulated growth but were ineffective for^root formation. Kent 
and Brink* observed that casein hydrol)rsate,t an amino acid complex, 
prolonged embryonic growth and inhibited germination of Hordeum 
embryos in vitro. Although the majOiity of amino acids supplied to plant 
cultures have proved to be growth inhibitors, alanine, arginine, aspartic 
acid, gfiitamic add and glycine have proved beneficial to growth under 
certain conditions. 

Materials and Methods,— Vlaxits used in these investigations were 
Datura inooda (S,l. 115) and D, stramonium (S.L 1) (from the collection of 
Dr. A. F/Blakeslee) and were grown under greenhouse conditions. Self 
embryos were selected at the pre- or early heart stage (longitudinal axis, 
0.1 to 0.25 mm.), dissected out of the seeds and grown in artifidal liquid 
nutrients. Ten embryos per nutrient wd-e used. Experiments ran for 
twelve days and results for'individual media are expressed as growth values, 
final average length/original average length. 

Basal media consisted of water, major inorganic salts, trace elements, 
vitamins and sucrose. The water used was double-distilled in Pyrex glass. 
The major salt formula was composed to obtain the following proportions 
of ions, 8 K ; 1 Ca : 1 Mg and 4 NO« ^ 3 PO 4 : 3 SO 4 . The following sdts were 
used with “1" representing 1 milUmolecular weight per liter of solution: 
2 KNOs, 1 Ca(NOs)a, 2 KH 3 PO 4 , 1 NaH^POi, 1 MgSOi and 2 K 4 SO 4 . In 
some of the experiments, the inorganic nitrogen was increased so that the 
ratios were 8 K: 1 Ca: 1 Mg and 6 N08:3 POiil SO 4 , and the formula 
became 4 KNOi, 1 Ca(NO»)8, 3 KHjPOi, 1 MgSOi and 1 KCl. Increased 
nitrate, however, did not affect the growth values to any extent. The 
former formula gave growth values of 6.21 for D. inoxic and 5.5 for D, 
strammium; the latter, 6.45 for U. inoxta and 4:88 for D, stramonium* 
Trace dements provided were in p. p. m,< B, O.l; Mn, 0.1; Zn, 0.8; 
Cti, 0.1; Mo, 0.1; Fe, 0.5, Vitaniin concentrations were in p. p. m. : 
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FIGURE 1 

Response of preheart embryos of two species of Datura to casein hydrolysate with 
cysteine and tryptopliane added to the basal medium. 

thiamin HCl, 0.1; pyridoxine HCl, 0.8; niacin^ 0,8* Sucrose was used 
at 2 per cent for D, ifwxia and 4 per cent for D, stramonium (Sanders^*). 
All nutrients were adjusted to between pH 5.7 and 6,0. 

Response of Embryos to Casein Hydrolysate with Cysteine and Tryptophane 
Added to the Basal il/cdittw.-*-Casem hydrolysate together with cysteine 
and tryptophane (each at 6.67 mg. per 100 mg. casein) was added to the 
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basal medium at 0, 25, 50, 100, 200, 400, 800 and 1600 p. p. m. Growth 
values for this series are represented in the graphs of figure 1* Growth ot 
embryos of both species increased markedly especially in the range 100 to 
800 p, p. m. Embryos of D, stramonium were much more stimulated than 
those of D. inoxia. At 400 p. p. m., the concentration which gave best 
growth in both species, growth values were 44.8 and 16.1, respectively. 



FIGURE 2 

Photographs (X 5J) of Datura embryos grown for twelve days in a nutrient series to 
which casein hydrolysate witli cysteine and tryptophane iras added. A-H, embryos of 
D, inoxia. I-P, embryos of D. stramonium. A and /, in basal medium; B and /, in 
basal medium plus casdn hydrolysate at 25 p. p. m. ; C and iC, at 50 p. p. m. ; D and L, 
at 100 p- p. m. : E and M, at 200 p. p, m.; F and N, at 400 p. p. m.; G and 0, at 800 
p. p. nt.; H and P. at 1600 p, p. m. 

At 25 and 50 p. p. m., growth values were not much larger than for the basal 
medium, and at 800 and 1600 p. p. m., they decreased markedly in D, 
stramonium and somewhat in V. inoxia. Representative embryos from 
these series are shown in figure 2. The amino acid complex increased 
embryonic differentiation as well as the actual size of the 'embryos. After 
twelve days in basal medium, embryos were approximately 1 mm. in length. 
Embryos grown to this size in the seed have arrived at the late heart or 
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early torpedo stage and have well-defined cotyledons and no root primordia 
(Sanders^*). In bavSal medium, D, inoxia embryos showed retarded 
cotyledonary development and frequently premature root primordia, and 
D. stramonium embryos showed little differentiation although cotyled<m 
primordia were sometimes discernible (figure 2, A and /). With addition 
of casein hydrolysate, even at the lower concentrations, embryonic differen- 
tiation became more normal. Throughout the D. inoxia series, cotyledons 
were Shorter in relation to the hypocotyl than are cotyledons of embryos 
grown in the seed. Abnormalities and root primordia appeared when 
casein hydrolysate was present, but less frijljuently and on much larger 
embryos than in basal medium. 

Response of Embryos to Mixtures of Amino Acids and to Ten Single Amino 
Acids Added to Basal Medium. — In an attempt to identify the growth 
factors in casein hydrolysate, embryos were grown in a scries of nutrients 

1 

Composition op Amino Acip Mxxturjbs Apobo to Basal Medium Used por Growth 
OF Datura Embryos. (Acids Marked with an Asterisk Were the Components of 
“Modified Mixtures’' A and B) 

MlXTURJ* A- — . : MXXTOES B — — - 


Amino Acid 

Concentrfttion» 
p. p. m. 

Aittino Add 

ConcentTEtion 
p. p. m. 

DL-alanine 

d.O 

*L-cystine 

1.6 

*L-arginine 

12.0 

*L-histidine 

9.0 

*b-aspartic acid 

18.0 

L-hydroxyiMoline 

1.6 

L-cysteine 

20.0 

DL-isoleucine 

16.0 

L-glutamic acid 

60.0 

L-lcttcine 

15.0 

Glycine 

1.6 

♦DL-raethioniiie 

9.0 

♦L^lysine 

18,0 

♦DL-serine 

18.0 

DL-pbenylalaniue 

12.t) 

DL-threonine 

12.0 

•L-proIine 

24.0 

L-trytophane ^ 

20.0 

L-tyrosine 

18.0 

•Dlrvaline 

24.0 


containing mixtures of amino acids or individual amino acids. Three 
controls were run for the series, basal medium, basal medium with NH^Cl 
at 108 p. p. m. (an amount roughly equivalent^to the amino nitrogen in 
casein hydrolysate at 300 p. p. m.), and basal medium plus casein hy- 
drolysate at 300 p. p. m. with L-cysteine and L-tryptophane. Concen- 
trations of individual amino acids (with the exception of cysteine and 
tryptophane which were used at the previous concentrations given above), 
were based on the amino acid analysis of casein hydrolysate (Harrow*). 
Amounts approximately equivalent to the content of the adds in hy- 
drolyzed casein at 300 p. p. m. were determined. The amino adds were 
divided into two groups of ten each; mixture A included those adds which 
have been found beneficial for plant growth under certain conditioas 
(Burkholder, Castle and Smith*; ^ker and Gutschc*S‘ SpoerU*; Wb;te^®); 
mixture B, the remaining ten adds which have shown no effect or have been 
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inhibitory to growth. The composition of mixtures A and B are given 
in table 1. Acids marked with an asterisk are those which were included 
in modified mixtures A and B. Amino acids of mixture A were also added 
singly to the basal medium at the same concentrations as in the mi^^^ure. 
Data from this series of nutrients are represented by the graphs in figure 3. 
In both species, addition of ammonium chloride increased growth somewhat 
suggesting an ammonium salt might be beneficial in the basal medium, 
but it did not approach the stimulatory effect of casein hydrolysate. 
Addition of mixtures A and B together in the same mediimi closely re- 
produced the results obtained with casein hydrolysate, strongly suggesting 
that the growth stimulus is due to the amino acids present in hydrolysed 


BASAL MEDIUM 
^ AMMONIUM CHLOAIDE 
^ CASEIN HYDROLYSATE 
^ MIXTURES A AND S 
4- MODIFIED A AND MIX. 

MODIFIED A AND MOD. 
4- MIXTURE a 
4- MIXTURE A 
4- MODIFIED A 
4* DL ALANINE 
4“ L AROININE -X- 
4* L ASPARTIC ACID 
4- L CYSTEINE 
4- L GLUTAMIC ACID 
4- GLYCINE 
-f L LYSINE ^ 

+- OL PHENYLALANINE 
4- L PROLINE 
4- L TYROSINE 


0. STRAMONIUM 



FIGURE 3 


D. INOXIA 



Response of prehcart embryon of two .species of Datura to aimnoriiura chloride and 
various organic nitrogen sources added to the basal medium. 


casein. Addition of B alone gave no increase in growth. Addition of A 
alone gave a growth value for D. inoxia embryos equal to that for A and B, 
suggesting that the entire stimulatory effect of casein hydrolysate might 
be contributed by the amino acids in A. The growth value for D, stramo- 
nium embryos on basal medium with A alone was less than half that with 
A and B suggesting that an interaction pf the acids ip the two mixtures is 
necessary to produce the growth stimulus obtained with casein hydrolysate. 
Addition of single amino acids also gfave different results for the two species. 
With D\ inoxia embryos, cysteine alone gave a definite increase in growth; 
aspartic acid showed a slight increase; alanine, phenylalanine, tyrosine 
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and perhaps glycine showed inhibition. With D, stramonium embryos^ 
arginine, aspartic acid, lysine and proline increased growth; alanine and 
perhaps tyrosine showed inhibition. Modified mixture A was inade up 
of t^|e four acids stimulatory to D, stramonium embryos when added sepa- 
rately. Comparison of the growth value for modified A with that for A 
indicates that at least some of the six omitted acids were functional in 
promoting growth either individually or by interaction with other acids. 
Mixture B added with modified A decreased rather thaq increased embryo 
growth. Omission of six acids from A has apparently upset the amino 
acid balance which favored growth. Modified mixture B was made up by 
omitting five of the acids in B which have shown inhibition in other investi- 
gations. Modified B added to the basal medium with modified A almost 
doubled the growth value for modified A alone. This group of nine acids 
provided a more favorable balance. By careful selection and combination 
it might be possible to reproduce the growth stimulus of the original 20 
acids by a balanced mixture of fewer adds. Embryos of D. inoxia were 
grown on basal medium plus aspartic acid and cysteine, the two acids which 
gave increased growth for this spedes, but the growth value was less than 
for either of the acids* alone. Balance of amino acids is apparently an 
important factor determining the influence of these compounds upon growth 
of Datura embryos. * 

Amino acids which individually stimulated growth, four for D. siramo'- 
nium and two for D. inoxia^ were also tested at three concentrations each; 
arginine at 5, 10 and 20 p, p. m. ; aspartic acid, cysteine, lysine and proline 
at 10, 20 and 40 p. p. m. Growth values for D. stramonium embryos in- 
creased from 2.3 to 0.8 with changes in arginine concentration from 5 to 
20 p. p. m., decreased from 10.0 to 6.5 with changes in lysine concentration 
from 10 to 40 p. p. m., and were fairly constant with the changes in the 
concentrations of aspartic acid and proline (4.4 to 4.8 with the former and 
6.1 to 5.6 for the latter). Growth values for D. inoxia embryos were 6.9, 
8.9 and 6.9 with aspartic acid at 10, 20 and 40 p. p. m.; and increased from 
5.0 to 13.7 with cysteine from 10 to 40 p. p. m. Interaction of the acids 
casts some doubt on the possibility of determining optimum concentrations 
for growth by addition of varying amounts of single acids. This procedure 
does provide some evidence concerning the effect of different concentrations 
of the individual amino acids on growth and differentiation. 

It has been mentioned that addition of casein hydrolysate to the basal 
medium favored normal differentiation of the embryos in culture. Mix- 
tures A and B together were equally beneficial to normal differentiation. 
The other mixtures and the single amino acids were less effective for normal 
differentiation, but certain characteristics appeared. Although growth 
values for D. inoxia embryos in basal medium with A plus B and with A 
alone were very similar, the patterns of growth differed. With A plus B, 
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cotyledons of the embryos were short in propprtion to the hypocotyls as 
with casein hydrolysate (figure 2, B-H), With A alone, hypocotyls were 
short in proportion to cotyledons. Addition of mixture A resulted in the 
same type of growth in D. stramonium embryos whereas with A plus B, 
cotyledon-hypocotyl proportions were nonnal as in figure 2, L-0. Modi- 
filed A had the same effect as A, but modified A plus modified B produced 
embryos with proportionally short cotyledons. Differentiation as well 
as growth is influenced by the interaction of the amino acids present. 
Sortie single amino acids had recognizable effects on type of growth. 
Alanine interfered with cotyledon and hypocotyl differentiation in D, 
inoxia embryos but allowed formation of premature root primordia and 
even slight growth in the region of the plumule. Cysteine at 20 and 40 
p. p. m. increased the number of root primordia and actual root growth in 
D. inoxia embryos. Lysine, especially at 10 p. p. m., had a similar effect 
on D. siram07tium embryos. It also contributed to the formation of 
translucent, watery tissue instead of the firm, white tissue of healthy 
embryos beyond the heart stage. Changes in the balance of amino acids 
can apparently enhance premature differentiation of embryos to seedlings 
as well as prevent it. 

Discussion.— Most plants naturally assimilate inorganic nitrogen, and 
amino acids are generally poor sources of nitrogen for plants in sand cul- 
tures and for many plant cultures in vitro. The metabolism of plants and 
of plant parts which synthesize their own organic nitrogenous compounds 
is apparently upset by supplying an excess of these substances. To study 
the effects of amino acids on growth in the presence of inorganic nitrogen, 
other than inhibition or abnoniialities, it is necessary to culture plant 
tissues, organs or embryos which are able to use to advantage an external 
source of amino acids in addition to their own capacity for synthesis. Sun- 
flower tissue (Riker and Gutsche^O and orchid embryos (Withner^^; 
Spoerl*^) with an adequate supply of inorganic nitrogen are apparently 
able to synthesize their necessary amino acids as rapidly as they can use 
them. Asparagus stem tips (Galston*), tomato root tips (White^®), im- 
mature Hordeum embryos (Kent and Brink®) and immature Datura 
embryos can apparently use amino acids faster than some of these com- 
pounds can be synthesized in such isolated structures. It may well be 
that in vivo amino acids are supplied to such structures by other, parts of 
the plant. Without an external source of amino acids, young Datura 
embryos grown in culture require a much longer time to mature than in 
the seed or with a mixture of amino acids in the nutrient. 

The behavior of mixtures indicates that the influence of these acids on 
growth results from interaction rather than accumulation of the individual 
effects of single acids. Evidence of such interaction has been found with 
numerous microorganisms, For example, Bonner® demonstrated in a 
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single gene mutant of Neurospora that a block in the conversion of keto 
isoleucine to. isoleucine resulted in an accumulation of the former which 
inhibited the conversion of keto valine to valine, thus causing a deficiency 
of two amino acids. Inhibition of growth in Lactobacillus arabinosus by 
glycine can be counteracted by the addition of D-alanine (Kobayarfii, 
Fling and Foi’). Inhibition of growth in Streptococcus bovis by isoleucirife, 
leucine, threonine or norleucine can be counteracted by valine, glutamic 
acid, methionine or cystine. Inhibition caused by equal amounts of 
phenylalanine and tyrosine, which singly had no effect, can be counter- 
acted by tryptophane, glutamic acid or cystine. It is suggested that 
inhibiting amino acids may block the synthesis of another acid and thait 
the counteracting acid may be the acid blocked or an acid from which it 
can be formed (Washburn and Niven^*). 

Single additions of amino acids have been found to have characteristic 
effects on the morphology of plants. This phenomenon suggests that the 
balance of amino acids probably changes during development and that 
such changes may influence growth and differentiation, Steinberg^^ sug- 
gests changes in the balance of amino acids as the basis for the production 
of morphological symptoms of certain plant diseases. Some of the prob- 
lems of differentiation, relative growth and dormancy, would appear to be 
closely related to amino acid metabolism. 

The effect on embryo growth of casein hydrolysate and of the mixture 
of amino acids approximating the composition of casein hydrolysate is 
similar to the beneficial effects of other organic complexes, namely coconut 
milk and malt, which have been found to stimulate growth of Datura 
embryos, favor embryonic differentiation and retard premature germi- 
nation (van Overbeek, Conklin and Blakeslee^®; Blakeslee and Satina*), 
The varied activities of such natural complexes may well be due to their 
component amino acids. 

Differences in the effects of amino acid mixtimes and of single acids on 
embryos of two separate species suggest that the amino acid content of 
female parent tissues and of endosperm may be important in interspecific 
crosses, especially crosses in which embryos are first formed but later 
abort. An attempt to correlate similarity of araino acid requirements of 
self embryos of the parent species and of the hybrid embryos with species 
crossability might prove more successful than earlier attempts to correlate 
species crossability with similarity of sucrose and inorganic salt require- 
ments of the embryos (Sanders**), ' 

Summary, — Early heart embryos of Datura inoxia and D, stramonium (0. 1 
to 0.25 mm. in length) were dissected out of the seeds and grown in artificial 
culture in basal medium alone and also with additions of casein hydrolysate, 
mixtures of amino acids, and single amino acids* 
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Casein hydrolysate with cysteine and ttyptophane markedly improved 
growth and embryonic differentiation in the range 100 to 800 p. p. in. 

A mixture of 20 amino acids approximating their occurrence in casein 
hydrolysate at 300 p. p. m. resulted in growth equal to that with casein 
hydrolysate indicating that the amino acids are responsible for the growth 
stimulus provided by hydrolyzed casein. 

Differences in growth values for lesser mixtures and for individual amino 
acids, which were for the most part well below those for the mixture of 20 
acids, provide evidence that the growth stimulus of tlie combination of 20 
acids results from physiological interactions rather than from the summa- 
tion of effects of individual acids. • 

Characteristic patterns of differentiation appeared with some mixtures 
and with some individual acids. 

The species differed in their responses both to mixtures and to single 
amino acids. 

Balance of amino acids appears to be a controlling influence on both 
growth and differentiation of plant embiyos 

* This work was aided in part by a grant from the Jane Coffin Childs Fund for 
Medical Research. 

t Present address, Department of Botany, University of Wisconsin, Madison, Wis- 
consin. 

t From General Biochemicals, liic.. Chagrin Falls, Ohio. 
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ON THE STABILITY AND INSTABILITY OF SHOCK WA VES 

By T. Y. Thomas 

Indiana University and Gugqbnhbim AERONAimcAL Laboratory 
Commimicated August 6, 1948 

The following communication contains a criterion for the stability and 
instability of plane stationary shock waves (compression shocks) attached 
to the vertex F of a pointed obstacle O in a uniform field of flow.^ Behind 
the shock line the flow may be rotational and non-isen tropic; viscosity 
and thermal conductivity are assumed zero in this theory. It will be 
assumed that the shock line and boundary of the obstacle are analytic 



curves and that the functions Ua (velocity components), p (pressure) and 
p (density) defining the flow are analytic in the region behind, and also 
along the shock line. 
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Angles a and w give the inclination of tlie shock line and obstacle at V 
relative to the direction of the incident flow. Attention may be confined 
in the following discussion to the “upper half" of the shock line as indicated 
in the figure. The range of permissible values of a is given by a«(M) < 
a g 90® where M{> 1) is the inach number of the incident flow and ao(M) 
is the value of sin ^ \/M in the first quadrant. Denote by 5 the arc length 
along the shock line* measured toward F, and by rj the arc length along the 
obstacle measured in the direction of flow. Let K and k be the curvatures 
of the contour of the obstacle and shock line, respectively, and put K(n) *= 
d^K/dtff K{n) = d^K/ds^ for w — 0, 1. 2. 3, . . .so that A(o) = K and k^) k. 
It can be shown that there exist relations of the form'-* 

K(n) — Or)X(„) + w “ 0, 1, 2, 3, . . - , (1) 

at point V, where the Jin are polynomials in k and its derivatives with 
respect to .v of order less than n. The quantities Gn{M, a) and the coefii- 
cients of the polynomials 11 n are rational functions of with coefficients 
depending on the inclination a of the shock line. In particular for n — 0 
the equation ( 1 ) becomes K = Gq{M, «)«. Actually the relations (1) hold 
at any point of the shock line when a is the iticlination of the shock line 
and K the curvature of the stream line behind the shock line at this point 
but we shall be concerned primarily with these relations at the vertex V 
of the obstacle. For a given value of M > 1, a value of a for which any one 
of the functions G«( A/, a) == 0 will be said to be singular relative to M, 

The above relations (1) appear as consistency conditions for the shock 
wave solution of the hytlrodynamical problem. If a shock wave solution 
exists for a singular value of a, corres|K)nding to a) — 0, then any 

variation in the value of A"«) will result in an inconsistency among the 
relations (1). Hence when a is singular there will exist in general no shock 
wave solution under the assumptions of continuity and differentiability 
involved in the derivation of the relation (1) for which the coefficient 
Gi{M, a) vanishes. 

Denoting by m the mach number for the flow behind the shock line at V 
there exists a number (3 — l3iM) such that ao{M) < fi{M) < 90® and such 
that m == 1 for a = F'urthennore m > 1 for ao(Af) < a < ^{M) 

and m < I for ffiM) < a ^ 90®. It can be shown that the zeros of the func- 
tions Gn(Af, a), i.e., the singular shock angles a relative to any mach number 
M > If lie entirely within the interval ^{M) < a g 90® and are in fact dense 
in this interval 

The figure shows the nature of the graph of the angle w for a given value 
of il(/ > 1 and the location of the singular shock interval. Point A corre- 
sponds to the value a «= at{M) and B to the value a » at which 
m ~ 1. In the open interval AB no singular shock angles a occur, nor 
is there a singular shock angle at tlie end-point B. The singular shock 
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angles are dense in the open interval BD and a singular angle occurs at 
D. The « curve reaches its maximum height at a |X)mt JE, corresponding 
to a value of a, represented by the point in the singular shock interval.* 
The following criterion for the stability and instability of attached shock 
waves is based on the above stated results. I^t 0 be obstacle, analogous 
to the obstacle 0, having inclination w, curvature K and derivatives of 
curvature K(n) at its vertex V. Then O wiU be said to be in a 5 neighbor- 
hood of 0 provided that [w — wj < 5 and \K.{n) -*■ | < 5 for w «= 0, 

I, 2, 3, .... Also the shock wave W for the flow past the obstacle 0 will 
be said to be in the e neighborhood of the shock wave W for the flow past 
0 when | a ~ a | < «. On the basis of these definitions we now lay down 
the following definition of local stability or stability at the vertex V; in 
this statement we are concerned only with the contour of the obstacle, the 


M 



shock wave and the hydrodynamical solution in the immediate neighbor- 
hood of F. The shock wave attached to the vertex of the obstacle 0, or the 
associated hydrodynamical solution, wiU be said to be locally stable or stable 
at V, relative to the incident flow, provided that fo^ any < > 0 there can be found 
a h > 0 such that solutions with shock waves W in the e neighborhood of W 
exist for all obstacles 0 in the 6 neighborhood of 0. Otherwise the shock wave 
attached to the vertex of the obstacle 0 {or the associated solution) will he said 
to be locally unstable or unstable at F. 

Suppose that the shock angle a lies in* the interval ^{M) g a ^ 90^ for 
the flow past the obstacle 0. Then if 6 and c are any two positive numbers 
we can find an inclination angle « and corresponding singular shock angle 
a such that |a) — w| < 6 and ja — a| < <; this follows immediately 
from the fact that the singular values a are dense in the above interval 
and w is a continuous function of a. Now consider the obstacle 0 , with 


Vot, 34, 1948 


ENGINEERING: T. Y, THOAfAS 


m 


vertex at F, having inclination w and for which J?{«) »» JC(«) (» «* D, 1 
2, 3. . .) 3.t F. In general the set of relations (1), in which a is replaced 
by the above singular value a, will be inconsistent for the obstacle 0, If. 
however, these relations are consistent a Slight variation in the value of 
K(j), assuming Gj(M, a) =* 0, while the values of all other i?(„) remain 
unchanged, wiU result in a new obstacle 0 for which the relations (1) are 
inconsistent* Hence, there can be found an obstacle 0 in any 5 neighbor- 
ho<xi of 0 for which no attached shock wave solution exists. In other 
words a shock line for which the inclination a lies in the interval i^{M) g 
a ^ 00^ is unstable at V {also unstable in the large from the following dis- 
cussion). 

In the special case of flow past an infinite wedge two shock wave solutions 
are possible. Here the shock lines ate straight lines and the flow behind 
the shock is uniform. Contrary to the general situation solutions now 
exist for all singular values of the shock angle a. However, those solutions 
for which the shock angle a lies within the interval jliM) ^ a ^ 90^^, or, 
in other words, for which w g 1 (where m is the niach number for the flow 
behind the sliock) will be unstable. 

If the shock angle a lies in the interval ao{M) < a < ^(M) so also will 
a for 1 a — o I < e and t sufficiently small. Corresponding to this value of 
€ we can find a B such that for all inclination anglps for which 1 w — w 1 < 
6, tlie associated shock angles a will be in the interval j a — a j < e. Hence 
for any obstacle (5, in the 5 neighborhood of 0, the associated shock angle 
a will lie in the non-singular interval [a — aj < 6 and hence the formal 
power series determination, in the neighborhood of F, of the shock, line 
and of the functions p and p behind the shock line will be possible. 
The proof of local stability requires only the convergence of these series 
for obstacles (5, with analytic contours, in the arbitrarily small 6 neighbor- 
hood of the obstacle O for which the corresponding series are assumed to 
converge. Presumably these series will converge under this condition with 
the result that tlie shock line will be stable at F when the shock angle a 
lies within the interval <xo{M) < a < 0{M). It is not our intention, at 
present, to carry out the details of this convergence proof. 

The concept of local stability has been introduced as a step toward the 
solution of the more proper, but also more complicated, problem of stability 
in the large. Conditions for stability in the large are to be phrased in an 
analogous manner except that we must here be concerned with the entire 
extent of the shock line, and solution of the hydrodynamical problem 
behind the shock line, including the conditions at infinity. In this con- 
nection it may be advisable to confine our attention in certain 
circumstances to a special class of obstacles, e.g., obstacles with analytic 
contours reaching to infinity and concave downward at all points of the 
portion of the contour under consideration, and so arrive at a concept of 
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stability relative to this special class. Moreover the problem can be 
extended, within the framework of our general method, by considering 
obstacles whose contours are composed of a finite number of analytic 
arcs with shock waves originating at their points of intersection. 

It is evident that instability at F, or local instability, is sufficient to insure 
instability in the large. Hence, the above result on instability gives the 
complete answer to the problem of determining the conditions for instability 
of shock lines attached to the vertex V of an obstacle whose contour is an 
analytic curve. Since at most two shock angles a. at V are mathematically 
possible the shock line which actually occurs and which corresponds to the 
shock line experimentally observed must therefore be the one whose inclina- 
tion a lies in the interval ao(M) < a < §{M), This may be ac'cepted as 
sufficient evid'ence for the stability (local or in the large) of shock lines with 
inclination a in the interval olq{M) < a < p{M) by those not interested 
in an existence- theoretic treatment of the problem. 

* Prepared under Navy Contract N6onr-180, Task Order V* with Indiana University. 

* The derivation of these relations and other results mentioned in this note are con- 
tained in several papers which we expect to publish later in the Journal of Maihemaius 
and Physics under the following titles: "Calculation of the Curvatures of Attached 
Shock Waves"; "The Consistency Relations for Shock Waves"; and "The Distribution 
of Angular Shock Directions." 

* This conclusion is reached* by an observation of the graphs of the functions w and 
— (jttCAf, a) shown in the paper "Calculation of the Curvatures of Attached Shock 
Waves." 


PROGRESS IN THE STATISTICAL THEORY OF TURBULENCE^ 
By Theodore von KarmAn 
California Institute of Technology, Pasadena 
Communicated August 2. 1948 

The fundamental notion of statistical mean values in fluid mechanics 
was first introduced by Reynolds. His most important contributions 
were the definition of the mean values for the so-called Reynolds' stresses 
and the recognition of the analogy between the transfer of momentum, 
heat and matter in the turbulent motion. 

In the decades following Reynolds’ discoveries, the turbulence theory 
was directed toward finding semi-empirical laws for the mean motion by 
methods loaned from the kinetic theory of gases. Prandtl’s ideas on 
momentum transfer and Taylor's suggestions concerning vorticity transfer 
belonged to the most important contributions of this period. I believe 
that my formulation of the problem by the application of the similarity 
principle has the merit to be more general and independent of the methods 
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of the kinetic theory of gases. This theory led to the discovery of the 
logarithmic law of velocity distribution in shear motion for the case of 
homologous turbulence. 

The next important step was the definition of isotropic turbulence by 
Taylor and tlie following period in the development of the theory of tur- 
bulence was devoted to the analysis of the quantities which are accessible 
to measurement in a wind tunnel stream. These quantities are the 
correlation functions and the spectral function. The general mathematical 
analysis of the correlations was executed by L. Howarth and myself. One 
has to consider five scalar functions /(r), jg(r), ^(r), l{r). These 

functions determine all double and triple correlations between arbitrary 
velocity components observed at two points because of the tensorial 
character of the correlations. The two scalar functions for the double 
correlations are defined as follows: 


fir) - 


x»)^i(xi + r, xs) 

u\ 
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g{r) 


U \{xx, Xi, x^)Ui(xi, Xz + r, xz) 
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liecanse of tlie continuity equation for incompressible fluids g * / + 


r df 
2 dr' 


For the same reason the triple correlations A, k and / can be expressed by 
one of them, c.g., by 


h(r) 
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In adijition we ^Iso deduced a differential equation from the Stokes- 
Navier Equation which gives the relation between the time derivative of 
the function/ and the triple correlation function h. 


dt 


(/i-) + - 2W (g + * «). (2) 


We discussed this equation in two special cases: 

(a) Small Reynolds number — in this case the triple correlations can be 
neglected and one obtains a self-preserving fdrm for the double correlation 
function as a function of r/X, where X is defined by the relation 


dt^ 

dt 



( 3 ) 


(b) Large ReynoldvS number -in this case the terms containing the via- 
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cosity can be neglected for not too small values of r and the functions / 
and h are assumed to be functions of the variable r/L; X is a length 
characterizing the scale of turbulence. The hypothesis of self-preserving 
correlation function leads to the following special results. One can con- 
sider three simple cases: 

1, Z = constant; then we have (Taylor). 

2. Loitziansky has shown that if the integral w^,/o**ry(f)dr exists, it 

must be independent of time, consequently =* constant. Then 


3. If the self-preserving character is extended to all values of r, i.e,, 
also near r — 0, one has L (Dryden). 

On the other hand, Taylor introduced a spectral function for the energy 
passing through a fixed cross-section of a turbulent stream as the Fourier 
transform %{n) of the correlation function f(r). The relation between 
and / is given by the following equations: 
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In these equations n is the frequency of the fluctuation of the uniform 
velocity U as function of time. Relative to the stream, %in) can be re- 

2im 

placed by where kj — i.'e., the wave number of the fluctuation, 

measured in the xi direction. 

It is seen that in this period of the development of the turbulence theory 
the analytical and experimental means for the study of isotropic turbulence 
were clearly defined but (wiUi the exception of the case of very small Reyn- 
olds numbers) no serious attempt was made to find the*laws for the shapes 
of either the correlation or the spectral functions. I believe this is the 
principal aim of the period in which we find ourselves at present. Promis- 
ing beginnings were made by Kolinogoroff, Onsager, Weizsileker and 
Heisenberg. I do not want to follow the Special arguments of these 
authors. I want rather to define the problem clearly and point out the 
relations between assumptions and results. 

A — I will assume that the three components of the velocity in a homo- 
geneous isotropic turbulent field, at any instant, can be developed in the 
manner of Fourier’s integrals 

«<-/// Ki, *3. (5) 

— m 

B — The intensity of the turbulent field be characterized by the quad- 
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ratic mean valuett/ level of the tiirbulence). Also there exists a function 
(F(»c) such that where the symbol [w<*]o means a partial 

mean value of the square of the velocity, the averaging process b^ing re- 
stricted for such harmonic components whose wave numbers k\, xa, 
satisfy the relation 

Ki* + #C2® + ^ K*, (6) 

If such a function exists it is connected with the spectral function of Taylor 
by the relation 



FIGURE 1 

Contribution of oblique waves to plane waves in direction of Xt. 


This relation was found by Heisenberg. It expresses the geometrical 

. . 2t 

fact that all oblique waves, figure 1 , whose wave-length — < — , necessanly 

K Ki . 

contribute in the one-dimensional analysis to the waves with wave length 

2ir/Ki. 

C — It is evident that there must be an equation for the time derivative 
of SF(k) which corresponds to the equation for the time derivative of /(r) 
which has been found by Howartli and myself. The physical meaning of 
this equation is evident. Let us start from the energy equation for a fluid 


element: 
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+ [Uitij + Bifp/p) 

2 ot ox^ 


h^Ui 

V ™ Mj. 

ox/ 


'fhe right side represeats the energy dissipation by viscous forces. The 
second term oh the left side is the work of the Reynolds stresses; it repre- 
sents a transfer of energy without actual dissipation. Our problem is to 
find d^/d/ by Foimer analysis and averaging process. One finds the 
contribution of the viscous forces to be equal to —2v^{k)k^. Hence we 
write formally 


bt 


+ W , ^ -2pk^^(k)^ 


( 8 ) 


Here Vi^^dK is the balance for the energy contained in harmonic components 
comprised in the interval Ak; obviously «= 0. C. C. Lin has 

shown that 'W* — 25Cic®, where 

5C(k) = 2(/c23C/(k) ~ kJCiXk)) 

and 

/'* sin Kf 

JCi(#c) = - / h(r) dr, 

TV J K 


Unfortunately, this relation does not help, as far as the determination of 
/ and h is concerned. For example, if one expresses h in terms of / from 
the K4rmAn-Howarth equation, calculates and substitutes the result in 
equation (8), one obtains an identity. It appears that at the present 
time one needs some additional physical assumption. 

P—Wc assume that can be expressed in the form: 

■W. = ys "e { {F(k), {F(kO, *. } dK'. (9) 

The physical meaning of this assumption is the existence of a transition 
function for energy between the intervals dx and dn' which depends only 
on the energy density and the wave numbers of the two intervals. It 
follows from this definition that by interchanging k and one has 

ejjfW, sf(k'), k'I == - B|g'(x')i s'W, k \ «}. (lo) 

It must be noted that our assumption probably cannot be exact. It is 
very probAble that the values of for the difference and the sum of k and 
#c' also enter in the transition function. I believe that the assumption 
gives a fair approximation when k and k* are very different, but it is cer- 
tainly untrue if « and x' are nearly equal. 

We furthennore specify the function 0 in the following way: 

» C const. 


0 


( 11 ) 
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It follows from dimensional reasoning that 

a + a' = V2, ^ ^ Va* 

As a result of the sequence of assuinptions given above we obtain the 
equation : 

2vk^. ( 12 ) 

Obviously if ?F(k) is known for t *= 0, equation (12) det^mines the values 
of ^ for all times. If one neglects the first term on the left side, which 
represents the decay of turbulence and chooses the specific values a = Vs* 
^ «r ^ V 2 one arrives to the theory proposed by Heisenberg. 

Let us consider the case of large Reynolds number but assume that k 
is not so large that the term containing the viscosity coefficient becomes 
significant. Let us also assume that the first term on the left side is small 
by comparison to the second term. Physically this means that the energy 
entering in the interval is equal to the energy which leaves the interval. 
Then one has the relation : 

This equation is satisfied by the solution ^(k) as one easily can 

see by substitution in 13. This result is independent, evidently, of the 
special choice of a and That is the reason why it was independently 
found by Onsager, Kolmogoroff and Weixsacker. It is essentially a conse- 
quence of dimensional considerations. Let us now stay with the case of 
large Reynolds numbers by neglecting again the viscosity term but re- 
taining the first term on the left side. In other words we consider the 
actual process of decay at large Reynolds numbers. Let us assume that 
fF is a function of a non-dimensional variable #c/#co, when ko is a function of 
time. This assumption is equivalent to our former assumption that 
/(r) is a function of r/L; i.e., we assume that ^ and / preserve their shapes 
during the decay. Evidently kq ~ 1/L. Then the function fF can be 
written in the forni 



fC 

Then with - = ^ and 

ICO 

5 dw* tt* dKo . , . . . . dKo 

— (F ^ — 

dt Ko (if dt #C(»* dl 
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equation (12) becomes 

du^ 
V^o dt 


+ (,4) 

\#C0 di KO dt / *Co* dt 


where 

•w. = - 


1 (/m® n f/K« 

According to Loit/.iansky\s results^ one obtains the 


equation 


dt dt 


r«2v/« 

= - 5C ~i- ['!>“{''/„* - (15) 

du^ 

(it 


where 

/o‘ * /r = 

Let us assume that 4a + ^ < as, for example, in the case of Heisen* 
berg. Then for small values of { the right side of equation (15) is small 
in comparison with the tenn on the left side and one has 


<t»(f) ^ const, 


li 4a + fi > ®/ 2 , 9r begins with a lower power of k than and one can show 
that the integral .To does not converge, so that Loitziansky's 
result is incorrect, I should like to investigate this second case in a later 
work. Let us assume, for the time being, that Loitziansky’s result is cor- 
rect and therefore the first case prevails. Then it follows that (F or 
behaves as (/c/ko)^ for small values of k and is proportional to for 

large values of k. For any definite choice of a and (i the differential 
equation (15) can be solved numerically. In June, lft47, 1 suggested to 
F. E. Marble that he carry out some such calculations and his results will 
be reported in a following publication. The result that ^ for small 
values of k was also found in a different way by C. C. Lin. 

For the time being I propose an interpolation formula as follows: 

4-(J) « const. ■ j 


This interpolation formula represents correctly 4>({) for small and large 
values of f and has the advantage that all calculations can be carried out 
ajialytically by use of known functions. The results are as follows; 
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0/ * <0 

FIGURK 2 

Comparison of observed and computed values of the frequency spectrum. 


, $F(k/ko) “ const. 


(<t Ao)^ 

[l + 




== const. 


1 

Fi + wi>^yV' 


fM = M'^'K^/X'cor) ( 17 ) 

• gM - («or)’/*[A'v.(*«r) - A'_v.(Kor)]. 

The K’s are Bessel functions with imaginary argument. For small values 
of KoT 
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r(V« ) 

r(V.) V2/ 


(18) 


as suggested by Kolmogoroff's thet>ry. 

I have compared these results with the measurements of Liepmann 
Laufer and Liepmann^ carried out at the California Institute of Tech- 
nology with the financial assistance of the N.A.C.A.f These observations 
were made in the 10-foot wind tunnel of the Guggenheim Aeronautical 
Laboratory using a grid whose mesh size was d/ «= 4 inches. The measure- 
ments were made at a distance x ^ 40.4J/ from the grid. Figure 2 shows 
the comparison of calculated and measured values for the spectral function 



f - K 

FIGURE 8 

Comparison of observed und computed values of the correlation function g. The 
Reynolds number is based on the stream velocity and the mesh size. 

fFi(Kv). It has to be taken into account that the observed values of 5Fi(i£i) 
have large scatter; the deviation for high values of kx corresponds to the 
beginning influence of viscosity. Figure 3 gives a comparison between 
measured and calculated values of the correlation function g(r). This 
function is chosen because the observations are more accurate than in 
any other case. It is seen that the agreement is almost too good in view 
of the assumptions made above. One must remark that there is only one 
arbitrary constant in the formula for g, viz,, the constant /to which deter- 
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mines the scale of the turbulence. It is true that some of the data of 
reference 2 do not show such a good agreement. The agntement is excel- 
lent for values of g larger than 0.1, but after that the measured values 
are higher than the calculated ones. Possibly some oscillations existing 
in the wind tunnel stream were interpreted as turbulence or the turbulence 
is not quite isotropic. 

I believe that the merits of niy deduction are: (a) the assumptions 
involved are exactly formulated; (b) the specific assumptions of Heisen- 
berg's theory concerning the transitioti function are not used; (r) the 
actual process of decay is considered; (A) the analysis is extended to the 
lower end of the turbulence spectrum. 

Concerning the case of large values of k (small values of r) L. Kov^sznay® 
introduced an interesting assumption which is more restricting than my 
assumption D, Obviously is the total energy transferred by the 

Reynolds stresses from the interv^al (0 a) to the interval (a »). 
Kov^sznay assumes — following KolmogoroiT’s arguments That this quan- 
tity is a function of ff(A) and a only. Then for dimensional reasons 
= const. This assumption appears to be correct for 

large values of a. When, however, the assumption is extended to the range 
of small values of a and one substitutes in equation (8) one can calculate 
easily ^^(a). Neglecting the viscous term, one obtain.s the relation 


3r(K/Ao) 


const. 


{k/koY 


[1 -I- 5'''*(k/«o)*^*]‘' 


(19) 


The right side of equation (19) behaves as my corres{X)nding equation 
(17) for small and large values of a/ao. It will be interesting to see how far 
the different transitioti from small to large values influences the accordance 
with observation. 


* Presented at the Heat Transfer and Fluid Mechanics Institute, Los Angeles, Cali- 
forniu, June 23, 1948. 

f The N.A.C.A. has kindly allowed presentation of these data prior to official 
N.A.C.A, publication 

* Loitziansky, L. C., "Some Basic Laws of Isotropic Turbulent Flow,” Central Aero- 
Hydrodynamical Institute, Report No. 440, Moscow, 1939. Translated as N.A.C.A. 
Technical Memorandum 1079. 

* Liepmann, H. W., Laufer, J., and Liepntann, K., "On Some Turbulence Measure- 
ments Behind Grids," Final Report N.A.C.A. Contract N Aw 5442, July, 1948. 

* Kov4sznay, Leslie, S. G., "The Spectrum of Locally Isotropic Turbulence," Rhys. 
Rev,, 73, (9), 1116 (May, 1948). 
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NOTE ON THE LAW OF DECAY OF ISOTROPIC TURBULENCE 

By C. C. Lin 

Massachuretts Institute of Tbchnology 
Coniniuniaiterl by Tbeoflarc von KdrmAn, August 2, 1048 

The law of decay of turbulence has been discussed by several authors 
by making various assumptions. Recently, Batchelor^ made a .sum- 
marizing divscussion of some of thes« assumptions and their consequences. 
The present author has made a different assumption, which seems to be 
suggested by KolmogorofT s concept of turbulence at high Reynolds 
numbers, and yet has not been covered by Batchelor’s discussion. The 
result seems also to be in reasonably good agreement with all experimental 
data available. This result was originally obtained by a discussion of the 
spectrum, but a derivation using the correlation function itself is presented 
here. 

According to Kolmogoroff, the double and triple correlation functions 
/(r) and h{r) for a distance r apart should be. of the forms 

m'Mi -/W} = 

(~). (2) 

where and are definite functions of their argument ^ ~ f/i? for small 
values of at high Reynolds numbers, w' is the intensity of turbulence, 
and 17 and v are characteristic measures of length and velocity. Further- 
more, rt and v are given in terms of the rate of energy dissipation by the 
following relations 

r, = „ « (^e)>A ( 3 ) 


where / is the time, and v is the kinematic viscosity coefficient. At the 
various stages of the decay process, « changes. Comparing the fields at 
various stages of decay, one sees that and /?«({) should be definite 
functions of f for small f in the course of time, i.e., there is self-preservation 
of and 

We shall now show that if one makes the assumption of self-preservation 
of /ij and (3) follows as a consequence. Also, a definite law of decay 
is obtained wliich is in agreement with all experimental data so far available. 

Substituting {1) and (2) into the equation of von Kdrmfin and Howarth, 


bt 




Gt ^ 7 ) 
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one has 



<«ot/U + 1-8)^^ 

FIGUM 1 

Comparison of the present law of decay with experiments. 


Thus, the ratios 

dv^ dv u® V® 

dt 1} dt 7} 17 ® 

must be constants. From a consideration of the first, the fourth and the 
fiith terms, (8) follows at once. Including the other two terms, one obtains 
the additional relations: 
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i/® »= ^(/ — /o)■‘^ — /o)» (4) 

where A, B and h are constants. From this, it can be easily seen that 

^ - at - ( 5 ) 

and hence 

- a{t ^ hr' + ^1, (6) 

where C, a and 0 are constants. Xbis leads also to the relation 

- /o){l + (/3/a)(/ - Wl, (7) 

for the change of Taylor’s microscale X. 



200 400 600 800 1000 

X/M. 

FIOURB 2 

Conjpatisoij with experiments of the theoretical law of change of Taylor's microscale. 

Notice that increases linearly in L As t? is the smallest scale, this 
diffusive nattire is expected. Equations (5), (6) and (7) are merely 
consequences of this relation. Taylor’s microscale X does not in general 
possess the diffusive property any more (except when 0 is xero). But it 
can be easily verified that i?x =* w'X/i^ and changes linearly in time, 

The law of decay just obtained is different from all previous ones. It 
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does however include the half -power law which is at least approximately 
satisfied by many of the experiments. On the other hand, Dryden's 
analysis* indicates that there are certain data which do depart from it. 
One can however take such results into account by the present law. 
The comparison is shown in figure 1, where one of Dryden’s diagrams 
(von K^mdn) is replotted according to the present scheme. This is the 
case departing most frotn the half-power law. It is seen that the agree- 
ment is good. 

A more critical check is to compare the theory with directly measured 
values of X, as X depends on the derivative of u\ Such a comparison is 
made in figure 2. In making this comparison, the curve is supposed to 
begin with a slope of lOvAf/U {M being mesh size of the grid, U = x/t) 
and approaches asymi)toti rally to a straight line of slope 4vAf/ IL These 
limiting straight lines are shown dotted, where they depart considerably 
from the exiK^rimental values. In fact, both the experimental points 
and these lines are reproduced from a figure kindly supplied to the author 
by Mr. Batchelor, based on experimental results of Dr. Townsend. The 
theoretical curv^e is tlien made to join up smoothly with the asymj)totic 
straight lino. The agreement is good. It may be noted that there is 
no freedom in this joining. 

The decay process may thus be described as follows. At the begininng 
of the decay process, when the Reynolds number of turbulence is high, 
there is self-preservation in the sense of (1) and (2) for small r. As tlie 
Reynolds number decreases to very low values, the self-preservation 
prof>erty includes the whole f{r) curve. This is the final stagi* of the decay 
process which has been considered by von Kinndn and Howarth and 
investigated very much in detail recently by Batchelor and Townsend. 
The physical process is much clearer when presented in terms of spectrum. 
This discussion will be presented elsewhere. 

The appearance of the arbitrary additive constant might seem to be a 
drawback in the theory. Actually, it is a necessity, if one follows the idea 
of Kolmogoroff. According to this theory, at high Reynolds numbers, the 
essential decay mechanism is governed by the high-frequency components 
only. On the other hand, the low-frequency components do contribute to 
the intensity. For example, if there is a superposed disturbance of low 
frequencies, the essential decay mechanism should not change. The 
detailed discussion of this point will be presented later in connection with 
a study of the energy spectrum. It might be noted that when ^ « 0, we 
have the half -power law of decay, and consequently a self-preservation of 
f{r) itself. In any case, this is approximately satisfied for the initial stages 
of the decay process, when t — Iq is small. 

I Batchelor, G. K., QuAM, 6, 97-116 (1948), 

* Dryden, H. L., [hid., 1, 28-30 (1,943). 
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THE CYTOL(X:iCAL MECHANISM OF THE TRIPLOWY-INDUC- 
ING EFFECT OF HEAT ON EGGS OF THE NEWT. TRITURUS 

yiRIDESCENS 

By G. Fankhauser and Doris Godwin 
Department op Biology, Princeton University 
Communicated by E. G. Conklin, August 18, 1948 

Extreme temperatures, both high and low, have been known for many 
years to induce polyploidy in plants. If the temperature shock is applied 
at the time of meiosis, diploid, and sometimes tetraploid, pollen grains are 
formed which, upon transfer to the styles of normal diploid plants, give 
rise to triploid (and, possibly, pentaploid) offspring. Treatment at a later 
time, during early stages of division of the zygote, may double the diploid 
chromosome complex and produce cpinjiletely or partially tetraploid 
seedlings. As a rule, the percentage of polyploids resulting from tem- 
perature treatments is relatively low, ranging from less than 1% to about 

Similar experiments have been carried out with eggs of a few s[>ecies of 
animals. vSince, at the time of laying or fertilization of the eggs of most 
animals, the maturation divisions are not yet completed, the abnormal 
temperature may interfere with the completion of these divisions and thus 
add one or more sets of maternal chromosomes to the diploid complement 
of the zygote. Refrigeration of eggs of a jiarthenogenetic race of the 
brine shrimp, Artemia salim, in some cases caused retention of the chromo- 
somes usually eliminated in a polar body.^* * On the other liand, immer- 
sion of unfertilized eggs of the silk moth, Bornbyx mori, in water at 40^C, 
for eighteen minutes resulted in the establishment of the diploid chromo- 
some number through sujjpression of one of the maturation divisions. 
This treatment also induced the eggs to di^velop by parthenogenesis and 
fusion of di{)loid nuclei during cleavage produced tetraploid or partially 
tetraploid individuals.®* In the greenhouse white fly, Trialeurodes 
vaporarorium, virgin females parthenogenetically produce haploid males 
exclusively as long as the temperature remains normal. Following ex- 
posure to temperatures ranging from 87 to 45^ C., virgin females gave rise 
to about 10% diploid female offspring, presumably through suppression of 
the second maturation division,® 

Among vertebrates, tlie polyiiloidizing effect of abnormal temperatures 
has been investigated extensively in various species of amphibians. Re- 
frigeration of fertilized eggs for several hours, shortly after laying, pro- 
duced a high percentage of triploid larvae in the newts, Trilurus viri- 
descens,^^ Triturm Triiurus $imilans and rivuhris^^ 

Triton tamiatus,^^ and Triton alpestris,^^* and in the axolotl^^ In some 
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experiments with eggs of Triiurus viridescens, all the survivnig larvae were 
triploid. Treatment of eggs of Triiurus viridescens at 36 to 37®C. for five 
to fifty minutes gave rise to 71% triploids among the surviving embryos^®’ 
but was less effective with eggs of Triiurus pyrrhogasterA^^^^ When eggs 
of the leopard frog, Rana pipiens^ were exposed twenty minutes after 
insemination to 37'^C. for four minutes, 38% developed into triploid 
embryos.®^ 

As regards the mechanism responsible for the polyploidizing effect of 
extreme temperatures, earlier studies on plant and animal cells indicate 
that the change in temperature usually causes a breakdown of the spindle 
mechanism, either through direct action on the spindle fibers or through 
an effect on the centromeres or centrosomes, thus preventing the normal 
separation of the chromosomes at anaphase. In other cases the anaphase 
movements may be normal, but tlie two groups of chromosomes do not 
separate over a sufficient distance during teIoi)hase ; so that a restitution 
nucleus is fomied that incorporates all the chromosomes present in the 
original mitotic figure. In relatively small cells, a restitution nucleus may 
ht formed in spite of normal telophase separation, if the abnormal tern- 
perature has no other effect than to prevent the division of the cell 
body.^^' 23. 24 

In the eggs of amphibians with a diameter from one to two millimeters 
or more, the maturation spindle is extremely small in relation to the size 
of the cell as a whole and kx'ated at the surface near the animal pole. On 
the basis of the cytological studies mentioned above, it was assumed tliat 
cold or heat would bring about a suppression of the second polar bcxly 
through a breakdown of the. spindle and thus lead to the formation of a 
diploid egg nucleus.*^* This seemed to be a logical hypothesis since, 
at the time of laying of the amphibian egg, meiosis has progressed to meta- 
phase of the second division but is blocked in this stage until fertilization 
occurs. The high percentage of triploid embryos produced by abnormal 
temperatures would thus be explainable by the fact that at the time of 
treatment the eggs always contain a mitotic figure that is arrested in, 
metaphase, rather than an actively progressing mitosis. This reasoning 
was supported by the early observation that refrigeration of salamander 
eggs was no longer effective in inducing triploidy when the onset of the 
treatment was delayed until about thirty minutes after laying, at which 
time the second maturation division has progressed to a late anaphase. 

Recently, Briggs®' has studied the changes in susceptibility to heat treat- 
ments of eggs of Ram pipiens during the first forty minutes after insemina- - 
tion. He finds that the percentage of triploids is highest (30%) when the 
treatment begins twenty minutes after insemination, and drops to zero at 
forty minutes. At twenty minutes, or shortly thereafter, the anaphase 
of the second maturation division is just beginning. Possibly, the heat 
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figure 1 


DUgranis of second niaturatioa division and fertilization 
in normal eggs of Triturus viridescens and in eggs follow- 
ing exposure to 36 ""C. for ten minutes. 

Only a .small region of the egg near the animal pole is 
shown. Actually, the first cleavage spindle is located 
considerably deeper in the egg. near the center of the 
animal hemisphere. 

Submergence of second maturation spindle in heat- 
treated eggs, formation of two egg nuclei, fusion of both 
egg nuclei with the spem nucleus, first cleavage mitosis 
cotitaining the triploid number of chromosomes (thirty- 
three). 

I'or details see table 1- 
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inhibits primarily the shortening of the chromosomal spindle fibers that 
may be responsible for the early anaphase separation of the chromosomes. 
Whatever the cytological mechanism involved, direct observation of living 
eggs shows that the majority of heated eggs fail to give off the second 
polar body, and all embryos developing from such eggs are triploid.* 

In view of the importance of temperature shocks in the production of 
polyploid animals and the complete absence of direct observations on the 
mechanism involved, a cytological study of the effects of short heat treat* 
ments on eggs of the newt. Triturus viridescenSf was begun by the junior 
author in the winter 1946-1947. Eggs of this species were selected for 
this work because they were the object of the first experiments with cold 
and heat on amphibian eggs, and the cytology of fertilizration is known in 
all details.^** Fertilization in this species, as in the great majority of sala- 
tnanders, is complicated by the occurrence of “physiologicar' polyspenny. 
which may be disregarded for the purposes of this article since it does not 
seem to be involved in the production of triploidy by abnormal tempera- 
tures. However, the presence of supernumerary sperm nuclei, which usu- 
ally degenerate in the normal course of fertilization, offers a possible 
explanation of the origin of various exceptional chromosomal conditions, 
such as haploid-diploid or haploid-triploid mosaics. 

Eggs were obtained during the winter and spring by subcutaneous 
implantation of one or two pituitaries from female leopard frogs. The 
newts were allowed to deposit the eggs on sprigs of Elodea, during which 
process they were fertilized in rK)rmal fashion by spermatozoa present in 
the sperm receptacle connecting with the cloaca. The experimental eggs 
were removed promptly, placed for ten minutes in an incubator at 36 to 
36.5"C., and transferred to a constant temperature bath running at 19.6‘^C. 
Treated eggs'and controls were fixed at intervals in 43ouin’s or in sublimate- 
acetic mixture, sectioned serially at fifteen to eighteen micra, and stained 
with either haemalum-fast green or Feulgen-fast green. 

Thus far sections of thirty-six untreated eggs fixed up to 5 Va hours from 
fertilization have been studied. Thirty-five show normal stages of fer- 
tilization corresponding to those described earlier;^^ one is abnormal. 
Among the forty-five heat-treated eggs that have been analyzed to date, 
twenty contain normal maturation and fertilization stages; presumably, 
these would have given rise to diploid embryos. Three eggs are definitely 
abnormal, probably uuviable. The remaining twenty-two clearly show 
an inhibiting effect of the heat treatment on the second maturation 
division and illustrate the subsequent history of the mitotic mechanism 
in such affected eggs, as suimnarized in table 1 and figure L 

It is dear from the evidence given that the most important effect of the 
heat treatment is not a general breakdown of the second maturation spindle 
but a submergence of the mitotic figure below the surface of the egg. In 
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TABLE 1 

Second Maturation Division and Fertilization in Normal and HkaT'Affected 

Eggs 

APPROXIMATB 

AOn <AT NORMAL BOOS (CONTROL AND BOOS NOT BOOS SHOWtNO HBAT ItPFBCT (BUBMttROBNCB 
APPRCTBIi BY UKAT TRISATMUNT) OF SBCOND MATURATION DIVI«i6n) * 

15 mins. Metaphase, of second maturation Melaphase, spindle displaced below 

divivsion, spindle at right angles surface (1 egg) 
to and anchored at egg surface 

30 to 40 Early to late anaphase, outer pole Metaphase to late anaphase, spindle 
mins. of .spindle at surface or pro* at varying distance below surface, 

• truding slightly perpendicular or oblique to surface 

(5 eggs) 

• 1 hr. Telophase, formation of second Late anaphase to early telophase, 

polar body in progress or com- spindle at varying distance below 

plctc, haploid set of egg surface, perpendicular or parallel 

chromosomes below surface to surface (2 eggs) 

[Abortive anapluise?, far below surface, 
two groups of chromosomes very 
close together, no spindle? (1 egg)| 

U/iXoV/i Telophase, second polar body Telophase, spindle below surface (2 
hrs. given off, early stages in for- eggs) 

1 nation of egg nucleus 

[Abortive late anaphase or early telo- 
phase far below surface, two groups 
of chromosomes very close together 
(1 

!*/♦ hrs. [Single nucleus below surface, con- 

siderably larger than in controls at 
2 hrs., restitution nucleus? (1 egg)] 

2 hrs. SrnaTl egg nucleus, still close to Telotihase, well below surface (1 egg); 

surface two small egg nuclei, identical in 

size and structure, close to surface, 
* ^ or at various distances below, not 

associated with any aster (4 eggs) 

to 4V/.. Egg and sperm nucleus in con- Three nuclei (two egg nuclei and one 
hrs. tact, in various stages of early sperm nucleus) in contact, early 

prophase, sperm aster divided prophase, siierm aster divided (3 

eggs) 

5 Vs hrs. Metaphase to anaphase of first Late anaphase of first cleavage mitosis 
cleavage mitosis with 33 chromosomes at each pole 

(I'egg) 

* Brackets mark three cases in which submergence of the spindle may be accom- 
panied by failure of the spindle mechanism. 

untreated eggs the spindle is perpendicular to the surface, and its outer 
pole is anchored in the cortex. During late anaphase, the outer pole begins 
to protrude slightly. At one hour, formation of the second polar body 
is in progress or completed. In heat-affected eggs, on the other hand, the 
spindle is displaced below the surface and usually rotated into an oblique 
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position. In the majority of cases, the separation of the two haploid sets 
of chromosomes at anaphase appears to be normal; and, during telophase, 
two small egg nuclei are formed. These are spherical and completely sur- 
rounded by yolk granules and thus easily distinguished from sj^erm nuclei 
in the same egg, since the latter are still elongate or club-shaped and always 
located near the center of a conspicuous sperm aster. 

Three eggs, fixed between 3 Va fi^nd 4 V 3 hours from fertilization, show the 
crucial stage in the formation of the triploid chromosome complement, 
viz., the meeting of both egg nuclei with the principal sperm nucleus in 
the center of the original sperm aster. The three nuclei are associated with 
two small asters, resulting from the division of the s|)erm aster, which will 
occupy the poles of the first cleavage spindle as in normal diploid eggs. 
All nuclei are identical in appearance and show an early stage of prophase. 
There is no doubt that such a configuration will give rise to a normal, 
bipolar cleavage mitosis containing the triploid number of chrotnosomes. 
This was demonstrated directly by one egg fixed fiVa hours from fertiliza- 
tion which showed a normal late anaphase of the first cleavage mitosis. 
Exactly thirty-three chromosomes, the triploid number, were countable 
at one of the two poles; however, the chromosome group at the other pole 
was too much disturbed by the sectioning process to allow an accurate 
count. 

Three of the twenty-two heat-affected eggs (enclosed by brackets ii 2 
table 1) indicate that the treatment, in addition to displacing the second 
maturation spindle from the surface, may also interfere occasionally with 
the separation of the chromosomes at anaphase through an effect on the 
spindle. In two eggs there is present an “abortive” anaphase, far below 
the surface, without a well-defined spindle and with the two groups of 
chromosomes practically in contact. On one of these eggs, the condition 
of the chromosomes suggests the beginning of telophase so that ultimately 
the formation of a single, diploid nucleus would seem to be unavoidable. 
In the third egg, a single egg nucleus is visible, which is considerably larger 
than the egg nucleus in untreated eggs, and possibly represents a diploid 
restitution nucleus resulting from an abortive anaphase. A single polar 
body is present in this series of sections; however, this cannot be taken as 
conclusive evidence of the suppression of the second maturation division 
since, in normal eggs, one or both polar bodies are frequently displaced or 
lost during embedding and sectioning. 

A change in the position of the maturation spindle under the influence 
of abnormal temperature has been described previously by Gross^ in re- 
frigerated eggs of Artemia in which the spindle may assume a position 
oblique or parallel to the surface. Submergence of one or both maturation 
divisions also occurs in unfertilized eggs of the worm Urechis following 
activation with either dilute sea water or ammoniacal sea water and, 
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probably, also after treatment with heat. 2®- A variety of cytological 

conditions have been described in such eggs which, normally, do not 
progress beyond prophase of the first maturation division without fer- 
tilization. If botli maturation divisions are submerged, four haploid 
nuclei are present in the egg. If tlie first polar body is suppressed, one of 
the second maturation spindles may be located at the surface and produce 
a normal second polar body, leaving three nuclei, i.e., a triploid chromosome 
complement, .within the egg. However, production of polyploid embryos 
from such eggs is prevented, as a rule, by the appearance of an aster with 
each egg nucleus, leading to multipolar mitosis and irregular distribution 
of chromosomes. In heat-treated, fertilized salamander eggs such irregu- 
larities of the first cleavage mitosis are avoided by the fact that the division 
center is brought in by the sperm, as in normal fertilization. 

The cytological investigations on heated eggs of TrUurus viridescens 
made so far show that the primary effect of the temperature shock is a 
severing of the outer pole of tlie second maturation spindle from its anchor- 
age in the egg cortex and a subxnergence of the whole spindle below the 
surface. The polyploidizing effect of heat may thus be connected with 
a change in the properties of tlie surface film. A study of eggs fixed during 
the heat treatment may show whetlier there is also a temporary reversible 
effect on the spindle fibers themselves. 

The observation tliat in some eggs submergence of the division figure 
is accompanied by a |>enuanent modification of the spindle indicates a 
considerable variability in the response to heat treatment by the eggs of 
one species and suggests that eggs of other species may give a different 
cytological reaction. In Rana pipiens, for instance, inhibition of the 
spindle mechanism might well be the predominant feature either with or 
without submergence of the mitotic figure. Also, it should be pointed out 
that the cytological effects of prolonged refrigeration are not necessarily 
the same in all details as those of short heat treatments; although the 
ultimate consequences as regards the chromosome number of the embryos 
developing from such eggs are identical. 

5uw wary .-“Exfwsure of freshly fertilized eggs of the newt, TrUurus 
viridesems, to for ten minutes induces triploidy in over 50% of 

the surviving embryos. Cytological study of forty-five treated eggs fixed 
during the first five and one-half hours after treatment confirms the 
hypothesis that this is accomplished through suppression of the second 
polar body formation which, normally, is not completed until about one 
hour following fertilization. Twenty-two eggs give evidence of a sub- 
mergence of the second maturation spindle below the egg surface. In the 
majority of these eggs, the separation of the chromosomes during anaphase 
and telophase proceeds normally, resulting in the formation of two haploid 
egg nuclei. Later on, both egg nuclei unite with the sperm nucleus while 
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the sperm aster divides in normal fashion to furnish the poles for the first 
cleavage spindle. During anaphase of the first cleavage mitosis, thirty- 
three chromosomes, the triploid number, may be counted at the poles of 
the division figure. 

The principal cfTect of the heat treatment thus appears to be dislocation 
of the second maturation spindle from the egg surface, rather than an 
inhibition of the anaphase movements of the chromosomes leading to the 
formation of a diploid restitution nucleus, as had [ireviously been postu- 
lated. However, observatious of three of the twenty- two eggs indicate 
that failure of the sj^indle mechanism may be superimposed f)n the sub- 
mergence of the mitotic figure, 

* A reprint has ju^il been received of a paper by Makiiio and Oxinia {Cylohi^in, 13, 
55 60, 1943) in which they report the suppression of the second maturation division of 
fertilized eggs of the cart) iCyprius carpio) following refrigeration. The division was 
arrested in anaphase and a diploid egg nucleus resulted. 

‘ Randolph, L. \\, Proc. Nat. Acai>. Sci., 18, 222-229 (1932). 
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ON THE RELATIONSHIPS BETWEEN THE FREQUENCY 
FUNCTIONS OF STELLAR VELOCITIES* 

By JoosT H. Kiewiet de Jongk 
Harvard Coxxrcsb Observatory 
Communicated by Harlow Shapley, October 13. 1948 

1. In t±ie study of stellar motions, methods of analysts generally follow 
a procedure in which the data of observation are tested for certain simplify- 
ing assumptions, i.e., one solves for a number of parameters associated 
with an assumed law of motion and proceeds to compare the motions given 
by observation with those predicted on the basis of the assumed law. 
While such a process is legitimate when examining the validity of the as- 
sumed law, it becomes inadequate whenever a further application of the 
law is required because it makes the data conform to an analytical ex- 
pression at a stage in the analysis where the observations should retain 
their full unbiased influence. 

A case in point is the statistical problem of determining the luminosity 
function for a selected group of stars in the neighborhood of the sun. 
Here the pertinent observations give us the distributions in proper motion 
and radial velocity for stars between certain limits of apparent magnitude. 
The problem is really one of evaluating the law of tangential velocities, 
since this law (when combined with the distribution in proper motion) 
will yield the distribution in parallax by a familiar theorem in stellar 
statistics. Now many investigators have in effect derived this law of 
tangential velocities on the basis of some- analytical space velocity func- 
tion known to approximate the space motions of the stars in question. 
Thus the extensive studies of van Rhijn^ have relied rather heavily on the 
space velocity function first suggested by Schwarzschild. Stromberg 
in a series of papers® in effect assumes a quasi equivalence of radial and 
tangential velocity distributions, a procedure which is not justified, as has 
been pointed out by Oort.* Again, the law of tangential velocities ob- 
tained by Luyten* is based on a Maxwellian distribution of the peculiar 
motions. 

In view of what has been said earlier it would be preferable to obtain 
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the distribution of the cross motions, without as$utning a particular 
analytical form for the space velocity function, by establishing a numerical 
law of tangential velocities which will then serve the purjx)sc of deriving 
the desired distribution in parallax. Several attempts have been made 
towards the solution of this problem. A notable contribution was made 
by Bok.*^ Assuming the existence of a space velocity function in variant 
throughout the volume of space occupied by the stars under investigation, 
Bok considers the observed distribution in radial velocity along two axes 
normal to the direction of the region in which the law of tangential motion 
is required. By virtue of the assumed invariance of the space velocity 
function, these radial velocities are trans|K)sed to the region considered 
and there combined into a tangential velocity. The frequencies are com- 
puted by the rule of combining two independent events two at a time. 
The procedure jiresupposes that there is no correlation in radial velocity 
between both axes. On the basis of the ellipsoidal theory this assumption 
cannot be criticized since the theory is founded on the very hypothesis of 
independent distribution in space velocity components along three mutu- 
ally i>erpendicular axes. However, a most general space velocity function 
of the type 

clearly does not permit such an inference. The method is restricted by this 
consideration but it surpasses other methods in that it does not require a 
prior knowledge of solar motion, thereby britiging to zero the number of 
analytical parameters that enter the solution. 

An important advance was made by Ambarzumian,® who first showed 
that if we admit the existence of an arbitrary, invariant space velocity 
function, then the observed distribution of radial velocities for a group of 
stars lends itself to a determination of the frequency function of the space 
velocity components along a system of rectangular axes. Ambarzumian’s 
analysis reduces to a minimum the assumptions regarding the space velo- 
city function. His contribution appears to of considerable significance 
although it seems to have been generally overlooked, perhaps in part be- 
cause in certain cases the data on radial velocity are insufficient for a justi- 
fiable application of tlie method. 

We shall show how Ambarzumian’s attack can be directed towards a de- 
termination of the frequency function of the cosmic or space velocities 
themselves for stars of known velocity along the line of sight. On the basis 
of this result we shall then obtain an expression for the corresponding 
frequency function of the tangential velocities. Again we make the only 
assumption mentioned before, namely that the space velocity function is 
constant throughout the volume of space occupied by the stars to be 
aixalyzed. 
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2. In what follows we shall make use of a type of function not generally 
encountered in the literature. Let p denote the absolute value of the radial 
velocity not necessarily corrected for sc)lar motion* We then define g(p) 
as the average frequency distribution function of the abvSolutc values of the 
radial velocities over the entire sky* It is to be understood that this 
function is obtained by averaging the frequency distributions tabulated 
for equal standard areas and that it is derived from the observations 
directly. Thus galactic concentration or any uneven surface distribution, 
if present, is removed in the process of evaluating g{p). In particular the 
function g must satisfy 

Jo°‘g{f>)di> = 1. 

In a similar way we define F(F), where V is the linear space velocity, 
as the frequency distribution function of the linear space velocities over the 
entire sky. Of course tliest* space velocities are to be considered as re- 
ferred to whatever standard of rest is adopted for the radial velocities. 
Again we require 

frFiV)dV - 1 . 


Let /(F) denote the arbitrary (vectorial) space velocity function witli 
respect to any set of rectangular axes. Isolate a single vector of magnitude 
Ff, This vector will generate over the surface of the celestial sphere a 
distribution in radial velocities gv^(p). Evidently the orientation of this 
vector is immaterial. Consequently any number of vectors of magnitude 
Vt may be conceived as evenly distributed over the surface of a sphere of 
radius F< as far as their contribution to gvi(f>) is concerned. TliusTor the 

purpose of evahiating g(p) for all F ^ p, the space velocity function /(F) 
is equivalent to an isotropic density distribution 


D{V) - 


F{V) 

4irV^ 


in" velocity space. 

We can now set up an equation relating g(p) to F(V) and we have (see 
Fig. 1) 



where dr is the volume element in velocity space and the region of integra- 
tion extends throughout the volume between two parallel planes normal 
to the direction of p (which is arbitrary) and separated by an amount dp. 
The factor 2 arises because we consider absolute values of the radial veloc- 
ity. • 



566 


ASTRONOMY: J. H. KIEWIET DE JONGE Proc N. A. 8. 


Let dw denote the surface element in the plane ABC. Then 



where the region of integration extends over the entire surface of the plane 
normal to p. Let (r, a) represent the polar codrdinates of a point in this 
plane, measured with respect to any set of axes with origin at A> Then 



But r* » 1/2 — and so, for given p 



( 1 ) 
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FiV) 


We take the integral to be uniformly convergent by assuming lim 

V 


0 . 


The solution of (1) is then given by 



Everything on the right-hand side of this equation is known from observa- 
tion and therefore the function F is detennineH 
3. Let GiT) denote the average frequency :^^ibution function of the 
tangential velocities over the entire sky. We require 

frG{T)dT « 1 . 


As before we may conceive of the space velocity function as an isotropic 
density distribution in velocity space. We now have 


G(T)dT 


4 t 


Iff 


F{V) 


dr. 


where the region of integration extends throughout the volume between 
two cylindrical surfaces with axis along p and separated by an amount dT, 
The integration is again elementary and so we readily obtain 


G{T) 



FjV) 


dV. 


( 2 ) 


In terms of the observed function g{p) this result may be written 


c(r) = - r 


g’jVf* -H /»») 

+ p‘ 


dp. 


( 3 ) 


4. Equations (1) and (3) express the solution of the problem.^ Inas- 
much as these results are valid for a most general invariant space velocity 
function, we may treat as special cases those investigations of space and 
tangential motions based on a particular form of an invariant space veloc- 
ity function. 

Thus in the case of a Gaussian frequency distribution in radial velocities 
in any part of the dey, we have 


gip) 



where <r is the disperstou iu the space velocities. Here, by equation (1) 
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£ 2 

_ '‘dp „ a / 2v 


-/.•/a** 


Jp 


V 





in conformity with the law of chaotic velocities. The corresponding fre- 
quency distribution in Ungential velocities is given by equation (2) 


G{T) 



\/ ^2 _ J"2 


dV. 


' Putting 


j /2 _ 'pi becomes 

G{T) = r 


or 


G{T) = ~ 

O'* 

A case of axial symmetry in the frequency distribution of space veloci- 
ties is that of a single drift superposed on a Maxwellian distribution with 
respect to the local standard of rest. In the usual notation, we have 

g(p) = 1 T' r - Vo ca.X)V2.. 3 J„ ^ ^ 

47r ^0 Ja (fV'Zr 

* 

where X is the angular distance from the antapex and ip is the variable in 
longitude. Integration with respect to this latter variable is immediate and 

so 


sip) 




-(p-Voc«>»WV2.*smXdX. 


The frequency distribution of the space velocities is given by 

F( F) = - r {V - F_ cos " »'© «“ WV2.> ^ d\. 


Let X <=• V — Fq cos X and tlie above expression becotn s 


FiV) 


ff»F 


F p + v© 

n'V'lv Jv - v- 


xe 


-XV 2 »» 


dx 


or 
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The corresponding frequency distribution in tangential velocities is 
given by 

G{T) - 7= / dV. 

(rFoV2ryr VF* - T* 


Let x\ = F» - r» then 


7’»-rV2<r* /"o, 

<rVf^W27r Jo 


Q^OVx* + T*/<r» — >/«« + 

Vi^ + r» J 


By expanding the exponential functions of terms involving F© the above 
expression can be written 


G{T) - 

aVQy\2ir Jo 




•rz® + Y3 

_ .‘}lo 


(*» +T^) + 




After term-by-term integration and some regrouping, we have 


This may be put in the form 




where 


(27 + 1)! 


F>^- i±i- 

L 11(27 + 3) \v/ 


( 7 +1)0’ + 2) 

2!(27 + 3) (27 + 5) 

This result is identical with that obtained by Luyten.* 


iiW- } 
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It can be shown that the assumed invariance of the space velocity 
function implies that g{p) is a monotonically decreasing function. Hence, 
should equations (1) and (3) lead to "negative or non-real frequencies for 
certain intervals in space velocity, it should be taken as an indication that 
within this interval the space velocity function is not invariant throughout 
the volume of space under investigation. In practice, a small local stream 
or * ‘moving cluster,” which contributes heavily to the distribution of 
radial velocities in a few areas of limited size, while being absent or rela- 
tively weak for the remainder of the sky, might produce peculiar distor- 
tions in the shape of g(p). Obviously known members of local streams 
should be discarded in the analysis. The invariance of the frequency 
function of the space velocities is basic to our argument. 

After our analysis had been completed, a recent paj)er by Colacevich^ 
was received. Formulae similar to those derived here are developed but 
the space velocity function is assumed to be spherically symmetrical. 
Colace vich’s work may therefore be considered as a special case of our 
own investigation, since we did not find it necessary to make any assump- 
tions beyond that of the invariance of the frequency function of the space 
velocities. 

* The research has been carried out under a grant from the Office of Naval Research. 

‘ Groningen Puhl, 34 (H)23) and 38 (1925). 

* Mt. Wilson Contr., 395, 93 (1930), ei seq. 

* Bull, Astr. Neth,, 239, 289 (1932). 

* These Proceedings, U, 87 (1926); Harvard Reprint No.lO. 

» Harv. arc,, 400 (1935). 

» Monthly Notices R.A.S,, 98, 172 (1936). 

’ These relations can be deduced without recourse to geometry. Thus, if all stars 
form a single drift of velocity Vi» we observe at an angle 0 from the direction of the drift 
a radial velocity 


p Vt cos 0 

and a tangential velocity 

r « F, sin e. 


(la) 

(lb) 


Giving equal weight to equal .solid angles (i.e., equal areas in the .sky), the probability 
distribution of $ in the half -sphere in which cos 0 is positive is 


dw d cos 4 ^ sin ^ ^ (2) 

The probability distributions of p and F are then found by simple substitution of (la) 
and (lb) in (2): 


Sip)dp 





(3») 


C{T)dT - dti) 


(3b) 
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If now the distribution of space velocities over the entire sky is given by F{V), we ob- 
tain by sumtning (Sa) and (3b) over all possible V*s: 





G(f) 






dV. 


* Loc. cU, 

* PuhL della Oss, A sir. di Arcetri, Kasc. No. 64 (1948), p. 3 


AMINO ACID CONSTITUENTS OF TISSUES AND ISOLATED 
CHROMOSOMES OF DROSOPHILA 

By Johanna Blumel and Hei.kn Kirbv 

Genetics Laboratory anij Tub Biochemical Institute, The University of Texas. 

Austin Texas 

Communicated by J. T. Patterson, October 26, 1948 

IfUrodticHon. — The chemical constitution of the chromosomes has been 
intensively studied ever since Miescher' discovered nucleic acid and 
extracted a protamine from salmon sperm. Pollister and Mirsky® char- 
acterize salmine (salmon sperm protamine) as lacking of tryptophane and 
tyrosine, and having a 31.6 per cent nitrogen content of which arginine 
makes up 89.2 per cent, Kossel® prepared a protein which he called histone 
from nucleated erythrocytes. Histones are proteins distinguished for 
possessing basic properties, and according to Mirsky and Ris‘ contain 
relatively little tryptophane. By enzymatic digestion and ultra-violet 
absorption measurements Caspersson* established the presence of nuclem 
acid and protein in the salivary gland chromosomes of Diptera, whose sig- 
nificance was first demonstrated by Painter® and Heitz and Bauer, ^ 
Caspersson's findings were confirmed and extended by Mazia and Jaeger® 
and .Mazia, * who considered the continuous protein framework of a chromo- 
some to be composed of histone, but Kossel,® the foremost investigator of 
histones, believed that only nuclei of certain kinds of tissues contained his- 
tones. Chromosin was extracted from various cells by Mirsky and 
Pollister.^® This substance can be divided into a soluble histone fraction, 
and a non-histone fraction which contains tryptophane. From lympho- 
cytes of calf thymus, Mirsky and Ris* isolated residual chromosomes, which 
were composed of argitrine, cystine, t 3 Tosine and tryptophane. In addition 
to the basic proteins, histone or protamine, Stedman and Stedman'^ 
isolated a second protein which was designated as chromosomin. Analysis 
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FIGURE 1 


Tracing of a two-dimensional paper chromatoijram of 36-hour 
hydrochJoric acid digest of giant salivary gland chromosomes. Xu 
Xu Xu Xi, and Xi are as yet unidentified substances. Xi is present in 
the brain tissue and is shown here to give its relative position on the 
chromatogram. 
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of chromosomin showed the presence of arginine, histidine, lysine, glutamic 
acid, tryptophane and cystine. 

The similarity of viruses and genes may be of significance in view of the 
chemical and microbiological results obtained by Knight’® on eight strains 
of tobacco mosaic virus. He suggests that in some cases in mutation among 
tobacco mosaic viruses there may be a stepwise change in amino acid con- 
tent. Muller’^ states that chemically tlie gene is of niicleoprotein nature 
and that viruses are composed of ^'nothing but nucleoproteins." As viruses 
fulfil the definition of a gene this lends support to the idea “that the most 
primitive forms of life consisted of nothing else than a gene.” 

With the introduction by Consden, Gordon and Martin’^ of a compar- 
atively simple technique for-the detection of amino acids in very small 
amounts of material, the field of protein chemistry has taken on new as- 
I>ects. One of the important biological applications of protein chemistry 
is in determining the exact nature of genetic material. This recent de- 
velopment of partition chromatography for identification of amino acids 
suggested this metliod of analysis. The Williams and Kirby’^ modification 
of this technique has been used in these experiments. 

Experimental . — Various kinds of tissues of Drosophila virxlis were uti- 
lized for these experiments. The semen including sperm was obtained from 
several hundred adult males. Several tissues from mature larvae were 
also separated for analysis. These included brains, male gonads and 
^saliva^y glands. In addition, chromosomes were mechanically isolated 
from saliyary gland cells using a squash technique. This was done by 
staining in acetocarmine, breaking the cells and nuclear membrane by 
gently tapping a cover slip, washing the chromosomes in 45 per cent acetic 
acid, then picking up isolated chromosomes with a micropipette. As a 
control on the effect of staining, whole salivary glands were stained and 
tested. The tissues were hydrolyzed in 3 N hydrochloric acid for 36 hours 
at 100°C. After hydrolysis, the hydrochloric acid was removed by evap- 
oration at a low temperature under reduced pressure. The residue was 
taken up in a small amount of water, 0.100 ml. for the sperm and chromo- 
somes, and 0.200 ml. for the salivary glands, brains and gonads. An 
aliquot of this, 0.050 to 0.100 ml., was used to prepare two-dimensional 
chromatograms. Phenol was used as the first solvent followed by collidine . 

Figure 1 is a tracing of a chromatogram showing the amino acids which 
were present in the salivary gland hydrolyzate. Several spots reacting to 
give a typical purple color with ninhydrin were observed which do not 
correspond to any of the amino acid known to occur naturally. Some of 
these have been observed by other workers, bu^ differences in conditions 
during the preparation of the chromatograms are such that comparisons 
with earlier observations cannot easily be made. 

Table 1 shows the amino acid composition, of salivary glands, chromo- 
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sonics, brains, male gonads and sperm. X\t which is present in the brain 
tissue, has been noted by us in a variety of other materials, and seems to 
be widely distributed. Xt and X$ have also been observed elsewhere. It 
is probable that some or all of these are amino acids yet to be identified* 
The same amino acids were present in the stained as in the unstained 
salivary glands with the exception of Xa- Its absence may be 
due to the action of tlie stain on this compound. Otherwise no differ- 
ence could be detected between the stained and unstained glands on a 
qualitative nor quantitative scale. The sensitivity of the ninhydrin 
reaction is such tliat if arginine were present in the hydrolyzates it should' 
have appeared on the chromatograms. On the other hand, amino acids 
such as histidine, tyrosine, phenylalanine and proline, may have been 
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present in the hydrolyzates and were not revealed in the chromatograms 
because of the low sensitivity of the reaction of these amino adds with 
ninhydrin. Cystine and tryptophane would be destroyed dtiring acid 
hydrolysis. 

Discussion, — Stanley^* in discussing viruses has pointed out that viruses in 
contrast to sperm nucleoproteins apparently do not have an excess of basic 
amino adds. Since certain properties of viruses have been compared with 
those of the gene it is therefore of interest to note that of the seven amino 
adds found in isolated chromosomes, valine, leucine, glutamic add and 
glydne were present in all the virus strains tested by Knight.^* Aspartic 
acid, alanine and proline were also present in all virus strains tested except 
the CV3 strain. 
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FIGURB 2 

Tracing of a two-dimc^nsional paper chromatogram of isolated 
chromosomes. 


In this work aspartic acid, glutamic acid, glydne, alanine, valine, leudne 
and proline have been demonstrated in the hydrolysate of chromosomes 
isolated from the giant salivary gland nudei of D. virUis using the ascending 
paper chromatography microtechnique. The whole salivary gland con- 
tained these additional amino adds: serine, lysine, threonine, arginine; 
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tyrosine, phenylalanine and four unidentified coupounds which give the 
ninhydrin reaction. Brains isolated from larvae contained the same amino 
acids as the salivary glands with the exception of glycine, arginine and 
three of the unidentified substances present in the salivary glands. Male 
gonads contained all of the amino acids present in the salivary glands with 
the exception of arginine and the unknown substances. Sperm and semen 
from adult males reacted to give glycine, alanine, leucine and valine. It 
should be noted that arginine is not present in these Drosophila testes, 
sperm and semen, or chromosomes, so it may not be an essential part of 
the protein material of sperm or chromosomes of tliis form. 

* Miescher, F., Die Ilisfochemischen und Physiolo£ischen Arbeiten, F. C, W. Vogel, 
Leipzig, 1897. 

» PolUster, A, W.. and Mirsky, A. E., /. Gen. Physiol, 30, 101-^116 (1946). 

* Kossel, A., The Protamines and Histones, Longmans, Green and Co., New York, 
1928. 

* Mirsky, A. E., and Ris, H., J. Gen. Physiol, 31, 1-18 (1947). 

‘ Caspersson, T., Skand. Arch. Physiol, 73, 1-151 (1936). 
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» Heitz, E., and Bauer, H., Zeit. Zellf., 17, 67-82 (1933). 
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STUDIES ON THE BIOCHEMISTRY OF TETRAHYMENA. XIV, 
THE ACTIVITY OF NATURAL PURINES AND PYRIMIDINES* 

G. W. Kidder and Virginia C. Dewey 
Biolocical Laboratory, Amherst College 
Communicated by K. W, Sinnott. September 12, 1948 

The requirement for purines and pyrimidines by Telrahytnena geleii was 
earlier demonstrated. ^ These requirements could be met by the addition of 
nucleic acid to the medium. At the time these studies were made it was 
necessary to add a crude extract from natural sources to supply the “Factor 
11“ activity and this crude extract always contained some purine and 
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pyrimidine activity. Recently, however, it has been found that the Factor 
II requirement can be met by a highly active concentrate of a new vitamin- 
like substance, protogen® and increased pyridoxine, copper and iron,® so 
that the crude concentrate originally employed can be omitted. With a 
medium entirely devoid of purines and pyrimidines it has been possible to 
reinvestigate their requirements in precise quantitative and qualitative 
terms, and to test the activity of numerous analogs as replacers, sparers and 
inhibitors. This communication deals with natural purines and pyrimi- 
dines^ in their effects upon the growth of the animal microorganism, Tetra- 
hymena. 

Material and> Methods . — ^The organism used in these investigations was 
T, geleii strain W, grown in pure (bacteria-free) culture. The base medium 


TABLE 1 

Bask Medium (All Amounts Given in t/Ml. of Final Medium) 


L-arginirie HCl 

83 

Dextrose 

. . 2500 

L-histidine HCl 

36 

Sodium acetate 

. . 1000 

DL-isoleucine 

.... 113 

Ca pantothenal e 

0.10 

L-leucine 

.... 147 

Nicotinamide 

0.10 

L-lysinc HCl 

.... 116 

Thiamine HCl 

l.OO 

pL-methionine 

94 

Riboflavin 

0.10 

L-phenylalanine 

70 

Ptcroylglutamic acid 

0,01 

DL-threonine 

. . . . 138 

Biotin (free acid) 

0.0005 

L- tryptophane 

28 

Choline Cl 

1.00 

PL- valine 

76 

Protogen * 

0.375 

DL-serine 

.... 157 

MgS04-7H,0 

100.00 

L-glutamic acid 

.... 233 

KJIP04 

100.00 

L-aspartic acid 

61 

Caa,-2H,0 

60.00 

Glycine ! 

5 

Ke(NH4)»(S04)3. 611,0 

25.00 

PL-aknine 

5,5 

FcCU-eHjO 

1.25 

L-proIine 

175 

CuC1s*2H20 

5.(K) 

L-hydrox)^roline 

75 

MnCl2*4H»0 

0.05 

L- tyrosine 

67 

ZnCl, 

0.05 

L-cysteine 

3.5 

Tween 85t 

.. 700.00 


• Funiisbed by the Lederle Research Laboratorie^s through the courtesy of Dr. E. L. R. 
Stokstad. 

t Furnished by the Atlas Powder Company, Wilmington, Delaware. 


employed is given in table 1. Growth responses were measured turbidi- 
raetrically as previously described.® In all cases dose response experiments 
were conducted over wide ranges of concentrations of the material being 
tested and the experiments were repeated vaiying numbers of times. The 
results are all based on third serial transplants which, within any given 
experiment, were run in triplicate. 

Results . — Dose response experiments were conducted to test the response 
of the organism to hydrolyzed yeast nucleic acid. Optimum growth was 
obtained upon the addition of 70 y/ml. of final medium (Fig. 1). The ef- 
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fects of the various constituents of nucleic acid were then tested to deter- 
mine the optimum levels of each free base and the nucleosides and nticleo- 
tides, in so far as they were available for te-sting. 

Purines . — It was earlier shown ^ that guanine was by far the most active 
of the purines tested. The results we have obtained in this series of in- 



FXGtJRE 1 

Dose response curve to alkaline hydrolyjscd yeast nucleic acid. 

TABLE 2 

Comparison of Activities of Guanine. Guanosink and Guanylic Acid. Figures 
Kkprrsknt the Amounts Required to Produce Half-Maximum Growth 



WmoRT (t/Ml.) 

Molarity (mM) 

Guanine* 

8.5 

50.0 

Guanosine 

7,5 

23.7 

Guanylic acid 

9.0 

22.5 

Guanylic acid -f- adenine (25 Y/ml.) 

3.6 

8.8 

Guanylic acid 4- adenylic (25 y/rnl.) 

3.5 

8.8 


vestigations indicate clearly that Tetrahymena is entirely incapable of 
guanine synthesis and this purine must be present in the diet in order that 
growth may occur. Moreover, contrary to our earlier conclusions which 
were based on a single concentration, the free base is approximately one- 
half as active as either guanosine or guanylic acid on a molar basis (table 2). 
Guanylic acid is slightly more active, on a molar basis, than the nucleoside 
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(Fig. 2). In accordance with these findings guanylic acid is the preferred 
source of guanine for work of this kind due to its greater solubility and also 
because maximum yields are consistently somewhat higher. 

Adenylic acid supported slight growth when used with the crude Factor 
II preparation.^ This may have been due to a slight guanine contamination 
in the sample of adenylic acid then used (adenine was without activity) 
together with the small amount of guanine in the Factor II preparation. 
In the present medium no growth results in the absence of guanine (or its 
nucleoside or nucleotide) over wide ranges of concentration of either ade- 



FIGURE 2 

Dose response, calculated ou a molar basis, to guanine, guanosine and guanylic acid. 
Base medium plus 60 y/ml, of cytidylic acid. 

nine or adenylic acid. Adenine can be synthesized from guanine but the 
reverse is not true for Tetrahymena. Both adenine and adenylic acid spare 
guanine, however, when added to the medium. Thus the addition of 25 
y/ml. of either adenine or adenylic acid reduces the requirement for guan- 
ylic add for approximately half-maximum growth from 9 y/ml. (22.5 joM) 
to 3.5 y/tnh (8.8 ^M) (table 2). Maximum yields are similar, however, 
whether adenine is synthesized by the organism or supplied in the medium 
(Fig. 3). 

^JXantbine, hypoxanthine and uric acid were tested for replacement and 
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sparing of guanine. Xanthine appeared to replace guanine but only at 
extremely high levels (10(X) 7 /ml.). Growth was very slow and the yields a 
fraction of maxitnuni. We believe that there is every indication here of 
slight contamination with guanine of the xanthine used. When tested with 
suboptimal levels of guanylic acid (10 7 /ml.) there was some sparing action, 



FIGURE a 

‘Sparing action of adenylic acid. Base medium plus 60 7 /ml. of cytidylic acid, 

TABLE 3 

Dose Response to Various Natural Purines in the Presence of Suboptimal 
Amounts (10 7/ML.) of Guanylic Acid 


Amount Added 
(7/Ml.) 

Xanthinb 

— —Optical Density 

Hypoxaktminb 

Uric Acid 

0 

0.262 

0.269 

0.205 

50 

0.270 

0.360 

0.200 

KX) 

0.289 

0.361 

0,208 

160 

0.334 

0.366 

0.206 

2(X) 

0,359 

0.3M 

0.211 

260 

0.376 

0.344 

0.219 


but again the high concentrations required would indicate a guanine con- 
tamination (table 3).t Neither hypoxanthine nor uric acid supported 
growth in the absence of guanine. Uric acid appears to be entirely inert and 
without either inhibitory or sparing action (table 3). Hypoxanthine, on the 
other hand, was active in sparing guanylic acid. The addition of 50 7 /ml. 
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of hypoxanthine together with suboptimal amounts (10 y/nil.) of guanylic 
acid raised the growth to the normal maximum level. A comparison of the 
activities of hypoxanthine, xanthine and uric acid are shown in table 3. 



FIGURE 4 

Dose response to uracil. Base medium plu.s 50 7 /nil. guanylic acid. 

TABLE 4 

Dose Response to Thymine and 2-METHyL-6-BTHOXYMETHVL-6-AMtNO pyrimidine 
(Thiamine Pyrimidine) in the Presence of Suboptimal Amounts of Cytidyi-ic 

Acid (10 y/Mt.) 


Amockt Addbd 
(7/Ml) 

Thyhinb 

— Ol^TlCAL DKNSITY 

TKIAMXMB PviWMIDlNE 

0 

0.220 

0.231 

100 

0.225 

0.229 

200 

0.252 

0.206 

300 

0.204 

0.199 

400 

0.271 

0.189 

500 

0.280 

0.184 

000 

0.301 

0.175 

• 700 

0.293 

0.16:^ 

800 

0.268 

0.154 

900 

0.265 

0.149 

1000 

0,286 

0.150 


PyrimiMnes . — No growth of Tetrahymena occurs when the medium is 
free of pjnrimidtnes. The addition of either uracil or cytidylic acid produces 
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nonnal growth responses. Uracil is more active on a weight basis (1.5 Y/ml. 
for approximately half-maximum growth) than cytidylic acid (4,5 y/ml. 
for half-maximum growth). On a molar basis, however, cytidylic acid is 
slightly more active than uracil (12.5 /uM and 13.4 juM, respectively, for 
half-maximum growth). The addition of 7 y/ml. of uracil (Fig. 4) or of 
20 y/niL (Fig. 5) of cytidylic acid permits optimum growth. We have not 
had an opportunity to test the nucleotide of uracil in the present medium. 

A most interesting fact brought out in this investigation was that cyto- 
sine is without activity for Tetrahymena. It will not serve as a replacement 
for cytidylic acid nor is there any sparing action. Apparently the organism 



FIGURE 5 

Dose response to cytidylic acid. Base medium plus 50 y/m\, guanylic acid. 

cannot metabolize this free base but can readily metabolize uracil. Simi- 
larly thymine is without activity for replacement and shows such weak 
sparing power as to indicate a slight chemical contamination of the sample 
tested (table 4).§ 

A test on the pyrimidine of thiamine (2-methyl-5-ethoxymethyl-6-amino 
pyrimidine) demonstrated that it is not able to replace macil in the medium 
and becomes slightly inhibitory at high concentrations (table 4). 

Discussion . — The failure of Tetrahymena to synthesize guanine from ade- 
nine and its undoubted ability to accomplish the reverse reaction contrasts 
this animal with higher forms in this one respect. Brown, ei a/., ^ showed 
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that when labeled adenine was administered to rats the heavy niixogen 
appeared in the guanine of the nucleic acids, while labeled guanine was 
not incorporated into the nucleic acids. It seems probable that of the 
enzyme systems for the interconversion of adenine and guanine, which were 
present in the animal prototypes, the enzyme catalyzing the synthe^ oi 
adenine was? lost in the mammalian (and perhaps other) lines and that ca- 
talyzing the synthesis of guanine was lost in the ciliate line. 

The nearly equal activity of the nucleoside and nucleotide indicates the 
relative difficulty of the riboside linkage as compared with phosphorylation. 

As brought out earlier the evidence favors the view that this organism is 
incapable of utilizing xanthinCi but h)qx)xanthine spares guanine. Thfs 
may mean that hypoxanthine, with its unsubstituted 2-position, can be con- 
verted to adenine or it may mean that h 3 rpoxanthine has some other definite 
function in the organism (perhaps the synthesis of inosinic acid). No data 
from the present work are available on this point. 

The similarities between our observations on the pyrimidine require- 
ments of Tetrahymena and those of Loring and Pierce^ on Neurospora ore 
striking. Loring and Pierce found that certain mutant strains would not 
grow in the absence of p 3 rrimidines. Nucleosides and nucleotides of uracil 
were many times more active than the free base while cytosine was entirely 
inactive for one strain (1298) and nearly so for a second (H263). Cytidine 
and cytidylic acid were very active. We have not had an opportunity to 
test cytidine, uridine or uridylic acid§ but the results with cytosine as 
opposed to cytidylic acid are identical with the above on Neurospora. 

It appears that Tetrahymena is able to accomplish the linkage between 
the base, uracil and the sugar to form the riboside but cannot do so when the 
base is cytosine or thymine. It may be that the enzyme catalyzing the 
production of riboside is so constituted that it’ will act only at the uracil suir- 
face and the amino group in the 6-position of cytosine or the methyl group 
in the fi-position of thymine block its function. It must be true, however, 
that thymine nucleotide and cytidylic acid are synthesized when the sole 
pyrimidine source is uracil, and that uracil and thymine nucleotides must be 
formed when the only source of pyrimidine is cytidylic acid. This would 
indicate that Tetrahymena possesses the necessary enzymes to methylate 
the 5-po8ition without breaking the nucleotide down to the free base, and to 
substitute the amino for the keto group in the C-position without breaking 
the p 5 rriinidiue-to-sugar linkage. 

Summary , — The animal microorganism, Tetrahymena, requires an exo- 
genous source of purine and pyrimidine for growth. None of the natural 
purines tested, except gxiantne, would support growth. Guanylic acid was 
slightly more active than guanosine and twice as active as guanine on a mo- 
lar ba^. Adenine, adenylic acid and hyoxanthine spare guanine, while 
uric acid is without activity. Xanthine possessed low sparing activity at 
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high concentrations but this can probably be attributed to a slight diemical 
contamination of the sample used. 

Uracil or cytidylic acid can serve as the pyrimidine source for Tetrahy- 
tnena while cytosine and thymine cannot. Cytidylic acid and uracil are 
nearly equal in activities on a molar basis. Neither cytosine nor thymine 
possesses sparing action. Thiamine pyrimidine (2-metbyl, 5-et3ioxyinethyI, 
6-ammo pyrimidine) is slightly inhibitory at high levels. 

* Supported by a grant from the XT. S. Public Health Service and a grant recom- 
mended by the Committee on Growth acting for the American Cancer Society. 

^ X Since this paper went to press a sample of synthetic xanthine was prepared for 
us by Dr. George H. Hitchings. This compound exhibited no guanine activity. 

{ Since the above was written we have had the opportunity to test the following 
compounds; diammonium uridylatc (prepared in the laboratory of H. S. Loring) ; 
cytidine (from the I^vene collection); thymidine (sent to us by Dr. E, L. R. Stokstad), 
The uridylate and the cytosine exhibited the same activity, on a molar basis, as cyti- 
dylic acid. The thymidine was inactive. The range of concentrations of thymidine 
tested, however, was extremely limited due to the small amount of the compound 
available. 

* Kidder, G. W., and Dewey, V. C., Arch. Biocfwm., 8 2ft3 (1946). 

* Stokstad, E. L. R., Hoffman, C. E., Rezan, M. A., Fordham. 1)., and Jukes, T. M., 
Ibid: (in press). 

* Kidder. G, W., and Dewey, V. C., Ibid, (in press). 

* Cytosine was obtained through the courtesy of Dr. George H. Hitchings of the 
Wellcome Research Laboratory; thiamine pyrimidine was obtained through the cour- 
tesy of G. W, Lewis of Merck Research Laboratories, while all of the other purines and 
pyrimidines were obtained from commercial sources. 

‘ Kidder, G. W.. and Dewey. V. C., Proc. Nat. Acad. Sci., 34 , 81 (1948). 

* Brown, G. B., Roll, P. M., and Plentl, A. A., Federation Proc., 6, 617 (1947). 

^ Loring, H. S., Pierce, J. G,, J. Biol. Ckem., 153 , 61 (1944). 


ON LEAF ARRANGEMENT IN METASEQUOIA 
GL YPTOSTROBOIDES 

Bv Thomas Morley 

Botany Department, University op Caufornu, Berkeley 
Communicated by R. W. Chaney, October 1, 1948 

Recently I had occasion to aid Dr. Ralph W. Chaney of this institution in 
arriving at a more exact understanding of the phyllotaxy of Metastqwki 
glypiostroboidts Hu and Cheng, and the results of this investigation* seem 
worthy of recording. 

It has already been pointed out that the leaves of . glypiostroboides are 
arranged decussately,^ and indeed this is quite plain in some ports of the 
plant; however, modifications of this arrangement occur which make a 
more detailed statement of value. 
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The material examined includes a series of herbarium specimens from 
eastern Szechuan and northwestern Hupeh, China, collected by C. T. Hwa; 
seedlings grown by N. T. Mirov, of the California Forest and Range Experi- 
ment Station from seeds collected on the Hsieh expedition of 1947; and 
young trees and staminate spikes collected by R. W. Chaney in March, 
1948. 

The shoots of M. glyptostroboides are of two kinds, “long*' shoots in which 
growth is usually indeterminate, and “short” shoots with usually deter- 
minate growth; the latter are deciduous as units. Long shoots can start 
growth as short ones, and vice versa. Conceivably, shoots of an interme- 
diate nature may be found, although so far I have seen none. 

The long shoots, as in other plants witli shoot dimorphism, are found at 
the ends of the more rapidly growing branches and at the tip of the vertical 
axis. On the vertical axis there is little tendency for the leaves to become 
distichous by rearrangement, and it is here that the decussate phyllotaxy is 
most apparent (Fig. 1, X 1). On the lateral branches, in young trees and 
presumably at the tops of older ones, the decussate arrangement may still 
be obvious near the vertical axis where the square stem of the lateral branch 
is oriented horizontally and vertically, as seen in cross-section. But a few 
inches from the vertical axis the stem gradually twists to assume a position 
position of about 45® from the horizontal, and the leaf pairs bend on their 
bases toward the horizontal, thus more or less approaching a two-ranked 
condition. Here there may be found some twisting of the stem between 
nodes such as will be described under the short shoot, but only a very slight 
twist has been observed. 

The short shoots are borne in the axils of the leaves of the long shoots 
(Fig. 2, X Va)^ and also in leaf axils of short shoots in many cases. They 
usually come to lie more or less parallel with the ground, as do the mature 
leaves of the shoot. Frequently short shoots will continue growth, branch, 
and may start growth as long shoots. Branching short shoots apparently 
may be the only means of growth in some of the slower growing branches; 
further examination of specimens taken during the growing season from 
mature trees is necessary to ascertain this point satisfactorily. Most often 
the leaves of short shoots are much more closely spaced than those of the 
long, but sometimes a short shoot will grow rapidly with widely spaced 
leaves, in such cases the most reliable means of distinguishing between the 
two shoots is by comparing their growing terminal buds, which, with their 
subtending leaves, have quite characteristic forms. Also, those of the long 
shoots (Fig. 1) often have a darker, more blue-green color than those of the 
diort shoots (Figs. 3 and 4, X 1). 

Leaves of the short shoots are also decussately arranged, but it is only in 
the terminal bud that this arrangement is unmodified. Figure 5 ( X 35) is a 
camera lucida drawing of a cross-section of such a terminal bud, made at the 
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level of the apical meristem. Here are seen six pairs of leaf primordia, five 
of them in regular decussate arrangement. However, as each successive 
leaf pair enlarges and opens outward from the bud, its node twists so as to 
bring the leaf bases into a plane approximately parallel with the ground. 
**Node'' is here used to indicate only tlie attachment point of the leaf blade, 
disregarding the decurrent base. The change from non- twisted to twisted 
intemodes is usually quite abrupt: there is no twist between the nodes of 
the fifth and sixth primordia shown here, and there is a 75^ twist between 
nodes of leaves six and seven. The turning of the leaf pairs is evidently de- 
pendent on their attaining a certain size, when the force produced by the 
acting stimulus is sufficient to bring about a turning. The nature of the 
stimulus is not certain; it seems likely that light is the primary factor. 
Application of the force is apparently at the nodes, as would be expected. 
Alteniating nodes rotate respectively clockwise and counterclockwise, 
bringing all the leaf bases into the same plane with an angular twist of 
slightly less than 90° between any two nodes. 

A^Tien the bud is growing vigorously (Fig. 3) one pair of enlarging leaves 
closely follows another, and as one starts to turn toward the plane of the 
mature leaves in one direction, tlie next is apparently already exerting some 
force in the opposite direction; this results in the terminal bud remaining 
oriented at about 45° from the leaf plane, as seen in end view. How- 
ever, when growth has slowed down considerably (Fig. 4), one pair of leaves 
may enlarge and turn before the next has reached an appreciable size, and 
in this event the whole bud will turn as the leaf pair turns, there being no 
opposing force. When this happens the next oldest leaf pair is auto- 
matically brought at right angles to the leaf plane, and when it in turn opens 
outward, its node will rotate in the opposite direction, bringing the follow- 
ing leaf pair to a right angle position, and so on. In either case the effect on 
the stem is the same. 

In order to illustrate the twisted nature of the stem, figure 6 has been 
drawn to show diagrammatically an enlarged segment of the mature stem 
of a short shoot, and in figure 7 (X 21) are shown camera lucida drawings 
of stem sections (material from C. T. Hwa, collection no, 179) taken from 
positions corresponding to those indicated in figure 6. The sections are 
shown as seen frorn the tip of the shoot looking toward the base and are 
taken in that order; the dotted line indicates tlie level of the stem as seen in 

In section A-A^ the two leaf traces (/) are seen as they have just entered 
the cortex, and the shape of the pith indicates that the leaf gaps (g) ex- 
tend as grooves in the xylem above the points of actual junction of the 
traces. In B-B* the position of the leaf traces and gaps indicates that the 
whole stem is twisted at a 45° angle. One leaf trace has already joined the 
vascular (ylinder, and the other is about to join it. The rather frequent 
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occurrence of leaves which are not quite opposite one another at the node 
is probably of little significance ; in some such cases the leaf traces join the 
vascular cylinder unequally and in others they do not, vSection C“C' com- 
pletes the 90^ twist; the traces of -4-^4' are fully fused with the vascular 
cylinder and those of C-C have entered the cortex. Again the leaf gaps of 
the traces of are st^en to extend as grooves, this time below the 

fusion points of the traces. The groove extensions of the leaf gaps give 
anatomical evidence of the decussate phyllotaxy, since where grooves of ad- 
jacent nodes overlap, those of one node are always 90° apart from those of 
the next. and /v show the same procedure occurring, this time in 

the reverse direction, and therefore there is no continuous spiral. 
illustrates the twist starting again clockwise as in 

The amount of twist between nodes may vary greatly from one shoot to 
another; in one very young tree the variation was from almost no twist in 
some to a full 90° twist in others. Even in the same shoot the amoupt of 
twist. varies considerably, apparently at random. In one observed case 
circumstances had produced a 100° twist between two nodes. The average 
seems to be roughly 75°. Differences in amount of twist axe compensated 
for by a bending of each leaf on its base toward the horizontal, so that all 
short shoots appear flat-ranked. However, in the older short shoots which 
have continued growth and increased considerably in diameter, there is fre- 
quently a reorientation of the leaves on their bases away from the horizontal 
plane, so that the position of the leaf indicates more nearly the position of 
the leaf base. This gives the appearance of the stem’s untwisting, but it is 
very doubtful if such a thing occurs. 

The twisted stem so typical of the short shoot is also found in the ma- 
jority of cases in tlie spike bearing the staminate strobili. Again there is a 
great deal of variation in the amount of twist between nodes, and some 
spikes show almost none. Investigation shows the internal situation to be 
much the same as in the short shoot, the traces from the leaves subtending 
the strobili and the leaf gaps following the same pattern. 

The shoots bearing the ovulate strobili in most instances show little or no 
twisting between nodes. Details have not been investigated but it seems 
reasonable to assume that where twisting is present the behavior of traces 
and gaps will be essentially the same as in the short shoot. 

No attempt has been made here to compare M. glyptostroboides with other 
apparently related genera, such an undertaking being beyond the scope of 
this paper. It is hoped that these facts may help in leading to a better 
understanding of the nature and relationships of this interesting tree. 

» Stebbin3,*G. L., Jr., Science, 108 (2796), 06-98 (1948) ; Hu, H.-H., and Cheng, W.-C., 
Bull. Fan Mem. Inst. Biol., N. Ser., 1 (2), 153-161 (1948), ^ 
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AN ASCENT OF KOROYANITU 
• Bv A. C. Smith 

Smithsonian Institution, Washington, D. C, 

Communicated by E. D. Merrill, October 4, 1948 

Koroyanitu is the high point of the Mt. Evans Range, a high and narrow 
ridge rising from the grassland hills of northwestern Viti Levu, This largest 
island of the Fijian archipelago is physiographicn,lly separable into two parts 
by a central mountain axis dominated by the Rairaimatuku Plateau, an 
extensive forested area with an average elevation of perhaps 800-900 me- 
ters. The western half of Viti Levu and a strip along the north coast are 
relatively dry savanna and bush, locally known as the talasinga country. 
The eastern half is wet forested land, called by the natives the veikau. The 
line of demarcation between these two types of land is often well defined. 
The Mt- Evans Range lies entirely within the dry zone of Viti Levu, but in 
height it is third on the island, exceeded only by Tonianivi, near the north- 
ern edge of the Rairaimatuku Plateau, and Korombasambasanga, south of 
tlie plateau. Because of its altitude (1195 meters), the Mt. Evans Range 
receives a heavy rainfall on its upper slopes and is well forested above an 
approximate 700 meters. Isolated from the main forest of Viti Levu by 
many miles of low, broken, reed-covered talasinga, tlie forested upper slopes 
of the Mt. Evans Range offer a tempting goal to a botanist. This range was 
selected as my first objective during a recent botanical reconnaissance of 
Fiji in 1947-1948.' 

The Mt. Evans Range had the further advantage, in the eyes of a botani- 
cal explorer, of being essentially unknown botanically,^ although it had been 
explored by some of the surveyors who in recent years have provided the 
Lands and Survey Department, of Suva, with excellent detailed maps of the 
larger islands. 

As headquarters for my five-week reconnaissance of the Mt. Evans 
Range, the Fijian village of Nalotawa was selected. Nalotawa lies at the 
eastern base of the Mt. Evans Range and has on elevation of about 550 me- 
ters, being situated in a wooded valley in the grassland, but only a mile or 
two from the beginning of the forest on the slopes of the range. On a prear- 
ranged day about 15 Fijian “boys"' from Nalotawa met me and my *‘head 
assistant,'" a capable young Fijian named Tanieli Rawangga, at a sugar- 
cane plantation in the valley of the Mba River, to which point we had 
brought our supplies by truck. The professional tropical plant collector 
cannot travel light; he must have a supply of collecting paper, blotting- 
paper driers, corrugated boards, presses, straps, stoves and kerosene for 
drying specimens, axes, machetes, sundry other tools, and staple food sup- 
plies for whatever period he plans to remain in “the bush." My 15 carriers 
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were loaded witli 30 or 40 pounds each when we finally left the road. In 
making contact with village people and in arranging for carriers it is quite 
essential, in a country like Fiji, to work through the chiefs and to have the 
proper ofilcial introductions. Throughout my work in that Crown Colony 
I have enjoyed the kindest cooperation from British officials and from Fi- 
jians of all classes, from “Rokos" and '‘Mbulis'’ (the principal provincial 
and district chiefs) to the simplest villagers. 

Our route led westward from the Mba River over gently rolling grassy 
hills for a few miles, and then upward with increasing precipitoUsness along 
the sharp lower sjjurs of the Mt. Evans Range. These sharply dissected 
lower slopes are covered with mixed grasses; in northwestern Viti Levu an 
introduced grass, Pennisetutn polystachyofit has taken control of vast areas 
and has swamped the native vegetation. It is a tall grass, farming dense 
stands two meters or more in height, and its leaves and slender inflorescences 
encroach \xpon the trail, giving one the impression that one is struggling 
through an endless wheat field, but a wheat field as nearly vertical as hori- 
zontaL The trail follows the crests of ever-steepening spurs, from which one 
looks down startling slopes to tlie little bush-filled valleys far below. After 
about ten miles of arduous walking, we came abruptly to the crest of a ridge 
and saw below us, among mango and orange trees, the houses of Nalotawa, 

The remaining hours of our first day were sfKmt in a continuous pow-wow 
with all the adult male members of the community, in the large and ex- 
cellently built native house of Tui Yaketc, the ranking chief of a group of 
five adjacent villages. From time to time we were served yanggona in the 
ceremonial Fijian manner; this beverage, the kava of the Polynesians, is 
prepared from the root of Piper methysHchum and is consumed on every 
plausible occasion by the Fijians. No business transaction can be carried 
on, no arrival heralded, no departure consummated, without recourse to the 
yanggona bowl and its attendant rigid ceremony. Coming at length to the 
point, Tanieli explained my work to the villagers and presented my official 
credentials; Tui Yakete reciprocated by turning over to us his house as 
living and working quarters, assigning men to work with us in the field, and 
promising to supply us with staple native foods. Finally I was able to seek 
my sleeping mat, but this evening — ^and most evenings, as I learned— many 
villagers stayed in the house after I retired and continued tlxeir conversation 
quite uninhibited, from time to time dozing on the mats. It is considered 
impolite in Fiji to terminate a visit abruptly. 

For the first few days I collected on the slopes of the range, following the 
same route higher each time. The route selected for our ascent of the range 
lay over the saddle of a massive eastern outlier, which itself is dominated by 
a huge pinnacle of bare rock known as Nairosa or *‘The Thumb.’* From the 
base of the actual pinnacle, which has an elevation of more than 1000 me- 
ters, we were able to obtain excellent views over the countryside and to plan 
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our further route. This followed a narrow ridge to the eastern flank of the 
main range itself. Several of my willing assistants spent a day cutting a 
rough track through the dense vegetation of this ridge. Directly below the 
main peak of Koroyanitu they located a fairly level spot on the ridge, not 
far from a tiny stream, cleared a sniall camp-site and set up a canvas fly. 

I usually planned to have four or five Fijians accompany me on field 
trips, as this many helpers are desirable in a forested country where cutting 
of tree specimens is a frequent necessity; tropical woody specimens are so 
bulky that, if several duplicate sets are obtained, a quantity of material 
needing several men to carry is the result of a good day's work. When the 
day arrived for our ascent of Koroyanitu, however, ten boys of the village 
presented tliemselves. Although the peak is not distant from the village, 
only one of these boys had previously ascended it, and he had been a sur- 
veyor's carrier many years before. With this considerable retinue of ten 
local boys and Tanieli, carrying collecting vSupplies and food for a couple of 
days, I left Nalotawa on May I to put “operation Koroyanitu" into effect. 
We were accompanied by numerous hunting dogs, in case we should locate 
a wild pig. On an earlier day this hunting pack had had a brush with a wild 
pig with rather unsatisfactory results from a canine point of view, one dog 
being completely eliminated and another being lost for three days in the 
vtikau, finally finding his way home badly crippled. One has to admire the 
temerity of these Fijian hunters, who track down and kill often dangerous 
wild pigs with no other weapon but a metal pike. 

We entered the forest on the slope of Nairosa and proceeded along the 
now familiar lower part of the trail. It was a fine day, but even so the forest 
was dark and gloomy, as the sun does not penetrate to the ground through 
the dense canopy of the trees. Underfoot were boulders of all shapes and 
sizes, and the wet clayey soil, so characteristic of the Fijian hills, made the 
walking difficult as the slope gradually steepened. Soon the spectacular 
peak of Nairosa towered above us, discernible through occasional breaks in 
the foliage. Passing through the saddle below this pinnacle, we emerged on 
the long curving ridge and followed it westward. Our route was now more 
level but even more difficult underfoot, as the vegetation of the exposed 
ridge was windswept and tangled, interlaced with scrambling ferns and the 
branches of a sprawling Freydnetia. » 

Soon after noon we had crossed the diminutive stream which represents 
the “highest water" on this slope, and ten minutes' climb above this I 
found the camp-site which my advance party had selected ; indeed they had 
located the only even approximately level spot.in the vicinity. Here we had 
lunch and rested. After a while I set some of the bo3rs to work extending 
our minute clearing, others to cutting a trail toward the summit, and took a 
couple with me to collect in the immediate vicinity. From our camp-site 
we could not see Koroyanitu, but a frontal and slightly lower peak, Koro- 
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ynasamama, towered above us; it is Fijian custom to give each peak a 
separate name, btit actually I could not ascertain that the natives had any 
name for the entire range which Europeans in the vicinity call the Mt. 
Evans Range. The vegetation near our camp was of upland crfest type, 
with gnarled and dwarfed trees jammed together in a dense moss-cloaked 
forest. Few individual trees in such a habitat exceed six or eight meters in 
height; only on the sheltered slopes of ridges, or in deep wet valleys, do 
individual trees attain a larger size. The components of this upland forest 
are exceedingly varied and so mixed that no species can be considered domi- 
nant. Of frequent occurrence among the trees, however, were two conifers, 
probably Podocarpus spp.,* a small-leaved Alphitonia^ and species of such 
genera as Alstonia, Hedycarya, Tapeinosperma, Aglaia^ Elaeocarpus, Doli- 
cholobiutn, etc. Several undershrubs of the beautiful genus Cyrtandra bore 
attractive white flowers, as did various species of the ubiquitous genus 
Psyckotria. The whole mass of woody vegetation, at this altitude, is inter- 
laced with lianas of the genera Medinilla, Maesa, Agatea, and Morindat and 
quantities of epiphytic ordiids, ferns and small cryptogams cover the wet 
branches and the vegetation-debris underfoot. Several hours of diligent 
collecting gave us a fair sample of the vegetation surrounding our camp, and 
at the end of that time we were all ready to enjoy our supper of yams, ndalo 
(Colocasia) , tinned meat and tea. The members of my crew left at the camp- 
site had occupied themselves to good purpose, making rough shelters for 
themselves and even clearing a “line'' through the tangled forest to give us 
a perfect view of the piimacle of Nairosa, with which we were now on a level. 
This concession to scenic appreciation I particularly approved at dawn the 
next morning, when the rising sun outlined the black pinnacle against a red 
sky, setting up for me a kodachrome picture which serves to remind me that 
on rare occasions, at least, it can be a pleasure to arise at dawn. 

We were indeed fortunate to have a second clear morning, for in the Fijian 
mountains one cannot expect two consecutive days without rain. Even on 
clear days the clouds gather quickly on the summits, and so one's only hope 
of good visibility from the peaks is to reach them early in the day. Starting 
from our camp-site immediately after a quick breakfast of yams, ndalOt and 
tea, we followed the trail which our advance guard had slashed the pre- 
ceding afternoon. This final ascent ^was a bitterly steep and rough climb 
among roots and huge boulders, winding around the base of Koroynasa- 
mania, and finally up a precipitous cliff, to emerge suddenly from the im- 
peding tangle of vegetation onto the summit ridge. Although it is difficult, 
from below, to pick out the high point of the Mt. Evans Range, one has no 
doubts when standing on Koroyanitu, for this knife-edged crest emerges 
from the jumble of ridges and clearly overtops its neighboring peaks. We 
took turns standing upon the high point, which is a conglomerate boulder 
about two meters in diameter. The view from this vantage point, on our 
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remarkably clear morning, was spectacular. To the west we looked down 
on the Viti Lcvu coast and the town of Lautoka, while the entire Yasawa 
chain of islands was spread before us, lying hazily on the blue sea, dwarfed 
by distance and made insignificant by our height. To the south the mass of 
the Mt. Evans Range impeded much of the view, but the distant Koromba/ 
green with its summit forest, stood above the yellowed and sharply eroded 
grassland hills. To the east lies Nairosa, now well below us, and the mass 
of Viti Levu, its rough undecipherable topography leveling off in the distant 
Rairaimatuku Plateau; on this day even Tomanivi was briefly visible, but 
soon it was engulfed by the cloud mass which so often lies upon the central 
plateau. By ten o’clock the visibility had dwindled to the immediate fore- 
ground, and the rest of the day was intermittently foggy and cloudy. 

The summit ridge of Koroyanitu proved to be a collector’s dream, and for 
a long time 1 could only put into the press as rapidly as possible the offerings 
brought by my interested and observant boys, who now knew that I wanted 
ten duplicates of each flowering or fruiting plant. Eventually we worked 
southward on the ridge for a mile or so, collecting carefully as far down the 
steep slopes as was consistent with safety. At noon we made a clearing 
from which we could obs^ve the nearby summit of Mbotilamu, and here we 
had our lunch of yams, ndulo, tinned fish, and tea. The vegetation of the 
summit was superficially similar to that of the camp-site, but many differ- 
ent species were observed and collected. Noteworthy were four distinct 
species of Piper (the genus which provides yanggom), and on the highest 
boulder I was pleased to observe a plant of Medinilla longicymosa, the 
beautiful pink-bracted melastome which occurs only on Viti Levu, and there 
only on a few of the higher peaks. A locally common fern is Oleandra 
ParksU^ most unfernlike in appearance, with its erect rhizomes forming stiff 
thickets a meter high and its fronds simulating the leaves of an angiosperm. 

When we had returned to the camp-site it was three o’clock, and a storm 
was rapidly gathering. As I contemplated the prospect of spending a wet 
night on this exposed spot and the difficulties of returning down a wet trail, 
I suggested to the boys tliat we break camp and make a quick return to the 
village before dark, if possible. This necessitated a conference of all hands, 
in which the pros and cons were carefully discussed, regardless of the mo- 
ments slipping by. The ayes won out, and so the camp was folded up and 
the remaining yams and ndalo, which had thoughtfully been cooked at 
breakfast time, were eaten (for it would have been foolish to cany them 
back to the village, and improvident to abandon them). At length we de- 
parted, slithering down the wretched path, among the gloomy trees, around 
the dark boulders and massive roots, at a definitely good pace. The deci- 
sion was a fortunate one, for hardly had we reached the edge of the forest 
before we were caught in the advancing storm. The last part of the descent, 
in semidarkness over the rain-soaked grassy trail, brought us to Nalotawa 
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before total darkness. Clouds enveloped the mountain throughout the 
night and the next day, and we had no cause to regret our precipitate re- 
treat. Mountain camps in the rain are scarcely enjoyable, and one develops 
an appreciation of the comparative comforts of native villages. 

After such a profitable trip as that described above, I had to spend two or 
three long days working in the village, making notes and preparing, pressing 
and drying the specimens. vSuch days were pleasantly spent, as a good 
Fijian house makes a fine headquarters, and one is assured of congenial com- 
pany. When I had finished my work in the evening, many of the villagers 
would come to visit and we would sit on the mats drinking yanggona and 
conversing, by way of Tanieli as my interpreter. Fijians are tireless con- 
versationalists, and otie hears, every evening, a steady hum ascending from 
the village houses. But they are definitely unacquainted with the spirit of 
Shakespeare’s lines which Proust uses to intr(xiuce his great novel : 

"'When to the sessions of sweet silent thought 

I summon up remembrance of things past, ...” 

The foregoing episode, covering a few days in the life of a plant taxono- 
mist, may serve to acquaint the reader with the Jirst step in a phytogeo- 
graphical problem. In most tropical countries we are still in the "alpha” 
phase of plant classification, when the flora is so imperfectly known that 
novelties may be expected and gaps in the distributional data are obvious. 
During the nine months which I spent in Fiji in 1947-1948, some 26,000 
herbarium specimens were collected and prepared, these representing up- 
ward of 2900 field numbers. The first set of material has been deposited in 
the herbarium of the Arnold Arboretum, and the nine duplicate sets will be 
semt to some of the other large world herbaria. Supplementary material 
consisting of 220 wood samples and flowers and fruits in preservative was 
also acquired. 

What is the puiq^ose of such collections ? The unattainable goal of system- 
atic botanists is to record the distribution of all plants and to classify them 
in a system which will, in some manner, depict their phylogenetic history. 
The primary purpose of our great herbaria is thus to present a picture, by 
means of representative specimens, of the composition of the modem plant 
world. These herbaria must be the chief basis for future monographic and 
phytogeographical studies. But they also serve many others b^de the 
taxonomist; the economic botanist, the ethnobotanist, the morphologist, 
the geneticist, and students of many other disciplines Seek much of their 
basic data in the collections and publications of systematic botanists. 

‘ The mentioned botanical excursion, of which this paper briefly details a single epi- 
sode, was made by the writer under the auspices of the Arnold Arboretum pf Harvard 
University and was largely financed by a John Simon Guggeuhdm Memoriiti Founda- 
tion Fellowship. Generous financial support was alSo received from the Bachb Fund 
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of the National Academy of Sciences and the Penrose Fund of the American Philo- 
sophical Society. To these organisations the writer is deeply grateful . 

* Mr, William Greenwood, a resident of Lautoka, Viti Levu, and an enthusiastic ama- 
teur botanist, has made several excursions to the western slopes of the Ml, Evans Range 
and has ascended the subsidiary southernmost peak, Mbotilamu, which is only slightly 
lower than Koroyanitu. As a result of Mr. Greenwood's excellent collections, which in 
recent years have been sent to the Arnold Arboretum for study, several new species of 
flowering plants were discovered on and neiir the. Mt. Evans Range, including Elatostema 
Greenwotydii, Dysoxylum pilusuftJt Pterocymhium oceanicunt and Tapeinosperma Grern- 
woodii. The unusual features of Mr, Greenwood's collections first called the writer's at- 
tention to this neglected area and gave it priority when the opportunity to pursue field 
work was offered. 

* Although representative specimens were obtained from all the plants mentioned, 
their exact botanical identification must await detailed study of the entire collection. 

* Pickering Peak of the Europeans, and the second isolated forested range of western 
Viti Levu. An ascent of this was subsequently made by the writer; it is somewhat 
lower than Koroyanitu, but is more isolated and offers a more difficult climb. 


NUTRITIONAL LIFE HISTORY AS INFLUENCED BY DIETARY 
ENRICHMENTS, IIL FULL^LIFE DATA OF 1946H948 
EXPERIMENTS^ 

By Henry C. Sherman and Constance S. Pearson 
Department op Chemistry, Columhia Univefsitv 
Communicated October 22, 1948 

In previous papers of this series^ - * we have reported that starting with 
a basal diet of natural foods containing 14.4 per cent of protein and 0.2 
per cent of calcium, with laboratory-bred rats as experimental animals, 
supplementation with meat protein results in more rapid growth and 
earlier reproduction, but occasionally at some cost to stability. Usually 
but not always there has been spontaneous recovery. 

Such experiments have now been extended to larger numbers; and, in 
the cases started earliest, to the completion of the life histories. 

Table 1 summarizes the average findings for all of the completed full-life 
studies with the two diets chiefly used in our earliest-started experiments. 
Comparing the first two columns of figures in this table it will be seen that 
the larger numbers of findings fully confirm our previous report of more 
rapid growth and earlier puberty in the animals receiving the protein 
supplement. These animals also reared somewhat more and larger young 
Their distinctly lesser average age a.t death is doubtless due to the greater 
incidence .of premature deaths in early adulthood. 

HfThe last 3 columns of tabic 1 give the average finding of 5 comparisons 
of litter mates receiving, respectively (1) the basal Diet A (Diet 16) alone 
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(2) Diet 16 P 5 consisting of Diet 16 plus a supplement of 5 g. of meat six 
days each week, and (3) Diet 16 P 10 containing twice as large a meat (pro- 
tein) supplement. This was a series in which no premature deaths oc- 
curred, and the lengths of life on the three diets were essentially alike. 
In other respects also, the two levels of meat feeding (protein supple- 
mentation) yielded practically the same results. 

TABLE 1 

Average Records of Female Rats on^ Diet 16 Alone or with Protein (Meat) 
vSupplement: Completed Lives 

ALL COMPARABLU CASUS FIVU CASKS BACK 

ON TUBSB TWO DlBTS LtTTK«-MATB PARALLBLfl 


Gain in body wt., 28th '56th days 

16 CASBtt 
ON 

OtBT 16 

10 CASBS 

ON 

DIBT 16 P 5 

ON 

DIBT 

10 

ON 

DIBT 

16 P 5 

ON 

WET 

16 P 10 

of life, g. 

43 

. 00 

37 

62 

62 

Age at birth of first young, days 
Number of young borne, per 

121 

107 

120 

100 

94 

female 

Number of young reared, per 

40 

41 

5o 

45 


female 

Average wt. of young at 28 days, 

28 

34 

24 

36 

43 

g* 

39 

44 

40 

46 

43 

Age at death, days 

820^ * 

668t 

846 

849 

906 


* One of the 16 of this series died before 400 days of age. 
t Four of the 19 of this series died before 400 days of age. 


While the figures in table 1 are believed to give a valid general impres- 
sion, they arc not offered as a precise measure either of the incidence of 
“premature” deaths or of the effect of protein supplementation. More- 
over, as pointed out in our previous papers^ ^ the occasional unfavorable 
reactions are very largely prevented by increasing the calcium content of 
the diets receiving the extra protein. Experiments to determine the effect 
of such calcium supplementation are still in progress, and these with their 
controls will also increase the volume of data from which to judge the 
occasional suggestions of imbalance, 

TABLE 2 

Early Growth and Length of Life op Male Rats on 

10 CASK# ON 
niET 16 

Gain in body wl., 28th-~56th days of lifts g* 49 
Age at death, days 741 


Diets 16, 16 P 5 and 16 P 10 

10 CASItS ON 6 CAttIca ON 
BIET 16 P JS DIET 16 P 10 

82 78 

748 711 


Table 2 summarizes the data of growth and length of life of the males 
corresponding to the females represented in table L The proton supple- 
mentation clearly increased the rate of growth in the males and to about 



VoL. 34. 1948 


GENETICS: CASPAR! AND RICHARDS 


687 


the same proportionate degree as in the females. The length of life was 
not significantly influenced in either direction. There were no “piematute" 
deaths among the 26 male rats used in these experiments. Nor have we 
observed in any of these males the symptoms of excessive nervousness 
which occasionally appeared among the females as previously described. 

* Aided by grants from the Johp and Mary K. Markle Foundation to Columbia 
University. 

1 Sherman. H. C,, and Pearson, C. S,. Pkoc. Nat. Acad. Sci., 33, 264-266 (1947). 

* Sherman. H. C.. and Pearson. C. S.. IbU., 33, 312-314 (1947). 


ON THE PROTEINS OF AND aa EPllESTIA 

By Ernst Caspari and Josephine Richards* 

Department of Genetics, Carnegie iNSTirirrioN of Washington. Cold Spring 

Harbor, N. Y. 

Communicated by M. Demcrec. September 27, 1948 

It has been shown previously that lack or reduction of pigment in a 
number of organs in Ephestia homozygous for the gene a is due to lack of 
kynurenin, a precursor of the pigment.' Kynurenin is formed from trypto- 
phane in the metabolism of a*^-animals.^ In aa moths the tryptophane con- 
tent of the proteins is higher than in the wild tyi)e.^ Since no concomitant 
increase in protein nitrogen was found, it was concluded that either a new 
tyiie of protein is formed under the influence of the gpne a, or that pro- 
teins rich in tryptophane replaced others poor in tryptophane. In cither 
case, the protein make-up of the cell would be changed. 

Since proteins i>erform important functions in the cell, it should be ex- 
pected that other characters of the cell are also changed. Actually it has 
been found that fat content,''^* * viability/ speed of development^ and 
possibly Os consumption of homogenates* are reduced in aa animals. It 
has been concluded that as a result of the mutation a the biochemical 
make-up of the cell is changed in several respects. 

The characters influenced by tlie geues and a are summarized in table 
1 . Included in this table are the effects of a third allele a* as far as they are 
known. Besides differing in a number of pigmentation characters, a"*" and a 
differ from each other in chemical composition (kynurenin content, trypto- 
phahe content, fat content), and in some general biological characteristics 
such as viability and speed of development. The gene a* appears inter- 
mediate between and a, as far as pigmentation characters are con- 
cerned* . The; same appears to be true for kynurenin content, since 
mothers were able to pass on a substance capable of darkening larval ocelli 
to their aV offspring, and since the same maternal effect was observed in aa 
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offspring from aa mothers into which degenerating ovaries had been 
/ grafted.* The speed of development, on the other hand, is still more re- 
duce^ in than in aa. With regard to pigmentation characters and 
k 3 murenin formation, the series of genes would be > a* > a, while with 
regard to speed of development they wonld be arranged in the order > 
a > a*. Similar differences in serial arrangement in multiple alleles accord- 
ing to the characters observed have been repeatedly found. The remaining 
characters have not been investigated in aV. 

It appears difficult to decide in which physiological order the different 
characters observed should be arranged. It was proved by injection ex- 
periments^ that the pigment reduction in aa is due to lack of kynurenin. A 


TABLE 1 

Plkiotropic Effects of the Genes a a and a 


A, 

Pigmentation characters 

a * 


aa 


1, Eyes 

Black 

Brown 

Red 


2. Brain 

Brown 


Light pink 


3. Testes 

Pigmented 

Weakly 
pigmented — 
colorless 

Colorless 


4, Larval ocelli 

Strong 

pigmentation 

Intermediate 

pigmentation 

Weak 

pigmentation 


5. Larval hypodennis 

Pigtnehted 

Colorless 

Colorless 

B. 

6. Proteins 

Chemical constitution 

Pink 


White 


7. Kynurenin 

Present 

Redticed in 
um^mnt 

Strongly reduced 
or absent 


8. Protein tryptophane 


•> 

Increased 


9. Ether-extractahje 
•substances 


? 

Reduced 

C. 

General biological characteristics 

10, Viability 

1 1 . Speed of developttH*nt 

Reduced 

Strongly 

reduced 

Reduced 

Reduced 


12. 0* consumption in homogenates 

? 

Reduced ? 


block of the oxidation of tryptophane to kynurenin may be considered to be 
the primary effect of the gene a. The non-oxidized tryptophane would then 
be stored secondarily in part in the protein^ Which are consequently quali- 
tatively changed. The reduction .in fat coiitent, in viability and in speed of 
development may be assumed to be a consequence of the altered pr6teifl 
constitution. In the amount of kynurenin seems to be smaller than in 
a+-, but larger than in aa. The proteins of may therefore be expected 
to be intermediate in tryptophane content. Unfortunately, this assumption 
could not be investigated. It can be imagined, however, that the resulting 
proteins have a more profound action on speed of development than 
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the aa proteins. Considerations of this kind may explain the frequent 
occurrence of non-seriability found in multiple alleles. 

An alternative assumption would be that the formatioti of certain pro- 
teins rich4n tryptophane is the primary step caused by the gene a. In this 
case tryptophane bound up in the proteins would not be available for 
kynurenin formation. Again the change in fat content, etc., may be 
another consequence of the changed protein constitution. If the difference 
in protein constitution were the primary effect of the gene a, causing less 
tryptophane to be available for the formation of kynurenin, it miglit be ex- 
pected that aa proteins might release tryptophane at a slower rate than 
proteins under the influence of proteolytic enzymes, With this 
possibility in mind, autolysis was studied in a'^a'^ and aa homogenates. 
In the experiments, fully grown and aa larvae were used. 

The aa strain had been crossed out previous to the experiment for 8 and 0 
consecutive generations to the strain used, so that the*allcles were 
compared on a reasonably isogenic background. 2.5' 3.0 g. larval material 
were finely ground in homogenizers according to Potter and Klvehjem in 3 
ml. Ringer solution isotonic for Ephestia and buffered with 0.02 M phos- 
phate buffer to pH G.8, The larvae were homogenized at 0°C, for 10 
minutes. In the homogenates, total tryptophane was determined according 
to the method of Sullivan and Hess/ and total nitrogen by a micro Kjeldahl 
procedure. One ml. of the homogenate was pipetted into each one of 5 
small test tubes and incubated in a water hath at 31*^0. The homogenate 
was examined for non-protein nitrogen and for non-protein tryptophane at 
0, 1, 2, 4 and 6 hours after the start of the experiment. 0.1 ml. of 3 M tri- 
chloroacetic acid was added to each tube, and the precipitate filtered off and 
washed with 0<4 ml. HsO. In tlie filtrate, tryptophane and nitrogen were de- 
termined. Seven paired experiments with both and aa homogenates 
and one experiment using a ‘‘“a + material only were run. 

At time 0, there are 8 measurements of tryptophane and nitrogen for 
and 7 for aa which can be used to indicate the tryptophane content of 
and aa larval material. The data are given in tables 2a and 5. In 

TABLE 2a 

Tryptophane anp Nitrogen Content in Homogenates op Isogenic and aa 
Ephestia in Mg./G. Wet Weight 

TOTAL NON'PKOTDtN 

STRAIN TOTAL N NONxRltOTfilN N TRVPTOPHANR TBVrTOPHANB 

0 + 0 + 13.8 1.49 1.22 0.04 

00 14.5 1.43 1.42 0.10 

table 2a, the values for protein and non-protein nitrogen and tryptopliane 
are given, expressed in relation to wet weight. Qualitatively, the data 
indicate an increase in total and non-protein tryptophane in oa as compared 
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to without a concomitant increase in nitrogen. For a quantitative 
analysis, these data are unsuited because of the variability of both nitrogen 
and tryptophane in relation to wet weight. Quantitative data for trypto- 
phane in relation to nitrogen content are given in table 2b. 

TABLE 2 b 

Ratios of Tryptophane and Nitrooen in the Total and Non-protein Fraction of 
a + AND aa Ephestia Homogenates 




aa 

i 


Total tryptophane 

Total N 

0.088 

0.098 

2.261 

< 0.06 

Non-protein tryptophane 
Non-protcin N 

0.027 

0.070 

3.241 

< 0.01 

Non-protein N 

Total N 

0.108 

0.099 

0.068 

> 0.6 

Non-protein tryptophane 
Total tryptophane 

0.033 

0.070 

3.315 

< 0.01 


The ratio total tryptophane/total nitrogen is increased in aa as compared 
The difference is slightly below the 0.05 level of significance(|f i.e., 
just on the borderline of statistical significance. It appears, however, that 
this difference is real, in view of previously published results,’ in which it 
has been found both for aa imagoes and aa larvae that the tryptophane 
content as related to dry weight is increased in comparison with 
animals. Furthermore, the second line of table 2b shows that the non- 
protein tryptophane expressed in terms of non-protein nitrogen is higher in 
oa than a’^a'^ homogenates. This difference is well below the 0.01 level of 
significance. It should be pointed out that in the data involving non- 
protein tryptophane the level of significance calculated is probably too high, 
since 2 of the 8 values for a'^a'^ were given as 0, while they may have con- 
tained amounts of tryptophane too small to be measured. On the other 
hand, differences in the same direction and of the same order of magnitude 
have been found previously for oa and imagoes, so that the conclusion 
appears justified that in aa material the amount of non-protto tryptophane 
is increased. No separate values for protein tryptophane are available in 
the present series of experiments. The tryptophane values in table 2o, 
columns 3. and 4, indicate, however, that the absolute amounts of non- 
protein tryptophane (0.04 and 0.10 mg./g. wet weight) are too small to 
account for the whole difference iu total tryptophane content between 
a+a"^ and aa material, 0,16 mg./g, wet weights It must be concluded that 
part of the increased tryptophane content of aa is stored in the proteins, in 
agreement with earlier direct findings in imagoes. On the other hand, the 
ratio non-protein tryptophane /total tryptophane is almost twice as large 
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in fia than in larvae ; a higher proportion of the tryptophane is found 
in tlie non-protein fraction in aa than in a'^a^ material. 

The results of the autolysis experiments are recorded in figure 1. In 
these curves non-protein nitrogen and non-protein tryptophane are ex- 
pressed as per cent of the total nitrogen and total tryptophane^ respectively. 
The points are the means of the different determinations. It should be 
emphasized that while the curves obtained in the individual experiments 
vary considerably, the relative rate of release of nitrogen and tryptophane 
in the two strains is consistent in all paired experiments. 

The rate of autolysis apjMjars to be very hi^h, compared with other 
aut(jlysis experiments. This may be due to the fact that old larvae nearing 
pupation were used in the experiments. It must be assumed that potent 
proteolytic enzymes are active during the breakdown of larval tissues at 
metamorphosis, and these enzymes may start to be produced in fully grown 
larvae. 

There are decided differences between the rates of release of both non- 
protein nitrogen and non-protein tryptophane in the two strains. Both sub- 
stances increase more rapidly in than in aa material. The amounts of 
non-protein nitrogen in the two strains are originally identical. After (i 
hours, the non -protein nitrogen has increased by 17,8% of the total nitrogen 
in n**“a*^ material while in aa homogenate it increased only by 11% of the 
total nitrogen. The percentage of non-protein tryptophane is originally 
higher in aa than materialj 7.0% as against 3.3% of the total trypto- 
phane. The rate of increase in non-protein tryptophane under the influence 
of autoly tic enzymes is again slower in oa than in material, increasing 
in 6 hours by 6,75% in aa as against 13.5% of the total tryptophane in 
homogenate. 

The difference in the rate of autolysis may be due either to differences in 
the structure of the proteins or in the activity of the enzymes concerned. 
In either case, it would agree with the previous observation that the pro- 
tein make-up of the cell is changed under the influence of the gene a. If the 
differences in rate of autolysis are due to a different resistance of the pro- 
teins to the same enzyme system, the possibility would not be excluded that 
the primary actioti of the gene a is the formation of different proteins 
richer in tryptophane and more resistant to autolysis. Both these facts 
would tend to reduce the amount of free tryptophane available for kynu- 
renin formation. However, the fact that the relative amount of non-protein 
tryptophane is found to be increased in aa animals would tend to favor the 
alternative that the primary effect of the gene a is a block of the oxidation of 
tryptophane to kynurenin. 

If tryptophane were bound in different types of linkage in a'^a^ and aa 
proteins, it might possibly be released during autolysis at different rates in 
relation to nitrogen. Material concerning this question is given in table 3 
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mg. N 
KIGURR 2 


CcnrelHtiou between uon*prolein nitrogen and non -protein tryptophane; (a) in o+fi> 
homogenates; (t) in aa homogenates. The lines represent the regression equations. 


and figure 2. In figure 2, the correspoiidiiig tryptophane and nitrogen 
values for the same samples are plotted iti a scatter diagram. If trypto- 
phane were releated at a faster rate, relative to nitrogen, in one strain than in 
the other, the s1o{H‘S of tlie two curves would be different. Actually the 
slopes for the two strains are almost identical, the linear regression co- 
efficients being 0.049t) and 0.0497 mg. tryptophane per mg. N, respectively. 
The closeness of the association of the different values found with the linear 
regression line and consequently the variability of the values is indicated by 
the correlation coefficient. The last values on table 3 indicate that the 
correlation coefficients for the two strains are not significantly different. 
All these findings give no reason to susi)ect that tryptophane is bound in a 
different way in (la than in proteins. 


TABLE 3 


Relation between Non-protbjn Nitrogen and Non-protein Tryptophane in the 
Course of Autolvsis in and aa Ephestia Homogenates 


MO. or KVOUKSdilOM CORFVlOXSNTft 

BTKAm VlttBltMCNATtONS MO. 7KVPT0I>IIANR/M0. N 


COKHBt.ATXOM 

COAfTFICXUNT 


a+a+ 30 0.0497 0.923 ^0.027 

aa 29 0,0490 0.817 0.062 ‘ 


In view of the great number of physiological differences found between 
and aa animals the question appears legitimate whether physiological 
differences of the same order of magnitude may be associated with other 
genes. While no direct evidence on this point is available the frequent 
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occurrence of characteristic effects of genes on viability® and on shape of the 
spermatheca® in Drosophila seem to suggest that this is tlie case. 

Summary. — The tryptophane content of aa Ephestia larvae is higher than 
that of Ephestia larvae in the non-protein fraction and probably also 
in the protein fraction. In homogenates of isogenic and aa homoge- 
nates, autolysis proceeds at a faster rate in^z+a than in aa material. Forma- 
tion under the influence of the gene a of a protein richer in tryptophane and 
more resistant to proteolytic enzymes would constitute a conceivable 
mechanism for inhibition of kynurenin formation in aa animals. 

* The authors wish to acknowledge valuable advice received from Dr. Margaret R. 
McDonald of the Department of Genetics, Carnegie Institution of Washington. 

^ Butenandt, A., Weidel, W., and Becker, E., NaturmssvtscHaflent 26, 6.3-64 (1940). 

* Caspori, E., Genetics, 31, 454-474 (1946). 

* Becker, E., unpublished, from KUhn, A., in litteris, 1946. 

* Kahn, A., and Henke, K., Nackr. Ges. Gottingen, Math.-phys. Klasse, N. F., 15, 
197-211 (1932). 

» Caspar!, E., Nature, 158, 565 (1946). 

* Caspar!, E., Z. i. A. V., 71, 646-565 (1936). Ktihn, A,, Nachr, Ges, IFm. G5Uingen, 
Math.’phys. Klasse, 231-261 (1941). 

^ Sullivan. M. X., and Hess, W. C.. /. Biol Chem., 155, 44F 446 (1944). The method, 
as used, is specific for tryptophane (Caspari, E., and Green, M. M., unpublished). 
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THE RA YLEIGITRIJ'Z AND THE WEINSTEIN METHODS FOR 
APPROXIMATION OF EIGENVALUES, IL DIFFERENTIAL 

OPERATORS 

By N. Aronszajn 

Harvard Graduate School of ENcmBBRiNC 
Communicated by Marston Morse, July 23, 1948 

1. In the present paper we are going to apply the results of our first 
paper^ to eigenvalue problems for differential operators. In general, the 
problems will be of the following type. Given two linear (ordinary or 
partial) differential operators A and B, A of higher degree than B, the 
operators being defined for functions in some domain D, we consider the 
equation 

Au =«> $But B a constant parameter. (1) 

We want then to find functions satisfying in the domain D the equation 
(1) and on the boundary C of D some homogeneous boundary conditions 
which will be denoted by {B). 
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The problem is to find the values of the parameter d for which such 
functions w 3 ^ 0 exist. In the usual cases, when the problem is well defined, 
it will admit a discreet sequence of eigenvalues and our aim will be to 
apply the results of our previous paper to the computation of these eigen- 
values. 

2. To this effect we have to transform the differential problem into a 
problem concerning a completely continuous operator in a Hilbert space. 
To do this we follow the alrea4y classical method of transforming the 
differential problem (1) into an equivalent variational problem concerning 
the minimum or maximum of the expression 


®(«) 


( 2 ) 


for all functions u defined in the domain D and satisfying the boundary 
conditions (J5).* The expressions H(tt) and S3(n) are quadratic func- 
tionals, usually integrordifferential forms in the function m. They are 
chosen in such a way that equation {1) be the Euler equation of the varia- 
tional problem. It is possible to do this only when the operators A and 
B are self-adjoint differential operators. In this case, for the simplest 
kind of boundary conditions, it is possible to take the ?I and 93 as given by 
the formulae' 

a[(w) ~ JoAu^uilw, 93(tt) “ 

We will have to suppose^further that the form 3l(«) is positive definite. 

In nmny cases this form can be transformed (by use of boundary condi- 
tions) into a formally positive form, for example: 

=w SvWm the boundary condition u ^ 0^^ 

J])AAu*u dw « Xd\ dui, for the boundary condition w « — « 0. 


For two differential problems, with the same equation (1). but with 
different boundary conditions {B) and (5'), the corresponding variational 
problem may deal with the same quadratic forms ?I(w) and 93(«), But 
when the differential problems are well defined, the classes of admissibk 
functions are different— no one being contained in the other. 

3. We now translate the variational problem into language of the 
Hilbert spacfe.* To this effect we consider the class JC of admissible 
functions, i.e., the class of functions for which the operators A and B are 
defined, the quadratic forms and 93 are finite and the boundary condi- 
tions (j 8) are satisfied. 

In this class the quadratic definite positive form H(tt) defines a norm 
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||»j| » and a scalar product t^), which we will denote as usual 

in the Hilbert space by (u, v). 

The class K does not yet form a Hilbert space because it is not complete. 
By a functional completion^ we get from X a class of functions X forming 
a Hilbert space. Usually the form B(u) may be extended on the whole 
of X and will form there a completely continuous quadratic form (the 
degree of B being smaller than that of .4). 

By 'a tJassical theorem of Fr^et-Riesk, the quadratic form S3 gives rise 
to a symmetric completely continuous operator .^f‘such that 

33(«) - {Ku, u), (3) 


Further, we will have the equality 

AKu ^ Bu when exists. (4) 


As we have already noticed, for two variational problems which differ 
only in the boundary conditions, say (B) and (B')» and which concern 
the same expression (2), the classes *of admissible functions are never 
included one in another. In spite of this, it might very well happen that 
if we pass from classes 3C and X' to the complete spaces X and we get 
the inclusion X c JC'. The explanation of this lies in the fact that some 
boundary conditions are stable and others unstable in respect to the opera- 
tion of completion for a given quadratic form ?l. This means that some 
bounds conditions will remain valid for all functions of the completed 
class whereas others will not, * . 

For instance, take the quadratic form S[(w) =« J*\Au\^d(a and, as 
boundary conditions (B), consider « « A{u) ^ 0 on the boundary C, 

du 

and as boundary conditions (B') :«* — => 0 on C. It can be proved 


that when we complete the class 3C the only remaining boundary condition 
will be M “ 0, but when we complete the class .TC',* both the boundary 


conditions remain valid (the second, 


i>u 


•= 0, in a weakened form). 


As can be seen in this e:iample, we will have in general X ^ if ^ 
the boundary conditions of X' which are not satisfied by ,9C are unstable. 

We will now consider the eigenvalue problem for the operator K which 
is of the t 3 ^e considered in our first paper. As before, we comnder the 
variational problem concerning the expression ' 


(Ku, u) m) ' 

(*(,«)” «(«) 

^hich is the inverse of the expression (2). Consequently, the eigenvalues 
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of K are the inverses of the eigenvalues of our variational problem (2)* 
The eigenfunctions w* will satisfy the equation 

KUn * (6) 

In order that these eigenfunctions be solutions of our differential prob- 
lem, we have to make a hypothesis which is usually satisfied, in that there 
exists a positive integer y such that 

K^u € X for every U€ X* (7) 

and since we then have for (by (4)), AK'''un *= : Aun — 

with - — and as e 3e, Un satisfies equation (1) and all the 

9 

boundary conditions. 

By making some other hypotheses which are usually satisfied in the cases 
which have been considered, we also prove, conversely, that every solution 
of the differential eigenvalue problem is an eigenfunction for our operator 

K with the corresponding eigenvalue X„ ~ . 

4. The basic theorem which allows us to apply the methods of Ray- 
leigh- Ritz and Weinstein to the differential problems is the following: 

Theorem P. If two tariaiioml problems of type (^), with the same quad- 
ratic forjns S( and ® but different classes X and X* give rise to complete spaces 
X and X* with X c x\ the operator K is the part of K* in 3C. 

This theorem shows the importance of completing the classes X and X' 
by functions. If we completed them by abstract elements we would not 
be able to compare the classes X and X'* 

We will now illustrate the application of the Weinstein and generalized 
Rayleigh-Ritz methods by a few examples. 

We will consider, in particular, the problem of eigenvalues of a clamped 
plate. The differential problem is the following one: 

iiu 

A^u « 3C: « 0 on C. (8) 

On 

i). We will first apply Weinstein’s method by considering another 
problem with the same equation bdt with boundary conditions given by 

X'> u - Au (ion C. (80 

.This second problem is easily seen to be equivalent to the problem of 
vibrati<>ns of a membrane, namely, the problem' Au + V? « * 0 in D, 
u « 0 on C. 

The two probtems lead to variational problems with the same forms 
^ and namely 
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?t(K) « fo 

S8(m) « /d m|» du. 

The complete class 3C' is the class of all functions u(z): 


(9) 


u{z) = fng{z, z')f(z') du', (10) 

where g is the ordinary Green ’s function of the domain Au and / is 

in square integrable in D. .The boundary condition w » 0 is maintained 
(is stable), but the condition Au » 0 is lost (unstable). The complete class 
5c is a subclass of k', and as already has been said, the condition s — 0 is 
iyu 

stable and the - = 0 is also stable in a weakened form. The latter 

on 

condition is equivalent to a condition first introduced by S. Zaremba,^ 
in that («, /?) = 0 for all ^ JC' harmonic of second order (i.e., *= 0). 

With / » — AUy A = — Ap, it means Jof/ido) = 0 for all h harmonic and 
in square integrable. If 6’ is the class of all the p, it follows that 
3? © 5c == (P. 

We can now give the expressions for the operators iC' and K. We 
introduce the functions 


ii(z, z"') = Jhgiz, 2 ')g( 2 ', 2 ') (11) 


(the Green’s function for A^u « 0, « Au ^ O'on C), 


guie, 2O 


Green’s function for A*u 



0 on C. (12) 


As functions of z (for z' fixed), gj e X' and gn « 3C. We have then 


K'u =* Jogti^i, z')u(z') dw', utX', (13) 

Ku - fogiiii, z')u(z') </«', ueX. (14) 

For both operators K and K', the integer y of (7) is = 1 and we have 
for u tX'- K'u « X', A^K'u “ «, (15) 

fortt«3C: Ku « X, A^Ku u. (16) 


Now, if we know the complete solution of the pr^lem <rf vibrations of a 
membrane for a domain D, we can take the class W as the starting class 
for Weinstein’s method and, by a choice of a sequence, {p*} e <p, we may 
calculate approximate values for the eigenvalues of K, i.e., the* eigenvalues 
of the clamped plate. This is how Weinstein himseh proceeded in ,his 
investigations.* He applied the method to the case of a rectangle where 
the membrane problem is explicitly solved. 

But the method may be applied in a much more general case.' We have 
only to change our starting class. Instead of changing the boundary 
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conditions and maintaining the same domain D, we can maintain the 
boundary conditions by taking a domain Do larger than D. This means 
that we will consider the problem of a clamped plate in the domain Do. 
We shall have to suppose then that the domain Do is chosen so that we know 
explicitly the solutions of the clamped plate problem. For instance, we 
can take Do to be a circle. We will then consider the quadratic forms 
and 53 in Do as well as in D, and we will consider the class JC for the 
domain D and JCo for the domain Do. If the function u of JC is continued 
in the whole domain Do by putting u{z) = 0, for z t Da — D, it becomes a 
function defined in Do and belonging to JCo» as is easily proved. In this 
way the class JC may be considered as contained in JCo* It forms there a 
closed linear subspace and for the functions of JC we see immediately that 

%\{u) = 3lo(«), «(w) - S3o(«). 

It follows again that the operator K is the part of Ka in JC. We can then 
apply again the Weinstein method to approximate the eigenvalues of K, 
To do this we have to consider the subspace JCo © 3C. It can be proved 
that this subspace is generated by a sequence gn(s, s»). for any sequence 
(s„} dense in the domain Do — D, gn being the function gu corresponding 
to the domain Do. If we take a finite number of functions gii(2, Zi), . . . , 
gii(Zt Zn) and consider them as the functions pn in the Weinstein method, 
we can form Weinstein’s determinant W(^) and it is easily proved that 
this determinant is given by the formula 

dct. 2*. 

where g5i(s, s', f) is the Green’s function in the domain Do of = 0, 

^ 0 on the boundary. When Do is a circle, this latter Green’s 
on 

function can be computed with the help of Bessel functions and we get 
in this way the possibility of computing lower bounds for the eigenvalues 
of clamped plates of any shape. The more the, points Sj, . . .2^ arc dense 
in Do — D, the better the lower bounds will be. 

6. The applications of the ordinary Rayleigh-Ritz method are well 
known and very often used. This method will give upper bounds for a 
finite number of eigenvalues. To get upper bounds for all the eigenvalues 
we have to apply the generalized Rayleigh-Ritz method. 

To sh6w an example of application of the generalized Rayleigh-Ritz 
method consider two domains D and Do in the same way as in the last 
example of Weinstein's method, only now Do will be contained in D. We 
consider again the problem of vibrations of a clamped plate in both these 
domains. By a device used above, we will find that now the class JCo is 
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a subclass of X and if we take for Do a domain where the clamped plate 
problem is explicitly solvable, we will be in a position to apply the general- 
ized Rayleigh-Ritz method. 

As it may seem difficult in the present case to calculate the determinant 
/?(f) and even to establish an explicit complete sequence in the sub- 
space iic © 5Co we shall indicate briefly how this is to be done. We will 
take for Do a circle. 

First, we take a complete sequence of functions in the class 5c. 

This can be done in different ways. In the case when the boundary of D 
is given by an equation ^{z) ^ y) = 0 with tVice continuously 
differentiable in the closed domain D we can take for {gjt(s)} the se- 
quence of all functions w, w — 0, 1, 2, . . , . 

Then the projections pk of on the subspace 3Ci = 3C 0 SCo will form a 
complete sequence in 3Ci. The function pk{z) is readily seen to be 
in D — Do and = h]^{z) in A, where is the harmonic function of 
order 2 (AM* — 0) in A such that on the boundary Co of Do hk ~ and 

dn bn , 

Now we have to calculate the function p^^^ «= PJ^Ph^ where Po is the 
projection on Xo and A' is the operator given by (14) in the class In 
spite of the fact that K is not explicitly known (the function gu for D is 
not known) we can calculate p^^^ in the following way: p^^^ is the solution 
of the equation 

A Apl = p^ hk in A» pj — — == 0 on Co. 

on 

We have then to calculate the functions w^ii) ^ ^*(2, f) 

By the properties of the operator A, these functions appear as the solutions 
of the equation 

bWk 

Wk f AAtt;* -f /tjt = 0 in A, = 0 on Co. 

dn 

Wk as a function of f is a transcendental function which can always be 
written (by the use of spectral decomposition) as an infinite sum of simple 
fractions in f . 

The general term of the determinant i^(f)js (Aw* + A/?* — f/)*, p^). 
By the definition of the scalar product in X and the properties of the 
operator A, we obtain this term in the following form 

+ P^Pi^ 

This shows already the possibility of calculating the determinant /?(f) 
and of applying th(‘ generalized Rayleigh-Ritz method. 
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. Before concluding the present paper, let us remark that the methods 
apply in a similar manner to differential operators in more than two 
variables, 

^ These Procebwngs, 34, 474 -480 (1948). 

» Courant-Hilbert, Mcthoden der Math. Physik, vol. I, Chap. 6, and Vol. 11, Chap. 7. 

* This translation has already been used, especially by K, Friedrichs (e.g., in Mat\. 
Ann., 109, pp. 405 and 686, (1934) and in more recent papers), also by J. W, Calkin 
(Trans. Am. Math. Soc., 45, p. 369 (1939)). 

'* For the definition of a functional completion cf. N. Aronsxaju, Comptes Rendus Ac. 
Sc. Paris, 226, p. 537 (1948). 

* Zaremba, S.. /lw«. Sc. Ec. Norm. Sup., 26 (1909). 

« Weinstein, A., Memorial des Science.s Math., 88 (1937). 


ON THE THEORY OF AGE-DEPENDENT STOCHASTIC 
BRANCHING PROCESSES 

By Richard Bellman and Theodore E, Harris 
Stanford University and Rand 
Communicated by S. Lcfschetz, October 22, 1948 

We are interested in investigating the following mathematical problem 
which is of possible biological, chemical and physical interest. A particle 
existing at time = 0 is assumed to have a probability w > 1 , of being 
transformed into n similar particles at some random time t > 0. Under the 
hypotheses that any particle has a lifedength indej)endent of its time of 
birth and the number of other particles existing at the time, and that 
there is no death, we require the probability distribution of Z{t)^ the 
number of particles in existence at time /, 

In our work, it is assumed that the random transformation times have 
a cumulative distribution G{i), where (7(0) =*= 0, and G(«) — 1. depend- 
ing upon the depth of tlie result we wish to prove, further assumptions are 
added. The most general of our results are derived under the assumption 
that (7(0 has a derivative g(/.), a density function, which is itself of bounded 
variation over any finite interval, and satisfies a slight additional re- 
striction* 

There has been a large amount of research done on the corresponding 
problem where the transformation time is independent of the age of the 
particle, cf,, e.g., Harris,* Kolmogoroff/ Kolmogoroff and Sevastyanov,*^ 
Sevastyanov,® Yaglom.^ To the best of the authors' knowledge, the 
problem in this paper has not been considered previously, although prob- 
abilities have been allowed to depend upon absolute time, cf . Arley,^ where 
other references are given. Proofs of the results communicated here and 
further details will be published elsewhere at a later time. 
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eixi 

A central r61e, as usual, is played by the generating function 

F{s, t) = 1^1 < 1 , ( 1 ) 

r«l 

where 

* Pa{t) = Prob (Z(/) = r at time /), r > L * (2) 

£et as above w > 1, be the probability that when the particle is 

a> 

transformed, it is transformed into n particles, and let his) == X)?**^*- 

Standard probabilistic arguments yield the non-linear integral equation 

Fis, i) - fMFis, i - y))dGiy) + 5(1 ~ G(0). . (a) 

Non-linearity is a characteristic feature of the age-dependent theory as 
contrasted with the linearity of the Markoff processes of age-independent 
theory. 

A routine application of the method of successive approximations yields 


Theorem 1. Under the sole assumptions 

dG > 0, G(0) - 0, G(oo) == 1, (4) 

equation (5) has for l^l < i a unique bounded solution possessing the ele- 
mentary properties of a generating function^ namety 

Fis, t) = P,it) > 0. \s\ < 1. 5(a) 

r« J 

F(l, 0 == 1. 5(b) 

F{s, 0) - .9, Pi(t) - = 1 - G{t). 5(c) 

5-0 

FurthArmorCy the moments 

m*(0 = Zn^Pnit) (6) 

n — 1 


exist for 0 < t < « , provided that the moments ^ist 

n — 1 

for k = 1$ 2t .... 

The explicit form of the Frit) may now be determined by means of the 
above. 

It is now of interest to investigate the distribution of the random vari- 
able 

wit) * Zit)/EiZit))y (7) 

where E(Z(/)) is the expectation of Z, the first moment m\it). The results 
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we obtain are generalizations of those of Harris,* and Yaglom,^ derived 
under the assumption of age independence. We require first the asymp- 
totic behavior of £(Z(/)). It is easy to show that the expectation satisfies 
the linear integral equation 

w(0 = CiJ'o'uit - y)dG{y) + (1 - G{t)), (c, = A'(l)), (8) 

which we recognize as the familiar linear equation of renewal theory. 

The asymptotic behavior of the solutions of this equation has been 
extensively investigated by Feller.* From his results, we obtain 
Theorem 2. Under the previous assumptions concerning G(/), and the 
further assumptions that 

G{y) = fog{u)du, ® 9(a) 

for some b > 0, whose value depends upon Cu and 


1 < c, = 

n-l 

we obtain the asymptotic relations 

mtc ^ k ^ 1 , 2 , , . 

as «* , where a is defined as the positive root of 

1 = Crj:re-^^dG(y), 


provided that 


9(b) 

( 10 ) 

( 11 ) 


^ - 1 , 2 , ... ( 12 ) 

n*! 

The result of (10) is also derived under other assumptions on G{t) which 
permit it to have a step-function behavior. These results require more in- 
volved methods, and as they are of lesser importance, we shall not dis- 
cuss them here. 

Applying the results of Theorem 2, we derive the most important result 
of our researches 

Theorem 3. Under the assumptions of Theorems 1 and 2, the random 
variable w{t) converges in probability to a random variable w. 

Let K{t) be the cumulative of ib, where ib ^ E{t)fe^\ and set 

<^Cv) - fo^e^^dK(y), (13) 

It follows that 

<l>is) - lim Fis/e^\ t) (14) 


and that 
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<t>(s) - f^-M<t>{s/e^^))dG{y). (15) 

K{i) is a continuous functum oft. If we further assume that 

frg(y)dy < e-\ t > /, (16) 

for some b > 0^ then K{t) is differentiable, so that <j>{s) has the form 

<b{s) - fo^e^^k{y)dy. (17) 

From (16) we alst) derive bounds on the magnitude of |4‘(i/)| as t ^ ^ . 

These estimates are of value in computing k(y) using the Fourier inversion 
formula. 

These results are susc'eptible of generalization in several impc^rtant direc- 
tions. One may consider the case where death occurs, or the still more 
general case where death occurs and the probability of splitting is de- 
pendent oh the time of birth. Then there are the problems of the distri- 
bution of ages, the number of splits in a given time interval, and so on. 
Finally, there is the case where there are particles of different types which 
give birth not only to those of the same type, but to those of other types. 
Biological mutation is included in this case. We hope to discuss thesis 
problems subsequently. Let us note that in many important situations a 
suitable transformation reduces the case with death to a case without 
death. 

Finally, we may mention that several of the methods of the present pa]>er 
are contained in essence in a paper by one of the authors, Harris.^ 

‘ Arley, K., On the Theory of Stochastic Processes and Their Application to the Theory 
of Cosmic Radiation, Copctihageii, 1D4.S. 

* Feller, W., “The Integral Equation of Renewal Theory, “ Ann. Math. Statistics, 12, 
243-268 (1943). 

* Harris, T. E., “Branching Processes,” to appear. 

^ Kolinogoroff, A., “Branching Stochastic Processes.” Compt. rend. (Doklady)^ 56, 
5*8 (1947) (Russian), 

* Kolmogoroflf, A., and Sevustyanov, B., “On the Asymptotic Form of the Probability 
for Stochastic Branching Processes,'* Akad. Nauk {Doklady), 56, 783 787 (1947) (Rus- 
sian). 

* Sevastyanov, B., “On the Theory of Stochastic Branching Processes,” Ibid., 59, 
1407-1409 (1948) (Russian). 

^ Yaglom, A., “Some Theorems in the Theory of Stochastic Branching Processes,” 
Ibid., 56, 796-799 (1947) (Russian). 
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CONFORMAL MAPPING AND CONVERGENCE OF A POWER 

SERIES 

By Aiine Broman 

University ov Uppsala, Sweden, and Stanford University 

Communicated by S. Lefschetz, August 20, 1948 

« 

It is well known that there exist power scries which map their circle of 
convergence onto a simply-connected domain D and which converge at every 
point of the boundury of this circle. For example, such is the case if the 
boundary of D is a Jordan curve; this follows from a theorem by Fej^r.* 
The present paper is devoted to the following question : do there exist 
power series with the above-mentioned convergence property, which map 
their convergence circh onto the universal covering surface of a multiply- 
connected domain Df 

In answering this question we prove two lemmas (placed at the end of 
the paper) which, it is believed, have some interest for their own sake. 

By way of introduction consider, for example, a power series w ~ w(z) = 

eo 

mapping the unit circle C, iz| < 1, onto the universal covering 

««>o 

surface 5 of the circular ring V 2 < |w>| < 1. Consider on S all the straight 
lines which join the points Va and 1. Their images on C form a doubly 
infinite st‘quence of analytic curves (c„), w «= . . — 1, 0, +1» . • having 
the following properties: 1° each curve is situated in the interior of C 
and joins two different boundary points, 2'^ two different curves of (ch) 
never have a point in common, 3° every continuous curve situated in C 
and joining a point of with a point of i must intersect and 4° 
the curves (r„) tend to the boundary of C as n » and as n — 00. 
The three first properties are evident, the fourth is seen in the following 
way. 

iMt Zn be the i)omt (or one of the points) of <:« which has the largest 
distance from the boundary of C. The sequence (zj has at least one 
accumulation point z', and s' must be located on the boundary of C, for, 
otherwise, its image would he an interior point of S, and this is impossible. 

Hence lim |s„| - 1 by the above property 3°, 

00 

Now consider in C the radius vector from the origin to the point z' = 
e‘*. This radius intersects an infinite number of curves c,, and so we can 

choose a sequence of points k - 1,2 l}dng on it such that 1® 

>■11 < ft+i, k = 1, 2, . , 2° lim r* = 1, and 3° > V* and 

w(ritjte*^) < “Va, h «= 1, 2, .... Therefore, lim w(re**') cannot exist, 

and, by Abel's theorem, cannot converge. 

Now, consider the more general case in which a,^ maps C onto the 
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universal covering surface of an arbitrary multiply-connected bounded 
domain D, The boundary of D then consists of an exterior contotir B 
andaremainderB' consisting of one or more interior contours or points. 
By an argument analogous to the one above, we see that, if B* consists of 
more than one point, then ^ must diverge at two boundary points at 
least. 

Our only chance then to construct a power series satisfying the desired 
convergence property is to choose as P a bounded domain, whose boundary 
consists of an exterior contour and one isolated point. 

“ z + \ 

The Taylor series 2 of the fimction^ w — exp where we have 

««0 2—1 

written exp a for has the above-mentioned mapping property. In 

fact, it is easily verified : that this series has the convergence radius one, 

2+1 

2° that the function u == maps the unit circle of the r-plane onto tlie 

z — 1 

half-plane Ru < 0 of the w-plane and the point s — 1 into the point w — , 

and 3° that the function w ^ maps the half-plane Ru < 0 onto the uni- 
versal covering surface of the circle |u;| < 1 punctured at wf = 0. Here, 
the point w « oo corresponds in a certain sense to the point == 0, The 
z + 1 • 

function w ^ exp has of course an essential singularity at s = 1 with 

2—1 

the Picard exceptional values 0 and c» . 

The coefficient Cn of the power series 


w = exp 


2 + 1 
T- 1 




|z| < 1. 


( 1 ) 


can be written in the form 


±f 

2in JCt 


exp 


' 2+1 dz 


2—1 2 '*'^^ 


( 2 ) 


where C, is the boundary of the common part of the domains < 1 and 

| 2 — ll>€, 0<e<l. Now the function exp is bounded for 

2—1 

IeI < I and 2 7^ 1, and hence we can let e 0 in (2). giving 

1 r z + l dz 

2irt — 1 a"+»‘ 

Making the variable transformation z =■ e** and observing that c, is real, 
we get 
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‘■-t 


e** + 1 d» 
exp 


1 e' 


in0 


t /-. (”• 2O 


i sin ^cot ^ n^dd “= ^ *cos ^cot 

cos ^ / sin (cot ~ J sin = a« — Z»- , 

2ir*/^ir \ 2/ 


let us say. 
We write 


I 2 . ^ r \ f 2 ) 

an — - I cos " cos nS d6 + ~ I <cos ( cot - J — cos - >cos nB dB 

TT Jo 6 TT Jo { \ 2/ B) 


f , r 


Here the series K converges by Lemma 1. The coefficient al is the 
nth cosine coefficient of the Fourier series of the even periodic function 
which coincides in (0, tt) with the function 





(3) 


Now the above-mentioned Fourier series converges to zero for ^ 0 by 

Dini’s test, for the function g{B)/d is integrable in (0/ tt), as is easily seen 
by the last expression (3). Hence the series is convergent. 
Analogously we write 


- I sin ~ sin nB dB + ~ / ssin ^cot 7 J — sin ^ > sin nS d$ 

w Jo 6 V Jo { \ 2/ Bf 


K + K 


and observe that the series d' converges by Lemma 2. Here is the 
wth cosine coefficient of the conjugate series of the Fourier series of the 
odd periodic function h(0), which coincides in (0, tt) with 





Hence the conjugate series converges for = 0 by Dini’s test, since the 
function h(6)/6 is integrable in (0, »). Therefore the series 53 K 
vergent. 
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Summings-up our results we find tliat the series (1) converges for s « 1. 
And its sum is zero by Abel's theorem, since, writing z ==* we have 
lim =« 0, where w is defined by (1). Further it is evident that the 

r-^l-O 


series (1) converges for every fixed z with |s) = 1 and z 1 to a value 
with modulus one. 

Thus we can state our main result in the following way : 

The power series (1) maps the interior of the unit circle onto the universal 
covering surface of the domain 0 < < 1 of the w-plane and it converges 

at every ^oint of the boundary of its convergence circle, though not uniformly. 

Lemma 1. Consider the Fourier series of the even periodic function g(0) 

9 


which in {0, tt) coincides with cos 


1 A 


i»*i 


This series converges to zero for 6^0, 
Proof: It is sufificient* to show that 


g(^) sin nS 

I de 0 as n 

Jo - B 


(4) 


We write 


n 2 sin ^ f * f n 2\ 1 rv27« f a ± 

I ^ dd ^ - I sin [nO — ~ I sin {nO + - ] 

Jo e e 2 Jo \ 6/ e 2 Jo \ $/ 

J + 2 Xft “ (”* + i) ? ■ i ® 

In the in tegral P we make, tlie substitution nO — 2ld — t, 6 =“ (/ + 
V/* + 8n)/2w and we find 

/ »-» sin < , n /*"-* 

» v "b Sn J^m Jo 

The second mean -value theorem now gives 

1 n 1 r-' 

p 3= / sin t dt + / sin / dt, 

VsnJ VSnJo 

where — oo < r < 0 and 0 < r' < w — 2, and so ^ 


1^1 s zk- 


( 6 ) 
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To estimate Q we use the substitution n0 2/8 = t, 0 = (I — y/t* — Bn)/ 
2n, and we obtain 


Q 


/■ 

J V8 


sin t 




dt. 


V8* V {- - 8m 

Choose the integer p such that (p — l)7r< '\/8m< pir. Then 

sin t 


<2- / + E / 


dt = U + E E«*. 

V - 8m * - 1 


say. Here ‘S an alternating series whose terms decrease monotoni- 
cally in absolute value, and so the modulus of its sum is less than | «i | . 
Hence 


lei < 1«| + |mi| < 


^ V8« 


{p 


V - 8m 


/ 

J Vi 

-1^ r 

‘2^2m J '!'• 


V&i + fli 

Vto - 8 m 


Vs* + 2 * (It 
Vs* — ^8 m 


or 


l<3l < 


V'2w 

<^2n' 


(7) 


Finally, to get an upper bound for IjRI, we set nd + 2/8 =» t, 8 
V^/* — 8m)/ 2« and obtain 


7? 


/ 

^ Vi 


sin i 


n -f 2 

Vj^ — 8n 




(t + 


But this expression can be estimated in just the same way as Q; the only 
difference is that the series Sw* now has only a finite number of terras. 
Hence we also have 

\R\ < ^ * (8) 

V2m 

Summing up the results (6), (7) and (8) we see that the desired relation (4) 
bolds, and Lemma 1 is proved.* 

Lemma 2. Consider the Fowier series of the odd periodic function h{8) 

2 

which in {0, r) coincides with sin 

d 


« 

^ Yh sin nB, 

n I 


( 9 ) 
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Then the series 2 is convergent 

Proof: Here bn is the nth cosine coefficient of the conjugate series of the 
series (9), and we have to show that this conjugate series converges for 
^ = 0. To this end it is sufficient*^ to prove the three relations : 


jVh{B) do — o{t) as / -hO, 




h{d) - exists, 


( 10 ) 

( 11 ) 


and 



He) 


COS nS 
6 


do ^ 0 as n 


( 12 ) 


Formula (10) 



is immediate : 



2 21 

sin - + 0 cos “ \dB + c(0 
B B] 


fi 2 

- cos - + 0 {t). 


The statement (11) is easily verified by the substitution l/B — L Finally 
to demonstrate (12), we write 



2 cos nB 


sm 


9 ^ -I f sin (ne - 

2J l/n \ 0/ 

1 /'V27ii / 

- / sin ( nS 4- 

2J i/n \ 


(10 

ej 0 


+ 


1 r . 

- / _ stn 

V2/» 



These terms can be treated in the same way as the corresponding terms of 
(5), giving (12), and Lemma 2 is proved. 


‘ Compt. rend., Paris, 156, p. 46 (1913). Montel, Legons sur les families normales, Paris, 
1927, p. 119. Further examples are given in the author’s article, ‘'Sur la convergence 
ties series poteutielles,” Arkiv Mat,, Asiron., Fysik, Uppsala, 31B, no. 0 (1944). 

* After submitting this paper 1 have learned that Pringsheim (Sitzber. buyer. Akad., 
Math. u. Phys. Klasse, p. 92 (1900)) has studied the convergence properties of the 

Taylor scries of exp , though from a point of view different from the one adopted 

s — 1 


here. 

* See Hardy-Rogosinski, Fourier Series, Cambridge, 1944, p. 38, Theorem 50. 

* In proving Lemma 1 we have used Cauchy integrals instead of Lebesgue integrals 
in some instances. This can easily be avoided in the following way: use €, 0 < e < 
V27«. as lower bound in the integral (4), and repeat the whole argument giving 



2 sin nB 
e B 


dB 


'v/SSn ^2n 


now let t “► 0. 


* See Hardy-Rogosinski, loc. cit., p. 48, Theorem 61, 
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ESSENTIAL MULTIPLICITY AND LEBESGUE AREA 

By Herbert Federer 

^ Department of Mathematics, Brown University 

Communicated by O. Zuriski, September 29, 1948 

J. Introduction, This note exhibits some applications of standard 
methods of algebraic topology to the theory of area. 

We suppose that M is a ^-dimensional orien table manifold, .Y is a com- 
pact locally connected subset of M, Y is /^-dimensional Euclidean space 
and C is the set of all continuous functions on X to I", which is metrized 
by the function d such that 

'/(/. g) = siig \f(x) - g(3c)l for/, g e C. 

For f € C and each open subset U of Y we define F(/, U) to be the family 
of all components of the set 

X n Elf(x) t U]. 

X 

We observe that if /, V are as above and y c U, then there are at most 
finitely many A c F(/, U) for which A n E\J{x) = y] is non-vacuous. 

X 

Ixt 1P{A, B) be the w-dimensional Ceeh cohomology group of A modulo 
B with integer coefficients, whenever A B are compact. 

We recall that if -4 3 are compact subsets of a ^-dimensional manifold 
for which ^ B is non-vacuous and connected, then IP{A^ B) is infinite 
cyclic or trivial according as B does or does not contain the boundary of A . 

Let L)i be the ife-dimensional Lebesgue measure over F. 

2, Definition of the Multiplicity, — If / € C, U is an open ^connected 
subset of Y witli compact closure and A c FIf, U), then !>(/, t/, A) is the 
non-negative integer defined as follows: In case /f*(Clos A, Bdry is 
infinite cyclic, the homomorphism of //*^(Clos Bdry U) into //*(Clos 4, 
Bdry A) induced by (/|Clos -4) relates to a generator of the first group an 
integral multiple of a generator of the second group, and Z>(/, U, A) is 
defined as the absolute value of the multiplier, which is independent of the 
choice of generators.^ In case //*(Clos .4, Bdry A) is trivial, we define 
/?(/, If A) ^0, 

If/ and V are as above, then the set of all those A e F{/, U) for which the 
/ image of A contains U is finite. Hence /?(/, U, A) ^ 0 ior all but finitely 
many u4 e F(f, t/), and we define the non-negative integer 

D{fU)^ T D(f,LLAy ^ 

A, 
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It is readily seen that if /« C and Ui ^ Da are open connected subsets 
of Y with compact closure, then Z>(/, Ui) ^ /)(/, Da), 

For each y e Y wt define Af(/, y), the essential multiplicity with which 
f assumes the value y, as the supremum of D(Jt U) for alt open connected 
neighborhoods D of y with compact closure. Since D(f, U) is mondtone 
with respect to U on the set of all these neighborhoods partially ordered 
by inclusion, 3 , we have 

M(j, y) « lim Z)(/, Un) 

whenever Ui ^ Ui ^ Ut ^ ... are any such neig'hborhoods whose inter- 
section contains only y. 

It is easy to check that Hf.gtC and Ui ^ Ui are open connected sub- 
sets of y with compact closures such that 

g) ^ distance {Ui, Y — U{). 

then 

Dig, Ui) ^ Dif, Ui). 

It follows that the function M is lower semicontinuous on the cartesian 
product space (C X F). 

3. Approximation Theorems. — ^The Hopf extension theorem yields the 
following information : 

If / « C, 17 is an open convex cell with compact closure contained in F, 
A « Fif, U) and D{f, U, A) — 0, then there is a g < C such that 

g(x) = /(x) for xfX — A, 
gix) t Bdry U tor xt A. 

If f, U, A are as above, but Dif, U, A) > 0, and it yeU, then there is a 
geC and an open cell B such that CIos B c A, 

* gix) ^ fix) torxeX-A, 

. gix) € Bdry U for x t A — B, 

gix) t U tor xtB, 

ig I Clos B) is simplicial, 

A n £[g(*) ®= y] has one element, 

X 

A n £[g(*) **' z] has Dif, U, A) elements 

X 

for Lit almost all z in 17. 

Furthermore the cell B may be prescribed. 

Applying the preceding two lemmas to all those A e Fif, U) tor which 
A n E[fix) >= y] is non- vacuous, and a modification by central projection 


X 
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from y onto Bdry U to all other A * F(J, U), we prove; 

U is an open convex cell with compact closure contained in F, 
yt Ut and n is the number of those A e Fif, U) for which Z>(/, !7, A) ^ 0, 
then there exist a map geC and open cells Bu . • i Bn, whose closures are 
contained in distinct elements of F{f, U), such that 
. g{x) « f{x) whenever f{x) tY — U, 

n 

g{x) t Bdry U whenever f(x) e U and not xe U Bj, 

n jml 

g(x) € U whenever x € U ♦ 


I^U Clos 5^^ is simplicial, 
= y] has n elements. 


E[g{x) = z] has D(f, U) elements for almost all z in U, 

X 

This theorem concerning the modification of a mapping' on the counter- 
image of a single cell, may be applied at once to modify a map on the 
counterimage of the union of any finite set of disjoint cells. This yields 
the following proposition: 

If f e C and Ui, . . . , U^n o.re those k-cells of a polyhedral subdivision of 
Y which meet range f, then there exist a map gtC and open cells Bu ...» 

m 

whose closures are contained in distinct elements 0 / U F(J, Ut), such that 
g(x) *= fix) whenever Jix) * F — U 

^■■1 n 

g{x) € Bdry f/, whenever f{x) € Uf and not x B), 
g(x) € Ui whenever /(x) t Ui and XfBj, 


(g| U5, ) is simplicial, 

== D{f, U^ elements for X* almost all z in U^ 

X » 

g maps -ST — U into the k — 1 skeleton of the polyhedral subdivision of F. 

If, in addition, X is a polyhedron, then Bi, ...» Bn may be chosen as ceils 
of a Tenement of any given polyhedral subdivision of X, and for each positive 
number € there is a simplicial map heC such that dig, h) < t, 


g(:r) * hix) forxe U B^, % 

y « 1 

n 

h maps X — B, into thek — 1 skeleton of the subdivision of F. 

If diameter Ut < tfor * ■* 1, . . . , m, then d(f, h) < t. 

4. ApplicaUm to Area . — Let G be the function on C such that 

G{f) XyM(J,y)dUy for/.C. 
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The lower semicontinuity of M and Patou’s lemma imply that the 
Ge5cze area G is lower semicontinuous on C. 

If C and P is a finite family of disjoint open connected subsets of ¥ 
with compact closures, then 

Z D{j, uyuiu) < Gif), 

U 

because D{j, U) ^ M{f\ y) for y e U tP. 

The fact that G(J) is actually the supremum of such sums is a consequence 
of the following proposition : 

If f € C and Pi, P 2 , Pa, ... are such finite families of disjoint open con- 
nected subsets of Y with compact closures that 

lim sup diameter U ^ 0, 

UtPn 

lim L)c (range / — \J U) ^ 0, 

n-^to U § Pu 

then 

lim E Df/. UyL,{U) = G{f). 

U t P» 

To prove this by contradiction we may assume, after passage to a 
subsequence if necessary, that 

lim. Z D{f, U)-LAU)< Gif). 

« V • Pn 

z Lt (range / - U t/) <f ». 

>1-1 u,p, 

whence 

fl a (range/— {J Uj] — 0. 

m ] M m V » Pn 

We define 

r( V, y) = I for y e Ut r( U, y) - 0 for y f Y — , U, 
utid observe that 

litn Z Oif, U)-r(U. y) = M(J. y) 

V t Pn ' 


for y € ranine / — f) U (range / — U U), hence for almost all y 

m<wiNK>m U * Pn 

in range /. • 

Now Fatou's lemma implies 


lim Z Dif, vyuiu) - 

// e Pn 


liw £ D(f, vytiv, y) 

»— ► « tl t Pn 

dUy ^ Gif). 



Vot. 34, 1948 


MATHEMATICS: //. FEDERER 


615 


This contradiction completes the proof. 

If X is a polyhedron, / e C and « > 0, we may choose P as the set of all 
those ^-cells of a polyhedral subdivision of Y whith meet range / and so 
that diameter U < €ior U t P. Then the last theorem of Section 3 yields 
a simplicial map h ^ C for which d(/, h) < ^ and 

G{h) - E uyL,{iJ) ^ Gif). 

U tP 

We conclude that if X is a polyhedron ^ then G is the Lebesgue area. 

For the special case in which k — 2 and is a 2-ceIl this result is sub- 
stantially due to Lamlierto Cesari, who has also very ingeniously solved 
the corresponding much deeper problem for maps of a 2-cell into 3-space.^ 
The extension to maps of ^-cells into «-spacc, with 2 ^ k < n and n > 
3, appears still remote. 

5. Essential Components and Stable Multiplicity rli feC^ yeV and 
P is a component of E[f(x) ~ y], then 7' is said to be essential if and only 

X 

if D{ff U, A) >0 whenever IJ is an open connected neighborhood of y 
with compact closure and T c A € P(/, U). 

Let E(f, V) be the number of those A e P(/, U) for which D(J, A) > 0, 
and let 5(/, y) be the supn^mum of Eif, U) with y e U. Clearly 5(/, y) ^ 
Afif.y)- 

Wc obsi^rve that if i\ ^ U2 and D(f, Ui) < Dif, U2), then E(^, Ui) < 
E(ff Ih). Hence A/(/, y) ~ «> if and only if S{f, y) — 

The essential comjjonents are all sets of the type 

Cb 

n A,„ where 3 . U„, A„) > 0, 

H-I 

00 

Ui 3 Ui 3 t/, 3 , , . and H - (yl- Hence S{f, y) is the number of 

n** 1 

essential components of E[f{x) ~ y]. 

X 

The function S is hjwer semicontinuous on (C X F)- 
Let N{f, y) be the number (possibly of x for which /(jc) = y. Clearly 

^{f* y) ^ ^(/» y)- C)ur first approximation theorem implies 

3^) - inf Nig, y), 

so that Sif, y) is the stable multiplicity with which f assumes y. 

For the special case in which ^ = 2 and X is a closed 2-cell these results 
are substantially due to Rado and Reichelderfer,® The function S has 
also been used by the author. ** 

Cesari has shown/ by a method depending .significantly on the existence 
of covering maps of the punctured plane with prescribed degree, that if 
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ife = 2, AT is a 2-cell and / e C, then the set of all those y for which 5(/, y) < 
y) is countable. However, if Jfc > 2, this inequality may hold on a 
set of positive measur?; for instance / may wrap a solid cube several 
times around an arc of positive volume. Hence the results of the pre- 
ceding section indicate that M is more suitable than S for the theory of 
area. 

^ Here Bdry A refers to the relative topology of A". 

• Cesari, L., ''Una ugualianza fondaraentale per Tarea deUe superhcie/' Atti della 
Reale Accademia d'ltaliat Memorie, 14, 891-951 (1944). 

• Kado, T., and Reichelderfer, P, V., "A Theory of Absolutely Continuous Trans- 
formations in the Plane,’* Trans. Am. Math. Sac., 49, 258-^07 (1941). 

^ B'ederer, H., "Coincidence Functions and Their Integrals,*’ Ibid.^ 59, 441-406 (1946). 

• Cesari, 1^., "Sui punti di diramazione delle trasformazioni continue e sulP area delle 
supcrficie in forma parametrica," Univ. Roma e 1st, Naz. Alta Mat. Rend. Mat. e Appl.t 
scr. 6. 3, 37-62 (1942). 


SOME NEW RESULTS ON PARTITIONS 
By Nathan J. Fine 

DKPARTMENT of MATHRMATICS. UmVBRSirV OF pRN'N'SVLVAWIA 
Communicated by J. L. Walsh, October 20, 1948 

This paper contains the statements of five theorems on partitions, the 
proofs of which will appear in a series of papers in another American 
journal, devoted entirely to mathematics. 

Euler's identity 


X ^){1 + X «) . . . ( 1 ) 

may be paraphrased as follows : 

The number of partitions of n into odd parts is equal to the number of 
partitions of n into distinct parts. 

Definition 1 : The rank of a partition is the excess of the maximum part 
over the number of parts.' 

Definition 2: D^in) « the number of partitions of n into distinct parts, 
the rank of each partition being r. 

Definition 3: C^ 2 r-fi(w) = the number of partitions of n into odd parts, 
the maximum part being 2r + 1. 

It is clear that the rank of a partition into* distinct parts cannot be 
negative. Hence Euler's theorem may be written 

UM + lh{n) -f U,in) + • • • « Di{n) + A(») + ^ ^ (2) 
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Our first theorem sets up a more refined correspondence between the terms 
in the right and left members of (2). 

Theorem L For all n ^ 1 , r ^ 0, we have 

U^r^xin) =- Z>2r+l(«) + Ar(w). (3) 

Our second theorem is a paraphrase of the double identity 

1 ™ ^ 4. .. ^ „ 4 . . . 

lT:c (i + x)(l + x^) (1 + x) (1 + :r^(l +^) 

= 1 — :!c + A’® + •'v’ — x^^ + + • * *, 

the exponents in the last series being the pentagonal numbers ^/*i{Sk^ =fc= k). 
Definition 4: Qa{n) = the number of partitions of n into distinct parts, 
the maximum part being sa a (mod 2), a — 0, 1. 

Definition 5: Q^*{n) = the number of partitions of n into odd parts, the 
maximum part being ™ h (mod 4), b = 1, 3. 

Theorem 2. 

(i) ^i*(2m) = Qn{2n)-, 0»*{2n) = 0i(2«). 

(ii) Q,*{2n + 1) - ei(2« + 1): C>»*(2n + 1) = Oo(2« + 1). 

(iii) C?o(«) - C>.(n) - +1 if « = VsCSfe* + *), * ^ 0, 

= -1 if « = Vs(3P -*),*> 0, 

=» 0 otherwise. 

Part (iii) of Theorem (2) bears some resemblance to the famous pentagonal 
number theorem of Euler, but we have not been able to establish any real 
connection between the two theorems. 

Definition 6: p(n) — the number of unrestricted partitions of n; p(0) - 
1; p(n) ■“ Oforn <0. 

Definition!: Pr{n) = the number of partitions of » with rank r,- Po(0) = 
1 ; P,(n) =■ 0 for f 5^ 0, n ^0. 

ThBorkm 3. For k> l,r> max (0, k — 5), 


P,(r + *) = P(* - 1) - Pik - 2). (6) 

Theorem 4. 

(i) Po{« + 1) + Po(w) + 2Pj(n — 1) = p{n + 1) — p(n) (« > 0). 

(ii) Po(« - 1) - Pi(n) + P.(n - 2) - P4 (m - 3) - 0 (» > 1). 

(Hi) Po(») - Pi(n - 1) - Ps(n - 1 ) + P,(» - 2) = 0 (« > 1 ). 

(iv) Pwi(n) - P,(« - 1) - Pr+8(« - r - 2) + PH- 4 (n - r - 3) - 0 


(r > 0, n > 0). 

We observe that (i) enables us to determine the unrestricted partition 
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function from the two functions Po(«) and Pz{n). In fact, if we sum (i) 
for 1 ^ n ^ we obtain 

p{N + 1) = Po(iV + 1) + 2Po(JV) + 2 £\p.(n) + P,(n)). (6) 

»*« 1 

Equations (ii), (iii), (iv), together with the obvious remark that Prin) — 
P-r(»)i yield the result that the functions Pr(«) can all be determined from 
the functions Po{n), Pi{n), Pt{n), 

Definition 8: L{n) — the number of partitions of n into distinct parts, 
the minimum part being odd. 

Theorem 5. For n ^ I , L(n) is odd if and only if n is a square. It is 
possible to obtain more precise information about the arithmetic proper- 
ties of L(n) for special forms of «. We shall restrict ourselves to the remark 
that 

-1 (mod 4) 

if ^ is a prime. 

* To the best of our knowledge, this concept was first introduced by F. J. Dyson in 
the American Mathematical Monthly, Aiigust-September, 1947, p. 418. 
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